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Abstract

Although multi-agent systems based on
large language models show strong capa-
bilities on multiple tasks, they are still lim-
ited by high computational overhead, in-
formation loss, and robustness. Inspired
by ResNet’s residual learning, we propose
Residual Mixture-of-Agents (RMoA), inte-
grating residual connections to optimize effi-
ciency and reliability. To maximize informa-
tion utilization from model responses while
minimizing computational costs, we innova-
tively design an embedding-based diversity
selection mechanism that greedily selects re-
sponses via vector similarity. Furthermore,
to mitigate iterative information degrada-
tion, we introduce a Residual Extraction
Agent to preserve cross-layer incremental in-
formation by capturing inter-layer response
differences, coupled with a Residual Aggre-
gation Agent for hierarchical information
integration. Additionally, we propose an
adaptive termination mechanism that dy-
namically halts processing based on residual
convergence, further improving inference ef-
ficiency. RMoA achieves state-of-the-art
performance on the benchmarks of across
alignment, mathematical reasoning, code
generation, and multitasking understand-
ing, while significantly reducing computa-
tional overhead. Code is available at https:
//github.com/mindhunter01/RMoA.

1 Introduction

Large language models (LLMs) (Achiam et al.,
2023; Team et al., 2024; Yang et al., 2024) have
achieved significant advancements in exten-
sive natural language processing tasks (Wang
et al., 2022; Xu et al., 2024). Recently, re-
searchers have proposed several policy-based
methods that enhance model performance with-
out model scaling. Notable approaches in-
clude Chain-of-Thought (Wei et al., 2022),
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which enhances multi-step reasoning; Retrieval-
Augmented Generation (RAG) (Lewis et al.,
2020), which leverages external information
sources; and Multi-Agent Systems (MAS)
(Liang et al., 2023; Li et al., 2023a). Among
these innovations, MAS has garnered signif-
icant attention due to exceptional flexibility
and broad compatibility.

Recently, iterative collaboration strategies
have been shown to enhance the capabilities of
MAS. Wang et al. (2025) proposed the Mixture-
of-Agents (MoA) architecture. This architec-
ture leverages a hierarchical processor design
that enables multiple layers of agents to process
queries in parallel, significantly improving com-
putational efficiency. Then, MoA employs an
aggregator to integrate the outputs from these
agents, generating the final response. Subse-
quently, Sparse Mixture-of-Agents (SMoA) (Li
et al., 2024) were introduced to reduce the
large number of tokens involved in parallel
queries under MoA, thus lowering inference
costs. These approaches incorporate a judge
model (Zheng et al., 2023) to evaluate the qual-
ity of responses generated by different models,
thereby reducing the number of tokens pro-
cessed by the aggregator. While this strategy
somewhat alleviates computational overhead,
it still faces challenges in ensuring the robust-
ness of quality differentiation among responses
(Dhurandhar et al., 2024). Moreover, as the
number of processing layers increases, MoA
may suffer from the loss of critical information
during aggregation (Tworkowski et al., 2024),
leading to inaccurate responses and ultimately
compromising the overall stability and reliabil-
ity .

To address these challenges, we propose
RMOoA, an improved MoA-based architecture
inspired by residual connections. Unlike ex-
isting approaches, we do not employ a judge
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model to select the optimal response. Instead,
we introduce an embedding model to convert
responses into vector representations and com-
pute their similarities. A greedy strategy is
then applied to select K responses with the
highest diversity, ensuring greater information
heterogeneity. Additionally, we design a Resid-
ual Extraction Agent to capture differences
between responses at successive layers. These
residuals, along with the selected diverse re-
sponses, are fed into the aggregator, preserving
incremental information and mitigating the loss
of key content during deep aggregation.

To conserve computational resources, we
incorporate an Adaptive Termination Mech-
anism, which dynamically determines when to
halt processing based on response variations
between iterations, thereby reducing unneces-
sary overhead. Furthermore, to foster diverse
and creative reasoning, each agent is assigned
a distinct role-playing persona.

To comprehensively evaluate the effective-
ness of our approach, we conduct extensive
experiments on alignment, mathematics, code
generation, and multi-task understanding. Ex-
perimental results demonstrate that RMoA
achieves state-of-the-art performances with
lower computational costs. Additionally, a se-
ries of ablation studies validate the effectiveness
of each component in RMoA. Finally, we inves-
tigate RMoA’s performance under increased
computational budgets, showing that for mod-
els with strong general capabilities, deeper ar-
chitectures tend to yield improved performance
across most datasets.

Overall, our contributions consist of three
parts.

e We introduce RMoA, an improved MoA
architecture with an embedding-based se-
lection mechanism, a Residual Extrac-
tion Agent, and an Adaptive Termination
Mechanism to enhance efficiency and di-
versity.

e« We validate RMoA on multiple bench-
marks, demonstrating superior perfor-
mance with lower computational cost. Ab-
lation studies confirm the effectiveness of
each component.

e We analyze RMoA under varying compu-
tational budgets, showing that deeper ar-

chitectures improve performance and pro-
viding insights into scalable multi-agent
systems.

2 Related Work
2.1 LLM Reasoning

Recent advancements in LLM reasoning have
introduced various prompt strategies to im-
prove downstream tasks. Chain of Thought
(CoT) (Wei et al., 2022; Kojima et al., 2022)
prompting guides the model to explicitly out-
put the intermediate step-by-step reasoning
before providing the final answer. To address
errors in CoT, such as missing steps or incon-
sistent logic, Auto-CoT (Zhang et al., 2022)
automates the generation of diverse demonstra-
tions, while Reprompting (Xu et al., 2023a)
iteratively refines prompts to enhance reason-
ing. Plan-and-Solve (PS) (Wang et al., 2023)
Prompting introduces a planning phase to
break tasks into subtasks with detailed instruc-
tions. Additionally, LogiCoT (Liu et al., 2023)
integrates symbolic logic to validate reason-
ing processes and reduce errors. Building on
the linear structure of CoT, Tree of Thought
(ToT) (Yao et al., 2023) expands CoT with
a tree-like structure, considering multiple rea-
soning paths and self-evaluating choices, and
Graph of Thought (GoT) (Besta et al., 2024)
represents reasoning steps as graph nodes, in-
corporating operations like aggregation and
refinement for complex tasks. Addtionally, Cu-
mulative Reasoning (CR) (Zhang et al., 2023)
simulates human-like iterative reasoning, while
LeMa (An et al., 2023) uses GPT-4 as an error-
correcting agent to revise faulty reasoning steps
and fine-tune LLMs. However, the existing
topological relationship (such as linear chain
or tree structure) is usually fixed in advance ,
which lacks dynamic adaptability and extensi-
bility.

2.2 Collaborative Agents

Collaborative Agents in LLM-based systems
enhance task performance by enabling agents
to work together, share knowledge, and dynam-
ically adjust their strategies to solve complex
problems(Guo et al., 2024; Du et al., 2025).
Peer Review Collaboration (Xu et al., 2023b)
refines solutions based on feedback from other
agents. The Chain of Experts framework (Xiao

6576



Prompt Prompt

GO o0 0o G e O

] "
(R ) (CRee ] ([Rea ) [(Fer ) [ Ree
= "

MOA RMOA (ours)

Figure 1: MoA-RMoA Structural Comparison.

et al., 2023) coordinates agents with special-
ized knowledge to solve complex tasks, while
Theory of Mind (Li et al., 2023b) improves col-
laboration by enabling agents to predict each
other’s intentions. Besides, frameworks like
MetaGPT (Hong et al., 2023) and Chatdev
(Qian et al., 2024) utilize specialized agents
for modular tasks, such as programming, while
MapCoder (Islam et al., 2024) extends this ap-
proach by integrating agents for code retrieval,
planning, and debugging. Dynamic frameworks
like DyLAN (Liu et al., 2024b) and MACNET
(Qian et al., 2025) organize agent interactions
based on task importance, improving scalabil-
ity and solution quality in large collaborations.
Wang et al. (2025); Li et al. (2024) proposed
Mixture-of-Agents architecture for iterative col-
laboration. However, they are still limited by
high computational overhead, information loss,
and robustness.

3 Methodology

This section begins with an overview of
MoA, followed by a comprehensive analysis
of RMoA’s core components: Greedy Diver-
sity Embedding Selection, Residual Agent, and
Adaptive Termination mechanisms, as depicted
in Figure 2. Initially, the Greedy Diversity
Embedding Selection filters out diverse and
representative responses, ensuring varied in-
puts for further processing. Next, the Residual
Agent uses these selected responses to pinpoint
key differences between dialogue rounds, in-
tegrating them into the reference material to
reduce information loss. Finally, the Adaptive
Termination Mechanism continuously monitors
the process in real-time, deciding whether to
continue based on residual detection outcomes,
thus avoiding unnecessary iterations and po-
tential hallucinations.

3.1 Mixture-of-Agents

As shown in Figure 1, MoA employs a multi-
layered architecture to generate and opti-
mize responses. The structure comprises
L layers, with each layer [ consisting of N
agents, denoted as {A4;1,4;2,...,A;n}. And
an aggregator A, is positioned at the fi-
nal. Initially, in the first layer, multiple pro-
posers independently generate initial responses
{R11,R12,..., Ri n} to a given query z. These
responses are then concatenated as R; and
serve as input for the subsequent layer. This
iterative process continues until reaching the
final layer, producing output Ry. Finally, all
inputs are fed into A, for integration and opti-
mization, generating the final response Rp.

3.2 Residual Mixture-of Agents

3.2.1 Greedy Diversity Embedding

Selection

Tworkowski et al. (2024) identified the "Dis-
traction issue," where increasing tokens in the
self-attention mechanism can cause semantic
overlap among keys, hindering the model’s fo-
cus on relevant information. In the MoA, gener-
ating responses by referencing up to N previous
models’ responses increases cognitive load. To
address this, we use a greedy strategy to max-
imize diversity, selecting K diverse responses
for concatenation.

Taking layer [ as an example, our objective is
to identify a subset containing only K elements
from all responses {R; 1, R 2, ..., R n} through
maximum semantic diversity. The algorithm
follows these steps:

In the Similarity Matrix Construction
involves computing the cosine similarity matrix
S € R™" for all pairs of responses. FEach
element of this matrix is defined by the cosine
similarity between embedding vectors e; and
€j:

_ N
Sig = eosteo ) = qefe W
where e; and e; represent the embedding vec-
tors of R;; and R ;, respectively. This matrix
is symmetric, meaning that S; ; = 9, ;, and the
diagonal elements are equal to 1, S;; = 1.

In the Initialization Phase, we begin
by defining the candidate index set C =
{1,2,..., N} and the selected index set Q = 0.
The initial element is selected by minimizing
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Figure 2: Overview of Residual Mixture-of-Agents Structure.

the global average similarity, which is calcu-
lated as:

N

1
g = i — E . 2
10 = arg grélél N = Sm ( )

Once the initial element i is identified, the
sets are updated accordingly: @ < Q U {ip}
and C «+ C\ {ip}.

In the Iterative Selection Phase involves
selecting elements to maximize diversity. For
each iteration ¢t = 1,..., K — 1, the process
begins with the Maxzimum Similarity Calcu-
lation, where for each candidate i € C, the
maximum similarity with the already selected
set is computed as follows:

O(i) = max Sig- (3)

Following this, the Minimization Selection step
chooses the candidate that minimizes ®(7):

it = argmin D(i). (4)
After selecting the candidate, the sets are up-
dated: @ < QU{i;} and C < C'\ {i;}. This it-
erative process continues until the termination
condition |Q| = K is met, resulting in the final
selected reference text set S = {r; | i € Q}.

3.2.2 Residual Agent

In the MoA framework, models may experience
information loss when referencing multiple re-
sponses from the previous iteration. This phe-
nomenon can lead to a gradual degradation of
information, causing the model’s performance

to decline even in early stages (Li et al., 2024).
We draw inspiration from the residual concept
in ResNet and introduce a residual extraction
agent and a residual aggregation agent. The
residual extraction agent employs predefined
prompt templates to identify significant varia-
tions between consecutive dialogue responses,
integrating these differential features with the
previous layer’s output to provide contextual
input for subsequent processing. At the archi-
tecture’s final stage, the residual aggregation
agent combines the preceding layer’s reference
response with the current layer’s residual fea-
tures to generate an optimized system output.

Residual Extraction Agent In layer [,
following the execution of Greedy Diversity
Embedding Selection, we obtain K candidate
responses { R ;. }JKzl generated by proposers,
along with historical responses {14, }3K=1
from the preceding layer (I — 1). These re-
sponses are concatenated to form composite
inputs, which are subsequently processed by
the Residual Extraction Agent Res to identify
useful differences. This process can be formally
represented as follows:

¢ Concatenation Operation: Concate-
nate the [-th layer’s responses with the
previous layer’s aggregated response:

R, = Cat({Rl,x]’}JKzlv {lel,zj }JKzl) (5)
e Residual Extraction: Compute the

residual using the residual extraction agent
Res:

AR; = Res(Ry, prompt). (6)
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¢ Residual Reference: Concatenate the
extracted residual AR; with the previous
layer’s responses to provide reference for
the next layer:

Ry = Cat({Ri-14, i1, AR).  (7)

It is noteworthy that when [ = 1, there is no
aggregated response from the previous layer,
so we set ARy to be empty.

Residual Aggregation Agent The
Residual Aggregation Agent acts on the fi-
nal layer to integrate the model’s responses.
Specifically, for the last layer [, after greedy
differential embedding selection and residual
extraction, the responses obtained from the pre-
vious round are aggregated with the current
round’s residual AR;:

Ry = Agg({Ri—1,4, }?:17 ARy). (8)

Through this approach, the RMoA framework
effectively captures and integrates differences
across iterations, minimizing information loss
and enhancing model performance in multi-
layer iterative processes.

3.2.3 Adaptive Termination

In the MoA framework, typically [ layers of pro-
cessing are required to obtain the final output
of a problem. However, sometimes the ideal
result may be achieved at a shallower layer,
and continuing the process might lead to un-
necessary computation or even negative effects.
To address this, we introduce an adaptive stop-
ping mechanism that determines whether to
continue iteration by detecting the presence of
residuals in the extraction process.

Specifically, the core of the adaptive stopping
mechanism is: if no residuals are detected in the
current layer and the preceding m consecutive
layers, the iteration process is terminated early.
Mathematically, this can be expressed as:

For a given layer ¢, if for all j =0,1,...,m—
1, the values of AR;_; are "no change" or "no
update", then stop the iteration. Otherwise,
continue processing to the next layer.

This mechanism reduces unnecessary compu-
tational resource consumption while ensuring
result quality, thereby improving the model’s
efficiency and performance. By adaptively de-
termining the presence of residuals, the model

can dynamically adjust the depth of process-
ing, avoiding over-computation and optimizing
performance.

4 Evaluation

4.1 Setup

Benchmark To comprehensively evaluate
the effectiveness of our method, we conduct
experiments across four critical benchmarks:
alignment, mathematical reasoning, general
reasoning, and code understanding. For align-
ment assessment, we employ AlpacaFEval 2.0
(Dubois et al., 2024) with gpt-4-1106-preview as
the reference model. This benchmark utilizes
a GPT-4-based evaluator to calculate length-
controlled (LC) win rates, effectively mitigating
length bias while comparing model responses
against the reference outputs.

For mathematical reasoning evaluation, we
adopt the MATH (Hendrycks et al., 2021)
benchmark, which contains 5,000 challenging
competition-level mathematics problems re-
quiring multi-step reasoning. The general rea-
soning capability is measured through MMLU-
redux (Gema et al., 2024), a refined subset of
the MMLU (Hendrycks et al., 2020) benchmark
comprising 3,000 manually re-annotated sam-
ples that address original dataset errors while
maintaining comprehensive knowledge cover-
age.CRUX (Gu et al., 2024) is a benchmark
for assessing code understanding, featuring 800
Python functions. It evaluates input and out-
put prediction tasks, requiring advanced code
comprehension and reasoning.

Implementation Details
search, we mainly developed RMoA using
open-source small models, achieving signifi-
cant performance improvements across multi-
ple datasets, including Gemma2-9B-Instruct
(Team et al., 2024), Qwen2.5-7b-Instruct
(Yang et al., 2024), and Llama3.1-8b-Instruct
(Vavekanand and Sam, 2024). We build up to
6 layers of RMOA and select 3 responses on
Greedy Diversity Embedding Selection, using
the same small model in each layer for consis-
tency. To enhance the diversity and creativity
of model outputs, we introduced different role-
playing mechanisms (Jinxin et al., 2023) for the
models. We employed the open-source BGE-
m3 (Multi-Granularity) model for embeddings,
and the same model for residual extraction

In our re-
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and aggregation. Since the MoA and SMoA
papers did not conduct experiments on small
models (e.g., llama3.1-8B-Instruct), the results
presented in this section are derived from our
own tests. To ensure the reliability and consis-
tency of the results, we used the same prompts,
sampling temperature, and max_ tokens across
all datasets. In terms of inference, we employed
the vllm (Kwon et al., 2023) framework to en-
hance inference speed, which may result in
minor differences compared to existing studies.

4.2 Results

As shown in Table 1,we conducted a compre-
hensive comparison of various MoA methods
across multiple datasets, including AlpacakE-
val2.0, MATH, CRUX, and MMLU-redux.

MATH On the MATH benchmark, our
method significantly improves model perfor-
mance. Specifically, the Qwen2.5-7B-Instruct
model achieves a +2.26% absolute accu-
racy increase, Gemma2-9B-Instruct shows a
breakthrough improvement of +13.8%, and
Llama3.1-8B-Instruct sees a +3.92% improve-
ment. Notably, even on the larger GPT-40
model, we observe a significant +4.56% gain,
demonstrating the exceptional performance of
our method in mathematical reasoning tasks.

CRUX On the CRUX dataset, our
method achieves optimal performance with
Qwen2.5-7B-Instruct (+3.69%) and GPT-40
(+11.57%). While Gemma2-9B-Instruct and
Llamagd.1-8B-Instruct also show positive gains,
their improvements are slightly lower compared
to traditional MoA methods (A = 1.2%—1.8%).
This suggests that in code understanding tasks,
the introduction of redundant tokens can posi-
tively influence performance by enhancing con-
text modeling.

MMLU-redux In the MMLU-redux
multi-domain knowledge evaluation, the
RMOoA method results in an average accuracy
increase of +2.51%. The SMoA method also
shows a +1.86% improvement. However,
for MoA on smaller models (e.g., Qwen2.5-
7B-Instruct and  Llama3.1-8B-Instruct),
performance significantly drops below the
baseline (A = —3.50% ~ —7.20%). This
outcome verifies that redundant information
may interfere with reasoning processes in
knowledge-intensive tasks.

AlpacaEval 2.0 Due to experimental re-

source constraints, we used the official GPT-
4o-mini as the evaluator. The results indicate
that our method consistently achieves optimal
performance across models of varying scales,
particularly with a notable +8.11% improve-
ment on the GPT-40 model. It is worth noting
that although the improvement for Gemma2-
9B-Instruct is relatively modest (A = +0.46%),
both SMoA and traditional MoA methods expe-
rience performance degradation on this model

(A = —1.92% ~ —2.42%).

5 Analysis

In this section, we conduct comprehensive ex-
periments to thoroughly investigate the mecha-
nisms of RMoA. The experiments are primarily
divided into ablation studies, cost analysis, and
case studies.

5.1 Ablation Study

We conducted ablation experiments by fixing
each layer’s model to 6 Qwen2.5-7B-Instruct
to systematically analyze the contribution of
each RMoA component to model performance.
In the following sections, we will analyze the
impact of each component in detail.

The number of responses selected
through greedy diversity embedding is
a critical hyperparameter. As shown in
Table 2, on the MATH and CRUX datasets,
model performance increases when the response
number K is 2 or 3, but decreases at K values
of 4 and 5. Similarly, on the MMLU-redux
dataset, performance improves at K values of
2, 3, and 4, but declines at 5. Therefore, se-
lecting K = 3 strikes a balance between model
performance and computational cost. Notably,
in SMoA’s response selection process, K = 3
also proves to be an optimal choice.

Models with strong comprehensive ca-
pabilities can enhance the effectiveness
of residual extraction and aggregation.
In our investigation of the impact of different
model capabilities on residual extraction and
aggregation, we selected Llamad.1-8B-Instruct
as the base model for our experiments, with
all proposers being Llama3d.1-8B-Instruct. For
residual extraction, as shown in Table 3, we
fixed the residual aggregator as the Llama3.1-
8B-Instruct model and varied the residual ex-
tractor model. The results indicate that using
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Model AlpacaEval 2.0 MATH CRUX MMLU-r Average

Qwen2.5-7B-Instruct 37.94 74.94 57.31 69.90 60.02
+MoA 31.77 75.28 56.81 62.70 56.64%63%
+SMoA 40.79 76.98 59.93 72.00 62.43“02%
+RMoA 41.01 77.20 61.00 71.80 62°75T4'55%

Gemma?2-9B-Instruct 45.15 36.64 47.50 63.90 48.30
+MoA 42.73 48.92 51.50 65.73 52.22%‘12%
+SMoA 43.23 49.96 51.25 65.80 52.56%'82%
+RMoA 45.61 50.44 50.50 66.10 53.16“0‘06%

Llamad3.1-8B-Instruct 22.93 48.18 40.62 58.60 42.58
+MoA 30.43 50.60 46.12 55.10 45.5677‘00%
+SMoA 31.99 51.20 44 .81 60.86 47.21“()_87%
+RMoA 32.86 52.10 42.65 61.63 47‘41T11.10%

GPT-40 55.18 76.60 75.80 83.73 72.83
+MoA 60.55 80.08 86.66 85.80 78 27¢7 47%
+SMoA 56.24 78.08 86.93 84.94 76.55+ 11%
+RMoA 63.29 81.16 87.37 86.67 79.6 19 32%

Table 1: Experimental results of various methods on

the AlpacaEval2.0, MATH, CRUX, and MMLU-redux

datasets, evaluated using the original benchmark metrics.

Math CRUX MMLU-r Cost

Table 2: Hyperparameter analysis of the re-
sponse count K in Greedy Diversity Embed-
ding Selection for Qwen2.5-7B-Instruct.

Math CRUX MMLU-r Cost

MoA 75.28 57.31 62.70 176.59
“RMOA = 77.20 61.00 7180  121.55
w/o ES 76.90 60.37 72.10 207.23
w/o RA  75.90 59.37 71.60 90.37
w/o AT  77.10 59.62 71.70 138.56

Table 4: Ablation study results with Qwen2.5-7B-
Instruct. ES, RA, and AT correspond to Greedy
Diversity Embedding Selection, Residual Extrac-
tion Agent, and Adaptive Termination.The cost
metric refers to the total dollar expenditure of the
method across the three datasets. It is calculated
based on the Together API’s pricing model, which
charges $0.30 per 1 million tokens.

the more capable Qwen2.5-72B and Deepseek-
R1-Distill-Llama-70B models improved per-
formance on the MATH task by 1.28% and
4.02%, respectively. In contrast, the less capa-

Model Extractor Aggreator
Llama2-7B-Instruct 49.26 49.30
Llama3.1-8B-Instruct 52.10 52.10
Qwen2.5-72B-Instruct 53.38 80.16
DeepSeek-R1-Distill-Llama-70B 56.12 53.52

Table 3: Evaluating the Impact of Models as Resid-
ual Extractors and Aggregators on MATH Dataset.
LLaMA-3.1-8B-Instruct acts as the aggregator when
evaluating extractors, and vice versa. The setup uses
four RMoA layers with LLaMA-3.1-8B-Instruct as the
proposer.

ble Llama2-7B-Instruct led to a performance
decrease of 2.84%. A similar trend was ob-
served for residual aggregation. Notably, when
using Qwen2.5-72B-Instruct for aggregation,
performance increased significantly by 28.06%.
This improvement may be attributed to the ag-
gregator not only referencing the information
provided by the extractor and residuals but
also leveraging its own knowledge for aggrega-
tion. This phenomenon aligns with previous
findings (Xie et al., 2024; Bai et al., 2024) on
cognitive biases and the curse of knowledge
in Large language models.The appendix C.5
contains supplementary details

RMoA demonstrates a stronger capa-
bility for deep-level iteration. As shown
in Figure 3 and Figure 4, the performance of
different models on the MATH dataset con-
tinuously improves with the increase in lay-
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Figure 4: Performance comparison of RMoA and
MoA across different layer counts on Llama3.1-8B-
Instruct and Gemma2-9B-Instruct.

ers, whereas MoA exhibits varying degrees of
decline across all models. This further indi-
cates that MoA may generate hallucinations
during the iteration process, leading to origi-
nally correct answers becoming incorrect. In
contrast, RMoA completes the task more effec-
tively, showcasing its potential for deeper-level
iteration compared to MoA.

Adaptive Termination mitigates per-
formance degradation caused by halluci-
nations due to excessive iterations and
helps reduce costs. As shown in Table 4,
Adaptive Termination led to varying degrees
of improvement across different datasets, with
the most notable increase of 1.38% observed on
the CRUX dataset. This improvement is likely
because smaller models may generate hallucina-
tions when they continue to update responses
after already providing correct answers. Addi-
tionally, the implementation of adaptive early
stopping resulted in a cost savings of $17.01.

5.2 Budget Analysis

Cost Efficiency Analysis In Figure 5a, we
present the relationship between ACC and the
total inference cost on the MATH benchmark.
Since we are using local inference, accurately
quantifying specific costs is challenging. There-
fore, we utilize model pricing from the API
website for our calculations. The graph illus-
trates a Pareto frontier, indicating that certain
models achieve a better balance between cost
and performance. Models closer to the Pareto
frontier are more cost-effective. Specifically,
our RMoA, by selecting three differentiated
responses and employing Qwen2.5-7B-Instruct
as the model for all agents, achieves the op-
timal configuration. Compared to MoA with
the same model configuration, RMoA improves
performance by 1. 92% while only 68. 83% of
MOoA.

TFLOPs Analysis Due to the varying
latencies caused by different inference systems,
we use the number of TFLOPs as a proxy for
latency.In Figure 5b,the chart describes the
relationship between ACC and the number of
TFLOPs, where a Pareto frontier is also ob-
servable. Models on this frontier effectively
utilize their computational resources to max-
imize accuracy on MATH. Specifically, com-
pared to MoA with the same configuration,
RMoA achieves a 1.92% increase in accuracy
while reducing TFLOPs by nearly 31.88%.

5.3 Case Study

By demonstrating the effectiveness of greedy di-
versity selection and residual extraction (more
details in Figures 14, 15, and 16), we observe
that the responses from the four models contain
a large amount of homogeneous content. After
applying greedy diversity selection, GPT-40
and Qwen2.5-7B-Instruct were chosen. These
two responses encompass the vast majority of
the content from all responses, highlighting the
effectiveness of the greedy diversity selection
method. Furthermore, by performing residual
extraction of the responses selected from two
consecutive rounds, we identified additional in-
formation and detail discrepancies related to
the questions. This provides a solid foundation
for subsequent residual aggregation.
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Figure 5: Comparison of Performance Metrics.Figure 5(a) illustrates the token cost incurred by Qwen2.5-
7B-Instruct, Llama3.1-8B-Instruct, and Gemma2-9B-Instruct on the MATH dataset using MoA, SMoA,
and RMoA. The cost per token is based on pricing from the Together API.Figure 5(b) shows the TFLOPs
expenditure for the same models and methods. Due to differences in inference system costs, we estimate

TFLOPs based on the model parameters.

6 Conclusion

This paper introduces the RMoA Framewrok,
which ultilizes iterative collaboration to im-
prove MAS capabilities. We propose Greedy
Differential Embedding Selection, Residual
Agent, and Adaptive Termination Mechanism
to achieve diversity maximization and residual
compensation. The proposed RMoA alleviates
the problems of high computational overhead,
information loss and robustness of traditaional
MoA architecture. We conduct extensive evalu-
ations across a variety of tasks and explore the
potential of RMoA through ablation studies
and cost analysis.

Limitation

In this work, we introduce residuals to mitigate
information loss between layers, enabling our
method to achieve performance gains even at
deep layers. However, due to time and cost
constraints, we have not yet explored the per-
formance limits of our approach. In future
work, we aim to evaluate the performance lim-
its of various models across different depths
and analyze the scaling laws that govern these
limits.
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A Prompt Design

In this section, we provide all the prompts
used by RMoA in the experiments. Specifi-
cally, Figure 6 illustrates the prompts used by
RMoA’s residual extraction and residual aggre-
gation agents. Meanwhile, Figure 7 shows the
prompts used in the MoA and SMoA baseline
models, which were sourced from their official
GitHub projects.

Furthermore, to enhance the distinctive-
ness of model output, we assign different role-
playing descriptions (Jinxin et al., 2023) to
each dataset. Specifically, Figure 7 presents
the role prompts for AlpacaEval 2.0, Figure
8 presents the role prompts for CRUX, and
Figures 9 and 10 display the role prompts for
MATH and MMLU-Redux, respectively.

For different datasets, we employ different
reasoning modes to optimize performance. As
shown in Figures 11 and 12, we used a few-shot
approach for the MATH data set. Figure 12
illustrates the use of Chain-of-Thought (CoT)
reasoning for the CRUX dataset. Due to the
extensive nature of the CoT content for MMLU-
Redux, the prompts can be found in the code’s
prompt file. Lastly, for AlpacaEval 2.0, we
adopted a zero-shot approach.

Benchmark Method
MATH Few-Shot
CRUX CoT
MMLU-redux CoT

AlpacaEval 2.0 Zero-Shot

Table 5: Inference Modes for Different Datasets

B Acknowledgment of AI Assistance
in Writing and Revision

We utilized GPT-4o0 for paper refinement and
grammar correction.

C More results

C.1 Comparison of Residual
Quantization Methods

e LLM-based judgment: LLM judges
whether the key information has changed
significantly between any previous-round
(R:_,) and any current-round (R}) refer-

ence responses:
K iK
Ry = Cat(Ry;—y, Bi"y j—1),
AR = ResidualExtractor(R;, prompt).

If the residual extractor determines that
no residual information exists, the itera-
tion terminates; otherwise, it continues.

e Similarity threshold: All pairwise co-
sine similarities between any previous-
round (R!_;) and any current-round (R} )
reference responses exceed 6:

. Eub(RL,) Emb(R))

Sim(R;_;, R}) =

vZ'7j7 Sim(Riflv Ri) > 0.

e Variance Metric:
The total variance of pairwise similarities
is bounded by o2

. . 2
> (Sim(Ri_y, R]) — p) < o,
i’j
where Sim(+, -) is the cosine similarity, and
w1 is the mean similarity:

1 . i y
r= T2 Z Sim(Ri_y, Ry).
&J

Table 6 shows LLM-based judgments outper-
form quantitative methods. Analysis reveals
semantic similarity and residual convergence
are weakly correlated in reasoning tasks—for
instance, the embedding representations de-
rived from collaborative dialogue may fail to
capture critical textual information, which fun-
damentally limits the improvements achiev-
able through basic semantic similarity mea-
sures. Thus, quantitative metrics often miss
critical reasoning differences captured robustly
by LLMs.

C.2 The impact of different embedding
models on RMOA

To better understand the impact of dif-
ferent embedding models on RMoA, we
tested three embedding models—BGE-
m3(Multi-Granularity), SGPT-1.3B-mean-
nli(Muennighoff, 2022), and multilingual-e5-
large(Wang et al., 2024)—using qwen2.5-7b-
Instruct on MATH500(Lightman et al., 2023).
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Criterion Type Threshold Accuracy
LLM judgment - 80.20%
similarity thresholds 6 = 0.7 76.20%
0=0.8 76.60%
0=0.9 78.80%
Variance metric o?=1x10"% 77.40%
o> =1x10"%  79.40%
0> =1x10"% 78.40%

Table 6: Performance comparison of different con-
vergence criteria on Math500 dataset

Embedding Model Accuracy
BGE-m3-dense 0.806
SGPT-1.3B-mean-nli 0.796
multilingual-e5-large 0.790

Table 7: Accuracy comparison of embedding models

Results (Table 7) show minimal performance
variation (0.6%), demonstrating the robustness
of our method to the choice of embedding
model.

C.3 Performance of RMoA on
different models with different
numbers of layers.

Math CRUX MMLU-r

RMOA
Layer 1 75.32 57.12 69.96
Layer 2 77.02 58.50 70.83
Layer 3 77.10 59.50 70.9
Layer 4 77.14 60.01 70.93
Layer 5 77.26  60.05 71.80
Layer 6 77.20 61.00 71.80

Table 8: The benchmark performance of Qwen2.5-
7B-Instruct at different layers on RMoA.

Math CRUX MMLU-r

RMOA
Layer 1 79.18 86.68 83.73
Layer 2 80.08 86.81 86.06
Layer 3 80.44 87.18 86.56
Layer 4 81.16 87.17 86.62
Layer 5 81.32 87.37 86.68
Layer 6 81.34 87.37 86.67

Table 9: The benchmark performance of GPT-40
at different layers on RMoA.

As shown in 8 and 9, the benchmark per-
formance of Qwen2.5-7B-Instruct and GPT-40
across different layers on the RMoA frame-
work, as shown in the tables, indicates a trend

of increasing performance with deeper layers.
For Qwen2.5-7B-Instruct, there is a consistent
improvement across the MATH, CRUX, and
MMLU-r benchmarks, with CRUX showing a
notable increase from 57.12% at Layer 1 to
61.00% at Layer 6. Similarly, GPT-40 demon-
strates an upward trend, with MATH scores ris-
ing from 79.18% at Layer 1 to 81.34% at Layer
6, and comparable improvements in CRUX and
MMLU-r benchmarks. These results suggest
that the RMoA framework effectively mitigates
information loss between layers, leading to en-
hanced performance in deeper layers, and high-
lighting the potential for further exploration
into layer depth optimization to achieve even
greater performance gains.

C.4 Quantitative evaluation of
hallucination rate

In our work, hallucination rate is defined as:
among entries that received correct responses
in the previous round, the proportion that pro-
duce incorrect responses in the current round.
The calculation method is: number of previ-
ously correct but now incorrect responses di-
vided by total number of previously correct
responses.

As shown in Table 10, our adaptive termi-
nation (AT) mechanism demonstrates signifi-
cant effectiveness on the MATH dataset with
both Qwen2.5-7B-Instruct and GPT-40 mod-
els, reducing hallucinations by average mar-
gins of 3.77% and 2.95% per round respec-
tively compared to non-AT approaches. This
improvement occurs because AT immediately
halts computation upon correct answer genera-
tion, thereby eliminating unnecessary reason-
ing steps that might otherwise degrade output
quality through excessive modifications or in-
troduced confusion.

C.5 Model Aggregation Case Study

Qwen-2.5-72B-Instruct demonstrates superior
performance as a residual aggregator (80.16 vs
53.52) because it combines reference informa-
tion with its own knowledge during aggregation.
In contrast, DeepSeek-R1-Distill-Llama-70B
solely relies on reference information generated
by smaller models.

As shown in Figure 17, we used Llama3.1-8b-
instruct to generate reference responses and ex-
tract residuals, then compared aggregation per-
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Model

Round 2 Round 3 Round 4 Round 5 Round 6

Qwen2.5-7B-Instruct w/o AT 5.91
Qwen2.5-7B-Instruct 2.13
GPT-40 w/o AT 4.33
GPT-40 2.55

5.17 5.28 5.73 4.85
1.04 2.01 1.91 1.00
3.98 4.11 4.77 5.22
1.29 1.79 1.02 0.98

Table 10: Hallucination rate comparison (in %) with and without AT across conversation rounds.

formance between Qwen2.5-72b Instruct and
DeepSeek-R1-Distill-Llama-70B.As evidenced
by the comparative results of the two mod-
els, Qwen2.5-72B-Instruct demonstrates com-
prehensive autonomous reasoning when aggre-
gating reference responses, whereas DeepSeek-
R1-Distill-Llama-70B exhibits explicit filtering
behavior during response aggregation.

C.6 Method Effectiveness Validation
on Larger-Scale Parameter Models

We have conducted experiments on more afford-
able and powerful models. We organized addi-
tional experiments with Qwen2.5-72B-Instruct
, Deepseek-v3(Liu et al., 2024a) and Deepseek-
R1(Guo et al., 2025).Deepseek-R1’s long chain-
of-thought reasoning process results in slower
inference speed. Due to time constraints, we
randomly selected 41 of the most challenging
Level5 problems from MATH500 for testing.
Meanwhile, we conducted full dataset test-
ing for both DeepSeek-V3 and Qwen2.5-72B-
Instruct models.

Table 11 demonstrates that the RMoA frame-
work delivers substantial accuracy gains, par-
ticularly in high-complexity tasks. On the full
MATH500 dataset, RMoA boosts Qwen2.5-
72B’s performance by 7.8% (80.00% — 87.80%)
and Deepseek-v3 by 4.2% (88.20% — 92.40%).
Even on the Level5 subset (Table 5), im-
provements persist: Qwen2.5-72B gains 7.32%
(60.97% — 68.29%), while Deepseek-v3 rises
4.87% (73.17% — 78.04%). These results con-
firm that RMoA enhances model capabilities
beyond baseline performance, especially in rig-
orous mathematical reasoning, where incremen-
tal gains are notoriously difficult to achieve.

Even as cheaper, more powerful models
emerge (e.g., DeepSeek-R1), the framework can
amplify their potential. For instance, applying
RMoA to DeepSeek-R1 elevates its Level5 accu-
racy from 78.04% to 82.92% (Table 12), prov-
ing that the framework complements —

Model Accuracy
Qwen2.5-72B (4-shot)  80.00%
Qwen2.5-72B-MoA 84.20%
Qwen2.5-72B-RMoA 87.80%
Deepseek-v3 (4-shot) 88.20%
Deepseek-v3-MoA 89.40%
Deepseek-v3-RMoA 92.40%

Table 11: Performance comparison on MATH500
(Vertical Layout). The framework configuration
adopts 6 layers with 6 proposers, greedy diversity
K=3, temperature set to 0.7, and max_ token set
to 1024.

Method 4-shot RMoA
DeepSeek-R1  78.04% 82.92%
Qwen2.5-72B  60.97% 68.29%
GPT-40 34.14%  41.46%
Deepseek-v3  73.17%  78.04%

Table 12: Performance comparison on MATH500
Level5 Subset - 41 Samples.

rather than competes with — advances
in base models. By dynamically optimiz-
ing computational resources (e.g., reducing re-
dundant steps) and maintaining a lightweight
architecture, RMoA ensures sustained cost-
effectiveness. Its adaptability to new models
and tasks, as evidenced by cross-table consis-
tency, positions it as a scalable solution where
efficiency and performance gains compound
over time.

Metric Accuracy Avg Turn
Turnl 97.2% 1
Turn2 98.6% 2
Turn3 98.6% 2.01
Turn4 98.6% 2.01

Table 13: Analysis of last-letter concatenation task
(vertical format).
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Method Metric Turn
1 2 3 4 5 6 7 8
Accuracy 75.60% 76.60% 78.26% 78.53% 78.53% 78.30% 79.10% 79.06%
MoA Cost 31.41 67.11 102.72 138.90 175.77 213.44 251.73  290.59
AAcc 1.0% 1.2% 1.6% 2.0% 2.4% 1.2% 1.2% 2.4%
Accuracy 75.80% 78.80% 79.10% 79.20% 80.00% 80.40% 81.16% 82.20%
RMoA  Cost 29.82 61.18 77.81 91.32 103.36  114.60 125.34 135.65
AAcc 1.0% 0.4% 0.4% 0.2% 0.4% 0.6% 0.4% 0.4%

Table 14: Performance comparison between MoA and RMoA on MATH500. Acc represents the average
accuracy of three tests, Cost is the average cost of testing MATH500 across three assessments, and AAcc
represents the difference between the maximum and minimum values of accuracy in the three tests.

Method Metric N
4 5 6 7 8
MoA Accuracy 77.40% 77.85% 78.90% 79.20% 79.60%
Cost 82.87 110.89 13890 173.78  208.66
RMoA Accuracy T77.80% 78.65% 79.20% 79.60% 80.00%
Cost 68.11 79.72 91.32 119.03 146.74

Table 15: Performance comparison of MoA and RMoA with different processor counts N.

C.7 Mitigating Over-Optimization via
Adaptive Termination

To evaluate the potential risk of over-
optimization in residual extraction and ag-
gregation, we designed a controlled experi-
ment using the simple last-letter concatena-
tion task. Leveraging GPT-40 as the proposer,
residual extractor, and aggregator within a
4-layer /6-proposer configuration, we systemati-
cally tested the adaptive early stopping mech-
anism enabled by residual information. The
experiment compared the proposed RMoA ap-
proach against standard MoA, measuring both
efficiency (via layer convergence depth) and
performance (accuracy). In simpler task scenar-
ios, RMoA’s early stopping mechanism consis-
tently terminated iterations at the second layer
(as shown in Table 13), avoiding unnecessary
deeper-layer computations. This shallow con-
vergence not only improved efficiency relative
to standard MoA but also maintained perfor-
mance parity with the original method. Across
nearly all test cases, RMoA demonstrated high
accuracy while proactively terminating com-
putations, validating that the residual-driven
adaptive stopping prevents over-optimization.

By quantifying convergence depth and perfor-
mance metrics, the experiment empirically con-
firms that residual extraction and aggregation
enhance efficiency without compromising accu-
racy, effectively mitigating over-optimization
risks through data-driven termination logic.

C.8 The impact of framework depth
and processor count on
performance

Regarding the impact of framework depth, we
tested MoA and RMoA configurations using
six processors, a framework depth of eight
layers, a temperature setting of 0.7, max to-
kens of 1024, and a greedy diversity K of 3.
The data in Table 14 shows that RMoA sur-
passes MoA in terms of accuracy, resource ef-
ficiency, and stability. In terms of accuracy
(Acc), RMoA improves consistently from Turn
1 (75.80%) to Turn 8 (82.20%), significantly sur-
passing MoA’s range of 75.60%-79.06%, with
the gap widening further in deep iterations
(e.g., a 3.14% difference in Turn 8), verify-
ing the residual extraction mechanism’s ability
to compensate for information loss between
layers. In terms of cost, RMoA’s cumula-
tive cost at Turn 8 was 135.65, only 46.7%
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of MoA’s 290.59, with the single-turn cost in-
crease slowing (an average of 15.12 per turn,
compared to MoA’s 36.88), indicating the dy-
namic adjustment mechanism effectively sup-
presses redundant computation in deep lay-
ers. Regarding stability (AAcc), RMoA’s fluc-
tuation range remains 0.50% (e.g., 0.2% in
Turn 4), whereas MoA’s fluctuation peaks
at 2.4%, highlighting adaptive termination’s
strong control over "over-optimization" risks.
In summary, RMoA achieves "high precision-
low consumption-strong stability" in deep itera-
tive optimization through residual information
integration and efficiency regulation, with the
data difference further reinforcing its technical
advantages.

Concerning the impact of the number of pro-
cessors per layer, we tested MoA and RMoA
configurations with processor numbers from
4 to 8, a framework depth of four layers, a
temperature of 0.7, max tokens of 1024, and
a greedy diversity K of 3. As Table 15 re-
sults show, RMoA outperforms MoA in both
accuracy (Acc) and resource efficiency (Cost).
With the increase in the number of processors,
RMoA’s accuracy continually improves (e.g.,
reaching 80.00% with eight processors, 0.4%
higher than MoA), and the cost reduces signif-
icantly (146.74 vs. 208.66). The residual infor-
mation fusion mechanism effectively alleviates
deep information loss, and the dynamic adjust-
ment strategy suppresses redundant computa-
tion, with its single-turn cost increase slowing
by 58.9% compared to MoA (15.12 vs. 36.88).

6590



Detailed Instruction

Residual Extraction Prompt for RMoA:

You are tasked with performing Residuals Simulation in Residual Networks.

Tasks:

Compare the results of multiple model responses from the previous round with those
from the current round. Identify specific differences such as content hallucinations, detail
discrepancies, or additional information. If no significant differences are found, indicate
accordingly. Ensure that only genuine residuals are reported.

Chain-of-thought:

1. Comparison Basis: Perform a one-to-one comparison between each model’s response
from the previous round and its corresponding response in the current round.

2. Types of Residuals to Identify:

Content Errors (Hallucinations): Factual inaccuracies or fabricated information introduced
in the current response.

Detail Discrepancies: Missing details, additional specifics, or changes in the level of detail.
Additional Information: New information or perspectives not present in the previous
response.

3. Output Format:

Overall Indicator: Start with "Residuals Detected: Yes" if at least one model has residuals.
Use "Residuals Detected: No" if no significant differences are found across all models.
Residual Details: For each model with residuals, provide a concise description of the specific
differences. List each model’s residual on a separate line, prefixed by the model number
for clarity.

4. Authenticity Assurance: Only report actual differences. Do not infer or generate residuals
that do not exist. Verify each identified residual to ensure its validity and relevance.
Residual Aggregation Prompt for RMoA:

You are the "Residual Aggregator'. You have two key inputs: previous response and
current-layer residuals. Deliver a well-rounded, error-free, and unbiased final answer that
demonstrates thorough integration of all relevant information.

Tasks:

1. Synthesize all residuals into a single, concise, and accurate answer.

2. Integrate Residuals to fill gaps, include alternative views, and correct errors.

3. Evaluate Critically for bias or inaccuracy, ensuring reliability and objectivity.

4. Present Structurally, maintaining clear organization and logical flow.
Chain-of-thought:

1. Review all responses for common points and discrepancies.

2. Draft a unified answer that captures essential information.

3. Incorporate Residuals by adding unique insights or corrections.

4. Finalize the response for clarity, coherence, and impartiality.

Figure 6: Agent Prompt Design-Part One
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Detailed Prompt

Aggregation for SMoA and MoA:

You have been provided with a set of responses from various open-source models to the
latest user query. Your task is to synthesize these responses into a single, high-quality
response. It is crucial to critically evaluate the information provided in these responses,
recognizing that some of it may be biased or incorrect. Your response should not simply
replicate the given answers but should offer a refined, accurate, and comprehensive reply
to the instruction. Ensure your response is well-structured, coherent, and adheres to the
highest standards of accuracy and reliability.

Moderator & Judge Prompt for SMoA:

You are a moderator. You will be provided with a set of responses from various open-source
models to the latest user query. Your task is to carefully and meticulously select [Response
Number| responses from them, according to correctness, fluency, relevance, and quality. It
is crucial to critically evaluate the information provided in these responses, recognizing
that some of them may be biased or incorrect. Additionally, you need to decide whether to
end the debate by measuring the consistency between responses and giving an indicator
controlling ending the debate or not. The output should be a markdown code snippet
formatted in the following schema: "reasoning": str // Logical reasoning behind the chosen
response "chosen responses": list // the best [Response Number| response. For example [0,
1] "debate": bool // whether end the debate Question:

AlpacaEval2.0 Role Description Prompt:

Rolel: You are a natural language processing researcher specializing in evaluation method-
ologies for large language models. You are analytical, detail-oriented, and deeply invested
in addressing biases in automated assessment systems. You collaborate with Al ethics
teams at tech conferences, publishing papers on robust evaluation metrics and developing
protocols to ensure fair model comparisons.

Role2: You are a data scientist with expertise in statistical bias correction and metric
design. You are pragmatic, numerically adept, and excel at identifying confounding
variables in evaluation frameworks. You work at a machine learning startup, developing
novel techniques to isolate model capabilities from superficial factors like response length
through rigorous statistical analysis.

Role3: You are an Al alignment engineer focused on instruction following robustness.
You are systematic, solution-driven, and passionate about bridging the gap between
human intent and model behavior. You participate in developer forums and open-source
communities, creating benchmarking tools that test models’ ability to handle nuanced
real-world instructions.

Role4: You are an educational technology specialist designing Al literacy curricula. You
are articulate, pedagogically skilled, and passionate about translating complex evaluation
concepts into accessible formats. You collaborate with university Al labs and K-12 educators
to create instructional materials that explain model benchmarking principles to diverse
audiences.

Role5: You are a cognitive science researcher studying human-Al interaction patterns.
You are curious, interdisciplinary, and investigate how people perceive model response
quality. You conduct user studies at human-computer interaction conferences, providing
empirical insights about the relationship between quantitative metrics and subjective
response quality assessments.

Figure 7: Agent Prompt Design - Part two
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Detailed Prompt

Role6: You are an open-source model evaluation platform maintainer. You are community-
oriented, technically proficient, and dedicated to building transparent benchmarking in-
frastructure. You coordinate with volunteer developers and researchers to implement
standardized testing protocols while maintaining compatibility with diverse model archi-
tectures.

CRUX Role Description Prompt:

Rolel: You are a software engineer specializing in code optimization and refactoring.
You are analytical, detail-oriented, and passionate about improving code efficiency and
readability. You work closely with other developers and software architects, focusing on
enhancing existing codebases and ensuring high performance and maintainability. Your
role often involves reviewing code, identifying bottlenecks, and implementing solutions to
optimize functionality.

Role2: You are a data scientist with expertise in machine learning and predictive modeling.
You are innovative, data-driven, and skilled at extracting insights from complex datasets.
You collaborate with cross-functional teams, including engineers and product managers, to
develop models that predict outcomes and inform decision-making. Your work involves
using statistical methods and programming to analyze data and build robust models.
Role3: You are a computer science professor with a focus on programming languages
and software development. You are methodical, knowledgeable, and dedicated to teaching
and mentoring students. In academic settings, you engage in research and curriculum
development, aiming to advance understanding in programming theory and practice. You
often participate in conferences and publish papers on software engineering topics.
Role4: You are a technical writer specializing in software documentation. You are precise,
communicative, and skilled at translating complex technical concepts into clear and concise
documentation. You work closely with developers and product teams to create user
manuals, API documentation, and tutorials that help users understand and utilize software
effectively. Your role involves ensuring that documentation is accurate, comprehensive,
and accessible.

Role5: You are a software developer with a passion for coding and problem-solving. You
are creative, resourceful, and enjoy building applications from scratch. You frequently
collaborate with designers and product managers to create user-friendly software solutions.
Your role involves writing clean, efficient code and staying up-to-date with the latest
programming languages and technologies to continuously improve your skills.

Role6: You are a cybersecurity analyst with expertise in software security and vulnerability
assessment. You are vigilant, analytical, and dedicated to protecting systems from cyber
threats. You work with IT teams to identify and mitigate security risks, conduct penetration
testing, and develop strategies to enhance security protocols. Your role involves staying
informed about the latest security trends and technologies to safeguard digital assets.

Figure 8: Agent Prompt Design - Part Three
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Detailed Prompt

MATH Role Description Prompt:

Rolel: You are a theoretical mathematician specializing in abstract algebra and number
theory. You are highly analytical, imaginative, and enjoy tackling complex and intricate
problems. You thrive in academic environments, collaborating with researchers and
publishing papers in high-impact journals. Your work involves deep theoretical exploration
and developing proofs, often requiring meticulous attention to logical structures and
patterns.

Role2: You are an experienced mathematics competition coach with a background in
applied mathematics. You are strategic, motivating, and skilled at identifying shortcuts
and elegant solutions to problems. You frequently mentor high school and college students
preparing for prestigious mathematics contests. Your role often involves breaking down
complex problems into manageable parts and providing practical strategies for efficient
problem-solving under time constraints.

Role3: You are a computational scientist with a focus on algorithm design and optimization.
You are resourceful, technical, and enjoy applying mathematical principles to solve real-
world challenges. You work closely with engineers and programmers, leveraging your
expertise to design efficient algorithms and analyze computational complexity. Your work
often involves developing mathematical models and using them to simulate and solve
challenging problems.

Role4: You are an educational content creator specializing in mathematics. You are
creative, engaging, and dedicated to making complex topics accessible to learners of all
levels. You design interactive tutorials, videos, and problem sets for online learning
platforms. You frequently collaborate with educators and curriculum developers, ensuring
that your content is both pedagogically sound and highly engaging.

Role5: You are a graduate student pursuing a Ph.D. in mathematics, with a focus on
combinatorics and probability theory. You are inquisitive, methodical, and thrive on
exploring mathematical problems from multiple perspectives. You actively participate
in academic conferences and collaborate with fellow researchers on joint projects. Your
role involves delving deep into problem derivations and providing clear, step-by-step
explanations.

Role6: You are a professional actuary with expertise in risk assessment and statistical
analysis. You are pragmatic, detail-oriented, and adept at using mathematics to solve
practical problems in finance and insurance. Regularly collaborating with economists and
financial analysts, you excel at deriving precise solutions and explaining them in terms
that are accessible to non-specialists.

Figure 9: Agent Prompt Design - Part Four
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Detailed Prompt

MMLU-redux Role Description Prompt:

Rolel: You are a theoretical mathematician specializing in abstract algebra and number
theory. You are highly analytical, imaginative, and enjoy tackling complex and intricate
problems. You thrive in academic environments, collaborating with researchers and
publishing papers in high-impact journals. Your work involves deep theoretical exploration
and developing proofs, often requiring meticulous attention to logical structures and
patterns. Role2:

You are an experienced mathematics competition coach with a background in applied
mathematics. You are strategic, motivating, and skilled at identifying shortcuts and
elegant solutions to problems. You frequently mentor high school and college students
preparing for prestigious mathematics contests. Your role often involves breaking down
complex problems into manageable parts and providing practical strategies for efficient
problem-solving under time constraints.

Role3:

You are a computational scientist with a focus on algorithm design and optimization. You
are resourceful, technical, and enjoy applying mathematical principles to solve real-world
challenges. You work closely with engineers and programmers, leveraging your expertise
to design efficient algorithms and analyze computational complexity. Your work often
involves developing mathematical models and using them to simulate and solve challenging
problems.

Role4:

You are an educational content creator specializing in mathematics. You are creative,
engaging, and dedicated to making complex topics accessible to learners of all levels. You
design interactive tutorials, videos, and problem sets for online learning platforms. You
frequently collaborate with educators and curriculum developers, ensuring that your content
is both pedagogically sound and highly engaging.

Role5:

You are a graduate student pursuing a Ph.D. in mathematics, with a focus on combina-
torics and probability theory. You are inquisitive, methodical, and thrive on exploring
mathematical problems from multiple perspectives. You actively participate in academic
conferences and collaborate with fellow researchers on joint projects. Your role involves
delving deep into problem derivations and providing clear, step-by-step explanations.
Role6:

You are a professional actuary with expertise in risk assessment and statistical analysis.
You are pragmatic, detail-oriented, and adept at using mathematics to solve practical
problems in finance and insurance. Regularly collaborating with economists and financial
analysts, you excel at deriving precise solutions and explaining them in terms that are
accessible to non-specialists.

Figure 10: Agent Prompt Design - Part five
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Detailed Prompt

MATH few-shot Prompt:

Problem:
Kevin Kangaroo begins hopping on a number line at 0. He wants to get to 1, but he can
hop only % of the distance. Each hop tires him out so that he continues to hop % of the
remaining distance. How far has he hopped after five hops? Express your answer as a
common fraction.

Solution:

Let’s think step by step

Kevin hops % of the remaining distance with every hop.

His first hop takes % closer.

For his second hop, he has % left to travel, so he hops forward % .

2
For his third hop, he has (%) left to travel, so he hops forward (

Wi Wl

k

ol

k
In general, Kevin has hopped Zi:o (%) . % on his 5" hop.

We want to find how far he has hopped after five hops.

This is a finite geometric series with first term 1, common ratio %, and five terms.

5 37
1O

Thus, Kevin has hopped : - = 513"

3
211
243 |

So the final answer is

Problem:

What is the area of the region defined by the equation z? + y?> — 7 = 142 — 4y + 37
Solution:

Let’s think step by step

We rewrite the equation as 2% + 142 + y? + 4y = 10 and then complete the square,
resulting in (z + 7)% + (y + 2)? = 63,

or (z+7)%+ (y+2)% =63.

This is the equation of a circle with center (—7,—2) and radius V63,

so the area of this region is 7r? = 63.

So the final answer is .

Problem:

If 22 + y? = 1, what is the largest possible value of |z| + |y|?
Solution:

Let’s think step by step

If (z,y) lies on the circle, and (z, —y), (—z,y), (—x, —y) all give the same value of ||+ |y|,
so we can assume x > 0 and y > 0.

Then |z| + |y| = x + y. Squaring, we get

(x+y)? =22+ 2zy + 9% =1+ 2xy.

Note that (z —y)? > 0s0 2zy < 22 +y? = 1.

Expanding, we get 22 — 2zy + y? > 0 so 2zy < 1.

Hence, |z| + y| < /2, which means |z| + y| < /2.

Equality occurs when z =y = %,

so the maximum value of |z| + |y| is v/2.
So the final answer is | V2 |.

Figure 11: Math Few-shot Prompt-Part One
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Detailed Prompt

Problem:

If f(z) = Zfis, abed # 0 and f(f(z)) = « for all x in the domain of f, what is the value of
9a + d?

Solution:

Let’s think step by step

The condition f(f(z)) = = means that f is the inverse of itself,

so its graph is symmetrical about the line y = x.

With a rational function in this form, we will have two asymptotes:

a vertical one at © = —d/c if cx +d # 0 and ax + b # 0,

and a horizontal one at y = a/c.

If we take the limit of f(x) as x — +o0,

in order for f to be its own inverse, the intersection of the asymptotes must lie on the line
y=u

so that it and its asymptotes reflect onto themselves.

This means that —d/c = a/c,

and therefore —d = a and 9a + d = 0.

So the final answer is @

Problem:

Expand (222 + 52 — 6)(323 — 2z + 1).
Solution:

Let’s think step by step

322 —2z +1
X 222 45z —6
—1823 —12z —6
+152% —1022  +52
+62° —4z23 4222
62° + 1524 — 2223 — 822 + 172 — 6

So the final answer is |62° + 152% — 2223 — 822 + 172 — 6|,

Figure 12: Math Few-shot Prompt-Part Two
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Detailed Prompt

left CRUX Output prediction Chain-of-Thought Prompt:

You are given a Python function and an assertion containing an input to the function. Complete the
assertion with a literal (no unsimplified expressions, no function calls) containing the output when executing
the provided code on the given input, even if the function is incorrect or incomplete. Do NOT output any
extra information. Execute the program step by step before arriving at an answer, and provide the full
assertion with the correct output in [ANSWER] and [/ANSWER] tags, following the examples.

[PYTHON]

def f(s):

S=s+s

return "b" + s + "a"

assert {("hi") == 77

[/PYTHON]

[THOUGHT]

Let’s execute the code step by step:

1. The function f is defined, which takes a single argument s.

2. The function is called with the argument "hi", so within the function, s is initially "hi".
3. Inside the function, s is concatenated with itself, so s becomes "hihi".

4. The function then returns a new string that starts with "b", followed by the value of s (which is now
"hihi"), and ends with "a".

5. The return value of the function is therefore "bhihia".

[/THOUGHT)]

[ANSWER]

assert f("hi") == "bhihia"

[/ANSWER]

[PYTHON]

{code}

assert f({input}) == 77

[/PYTHON]

[THOUGHT]

(Placeholder for future code execution thought process)
[/THOUGHT)]

CRUX Input prediction Chain-of-Thought Prompt:

You will be given a function f and an output in the form f(??7) == output. Your task is to find any input
such that executing f on the input leads to the given output. There may be multiple answers, but only
output one. First, think step by step. You MUST surround the answer with [ANSWER] and [/ANSWER]
tags. Express your answer as a passing assertion containing the input and the given output.

[PYTHON]

def f(x):

return x + 1

assert f(77) == 17

[/PYTHON]

[THOUGHT]

To find an input such that executing f on the input leads to the given output, we can work backwards
from the given assertion. We know that f(77) == 17.

Since the function f(z) returns x + 1, for f(??) to be equal to 17, the value of ?? should be 16.
[/THOUGHT]

[ANSWER]

assert f(16) == 17

[/ANSWER]

[PYTHON]

{code}

assert £(77) == {output}

[/PYTHON]

[THOUGHT]

(Placeholder for future input prediction thought process)
[/THOUGHT]

Figure 13: CRUX Chain-of-Thought Prompt
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Case

Dataset: AlpacaFval 2.0
Question: What are the names of some famous actors that started their careers on Broadway?

Setting: Employ a four-layer architecture and four distinct models to provide responses, selecting two
differentiated replies using a Greedy Diversity Embedding Selection.

GPT-40:

Many famous actors began their careers on Broadway before transitioning to film and television. Here are
some notable examples:

1. Hugh Jackman - Before becoming famous for his role as Wolverine in the "X-Men" series, Hugh Jackman
performed in several Broadway productions, including "The Boy from Oz."

2. Sarah Jessica Parker - Known for her role as Carrie Bradshaw in "Sex and the City," Sarah Jessica
Parker started her career on Broadway, appearing in productions like "Annie."

3. Kristin Chenoweth - A celebrated Broadway actress, Kristin Chenoweth gained fame for her role as
Glinda in "Wicked" before moving to film and television.

4. Neil Patrick Harris - Before his television success in "Doogie Howser, M.D." and "How I Met Your
Mother," Neil Patrick Harris performed on Broadway in productions such as "Assassins' and "Elaine in the
Agony."

5. Idina Menzel - Known for her role as Elphaba in "Wicked," Idina Menzel has had a successful Broadway
career and has also appeared in films like "Frozen," where she voiced Elsa.

6. Nathan Lane - A well-known Broadway actor, Nathan Lane starred in productions like "The Producers"
and has also appeared in films such as "The Birdcage."

7. Bernadette Peters - A Broadway legend, Bernadette Peters has had a long and successful career on stage
and has also appeared in films and television.

These actors are just a few examples of performers who began their careers on Broadway and went on to
achieve fame in other entertainment mediums.

Llama3.1-8B-Instruct:

There are numerous famous actors who started their careers on Broadway. Here’s a comprehensive list of
some of the most notable ones (in no particular order):

- **Audrey Hepburn**: Made her Broadway debut in 1948 in *High Button Shoes* and went on to become
a Hollywood legend.

- **Humphrey Bogart**: Began his career on Broadway in the 1920s, appearing in plays like *The Petrified
Forest* (1935) and *The Big Sleep* (1946).

- **Marlon Brando**: Appeared in Broadway productions like *I Remember Mama* (1944) and *A Streetcar
Named Desire* (1947) before his film career took off.

- **Lauren Bacall**: Made her Broadway debut in *Johnny 2x4* (1942) and later starred in films like *To
Have and Have Not* (1944).

- ¥*Al Pacino**: Began his career on Broadway in the 1960s, appearing in productions like *Does a Tiger
Wear a Necktie?* (1969, Tony Award) and *The Basic Training of Pavlo Hummel* (1977).

- **Robert De Niro**: Started on Broadway in the 1960s, with roles in *The Wedding Party* (1969) and
later became a film icon.

- **Dustin Hoffman**: Debuted on Broadway in *Eh?* (1966) and went on to star in films like *The
Graduate® (1967).

- **Meryl Streep**: Began her career on Broadway in the 1970s, appearing in *The Trelawny of the Wells
(1975) and later became one of the most acclaimed film actresses.

- **Tom Hanks**: Made his Broadway debut in *Lucky Guy* (2013, Tony Award) after a successful film
career, showing his versatility.

- **Viola Davis**: Started on Broadway in *Seven Guitars* (1996, Tony Award) and later won an Oscar
for *Fences* (2016), connecting stage and screen.

- **Lin-Manuel Miranda**: Creator of *Hamilton*, Miranda’s career began on Broadway, revolutionizing
musical theater and later working in film (e.g., *Moana*, 2016).

- **Idina Menzel**: As mentioned earlier, known for *Wicked* (Broadway) and *Frozen* (film), bridging
stage and screen.

- **Hugh Jackman**: Broadway roots in *The Boy from Oz* (2003, Tony Award) before Hollywood
stardom.

- **Nathan Lane**: Broadway legend (e.g., *The Producers™®, Tony Award) and film actor (e.g., *The
Birdcage*).

- **Bernadette Peters**: Broadway icon (e.g., *Gypsy™*, *Into the Woods*) with film/TV roles.

This list is not exhaustive but highlights some of the most notable actors who started their journey on the
Broadway stage before achieving success in film and television.

*

Figure 14: An example to demonstrate Greedy Diversity Embedding Selection and Residual Extraction.
Part One
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Case

Qwen2.5-7B-Instruct:

Many talented actors have launched their careers on Broadway. Here are some prominent examples:

- **Meryl Streep**: Began her career on Broadway in 1975 with *The Children’s Hour*. Her performances
in plays like *Trelawny of the Wells* (1975) and *A Memory of Two Mondays* (1975) established her as a
skilled stage actress before transitioning to film, where she became one of the most acclaimed actors of all
time.

- **Tom Hanks**: Made his Broadway debut in 2013 with *Lucky Guy*, earning a Tony Award nomination.
While he was already a film star, his Broadway appearance showcased his versatility and dedication to the
stage.

- **Viola Davis**: Started on Broadway in *Seven Guitars* (1996), winning a Tony Award. Her powerful
stage presence later translated to film, where she won an Oscar for *Fences* (2016), a role she also played
on Broadway, highlighting the synergy between stage and screen.

- **Lin-Manuel Miranda**: Creator of *Hamilton*, Miranda’s career is deeply rooted in Broadway. His
work revolutionized musical theater, and he later expanded into film (e.g., *Moana*, *In the Heights*)
while continuing to contribute to stage productions.

- **Hugh Jackman®™*: Gained recognition on Broadway in *The Boy from Oz* (2003), winning a Tony
Award. This success propelled him to Hollywood, where he became famous for roles like Wolverine in the
*X-Men* series.

- **Idina Menzel**: Known for her role as Elphaba in *Wicked* (Broadway), Menzel’s powerful vocals and
stage presence led to film roles, including voicing Elsa in *Frozen*.

- **Nathan Lane**: A Broadway legend, Lane starred in *The Producers* (2001, Tony Award) and other
hit plays, later appearing in films like *The Birdcage®* and TV shows like *Modern Family*.

- **Bernadette Peters**: With a career spanning decades, Peters has starred in numerous Broadway
productions (e.g., *Gypsy*, *Into the Woods*) and has also appeared in film and television, showcasing her
versatility.

These actors demonstrate how Broadway serves as a launching pad for diverse talents, many of whom go
on to achieve success across multiple entertainment mediums.

Gemma2-8B-Instruct:

Broadway has been the starting point for many celebrated actors. Here are some notable names:

- ¥*Marlon Brando**: Began his career on Broadway in the 1940s, appearing in plays like *I Remember
Mama* (1944) before becoming a film icon with roles in *A Streetcar Named Desire* (1951, film adaptation
of his Broadway play) and *The Godfather* (1972).

- ¥*Al Pacino**: Started on Broadway in the 1960s, with performances in *The Indian Wants the Bronx
(1968, Obie Award) and *Does a Tiger Wear a Necktie?* (1969, Tony Award), later achieving film stardom
in *The Godfather* (1972) and *Scarface* (1983).

- **Dustin Hoffman**: Debuted on Broadway in *Eh?* (1966) and went on to star in classic films like *The
Graduate* (1967) and *Rain Man* (1988), earning multiple Academy Awards.

- ¥*Meryl Streep**: Launched her career on Broadway in the 1970s, with roles in *The Trelawny of the
Wells* (1975) and *A Memory of Two Mondays* (1975), before becoming one of the most awarded actresses
in film history.

- **Tom Hanks**: Made his Broadway debut in *Lucky Guy* (2013), showcasing his acting prowess on
stage after already establishing himself as a film star, earning a Tony Award nomination.

- **Viola Davis**: Began on Broadway in *Seven Guitars* (1996, Tony Award), later winning an Oscar for
*Fences* (2016), a role she also played on Broadway, highlighting the synergy between stage and screen.
- **Lin-Manuel Miranda**: Creator of *Hamilton*, Miranda’s Broadway success led to film projects like *In
the Heights* (2021) and *Moana* (2016), where he contributed as a songwriter and voice actor, blending
his stage and screen talents.

- **Hugh Jackman**: Rose to fame on Broadway in *The Boy from Oz* (2003, Tony Award), then
transitioned to Hollywood, becoming known for his role as Wolverine in the *X-Men* series and other
blockbuster films.

- **Idina Menzel**: Known for *Wicked* (Broadway) and *Frozen* (film), Menzel’s career exemplifies how
Broadway can launch stars into global recognition, especially in musical theater.

These actors illustrate the rich talent pipeline from Broadway to film and television, with many continuing
to work across both mediums throughout their careers.

*

These are just a few examples of the many talented actors who have honed their craft on the Broadway
stage.

Figure 15: An example to demonstrate Greedy Diversity Embedding Selection and Residual Extraction.
Part Two
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Case

After Greedy Diversity Embedding Selection: GPT-40 and Qwen2.5-7B-Instruct
The response from the previous round of greedy diversity embedding selection:

Qwen2.5-7TB-Instruct:

Several esteemed actors have started their careers on Broadway before achieving fame in film and television.
Here are some notable examples:

- **Meryl Streep**: Streep began her career on Broadway with the play "The Children’s Hour" in 1975.
Her performances there helped establish her as a talented actress.

- *¥*Al Pacino**: Pacino was part of the New York Shakespeare Festival (1970s). His public theater company
significantly influenced his acting style.

- **Audrey Hepburn**: Although she is more famously known for her film roles, Hepburn made her stage
debut in "Gigi" on Broadway in 1958, which won her a Tony Award. This early exposure to live theater
undoubtedly contributed to her skills as an actress.

- **Tan McKellen**: McKellen first came to prominence on Broadway, appearing in productions such as
"Equus." His stage work laid the foundation for his later success in both theater and film.

- **Kathy Bates**: Bates began her career in the late 1970s on Broadway, where she starred in "The Misery"
and "A Streetcar Named Desire." These roles helped establish her as a versatile and talented actress.

- **Hugh Jackman**: Before his Hollywood success, Jackman had a successful run on Broadway, most
notably in "Les Misérables," where he originated the role of Jean Valjean. His time on stage was instrumental
in developing his acting skills.

- **Jeffrey Wright**: Wright has been a prominent figure on Broadway, including his roles in "The Coast
Guard" and "Angels in America." His stage experience has been crucial in shaping his career in both theater
and film.

- ¥*Viola Davis**: Davis started her acting career on Broadway, starring in "Fences" in 2010, which earned
her a Tony Award. Her stage work has been a significant part of her journey to becoming one of the most
respected actresses in Hollywood.

These actors, among many others, have transitioned from the stage to the screen, bringing their stage
experience to enhance their performances in film and television.

Gemma2-8B-Instruct:

Many famous actors have graced the Broadway stage before achieving stardom in film and television. Here’s
a list of notable names, categorized for clarity:

- **Legends**: **Marlon Brando** (known for his electrifying performance in "A Streetcar Named Desire"),
*Humphrey Bogart™* (a Hollywood icon who honed his skills on Broadway in numerous productions),
**Robert De Niro** (before becoming a cinematic legend, De Niro started his career in off-Broadway
theatre), **Angela Lansbury** (a stage and screen legend celebrated for launching a career spanning music,
film, and stage), **Olivier Winsley** (regarded as one of the greatest actors of all time, Olivier had a long
and illustrious Broadway career), **Helen Mirren** (a Dame Commander of the British Empire, Mirren
won a Tony Award for her performance in "The Audience"), **Al Pacino** (a name stars in "n*"*"Denzel
Washington**: A two-time Academy Award winner, Washington won a Tony Award for his performance
in "Fences."), **Meryl Streep**: A record-breaking 21-time Academy Award nominee, Streep began her
career on the Broadway stage and won a Tony Award for "The Cherry Orchard."), **Tom Hanks**: A
beloved actor known for his versatility, Hanks started his career in numerous stage productions), **Scarlett
Johansson®™*: A versatile actress who earned a Tony nomination for her performance in "A View from the
Bridge," including "Equus" on Broadway), **Hugh Jackman**: A Tony Award winner for "The Boy from
Oz" before finding worldwide fame as Wolverine), **Nathan Lane**: A Tony and Grammy Award winner,
Lane created and starred in the groundbreaking musical "The Producers"), **Lin-Manuel Miranda**: A
Tony and Grammy Award winner, Miranda created and starred in the groundbreaking musical "Hamilton."
This list is by no means exhaustive. Many other talented actors have honed their craft on Broadway before
achieving success in other arenas.

Residual Extraction:

Residuals Detected: Yes

Residual Details:

1. **Model 1 Residuals:**

- ¥*Additional Information:** The current response includes additional actors such as Sarah Jessica Parker,
Kristin Chenoweth, Neil Patrick Harris, Idina Menzel, and Bernadette Peters, who were not mentioned in
the previous response.

- **Detail Discrepancies:** The current response provides more specific examples of Broadway productions
for each actor, which were not detailed in the previous response.

2. **Model 2 Residuals:**

- **Detail Discrepancies:** The current response maintains consistency with the previous round, providing
similar details and examples of actors’ Broadway careers. However, there is a slight reordering and
rephrasing of the content without introducing new information or errors.

Figure 16: An example to demonstrate Greedy Diversity Embedding Selection and Residual Extraction.
Part Three
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Model Aggregation Case Study

Question: Find the number of sides (n) in a convex polygon where the sum of all but one interior angle is
1070°.
Answer: 8

Reference Model Outputs:
Model 1:

Step 1: Recall the formula for the sum of interior angles of a polygon

The final answer is: 9

Model 2:

Step 1: The problem is asking

Step 19: Therefore, the number of sides in the convex polygon is 10.

Model 3:

Step 1: Recall the polygon interior angle formula:
The final answer is: 9

Aggregation Results:
Qwen2.5-72B-Instruct (Aggregator):

To determine the number of sides in a convex polygon given that the sum of all but one of its interior angles is 1070°,
we can follow these steps:

Final Answer
The number of sides in the convex polygon is 8.

DeepSeek-R1-Distill-Llama-70B (Aggregator):
First Approach (Model 1 inspired):

Intermediate conclusion: n=10 seems possible.
Second Approach (Model 3 inspired):

Alternative conclusion: n=9 appears valid
Final Answer:
The convex polygon has 10 sides.

Figure 17: Model Aggregation Case Study for Convex Polygon Side Calculation
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