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A Joint Distribution

We show the form of the joint distribution for 2
views. Concatenating our data and parameters as
below, we can use Equation (3) of (Ghahramani
et al., 1996) to write

m =

[
x
y

]
,W =

[
Wx

Wy

]
Ψ =

[
Ψx 0
0 Ψy

]
,µ =

[
µx

µy

]
p(m, z|θ) = N

([
m
z

]
;

[
µ
0

]
,Σm,z

)
(1)

Σm,z =

[
WW> + Ψ W

W T I

]
It is clear that this generalises to any number of
views of any dimension, as the concatenation op-
eration does not make any assumptions.

B Projections to Latent Space Ep(z|x)[z]

We can query the joint Gaussian in 1 using rules
from (Petersen et al., 2008) Sections (8.1.2, 8.1.3)
and we get

p(z|x) = N
(
z;W>

x Σ−1x x̃, I−W>
x Σ−1x Wx

)
E[z|x] =W>

x Σ−1x x̃

C Derivation for the Marginal
Likelihood

We want to compute p(x,y|θ) so that we can
then learn the parameters θ = {θx,θy}, θi =
{µi,Wi,Ψi, } by maximising the marginal like-
lihood as is done in Factor Analysis.

From the joint p(m, z|θ), again using rules
from (Petersen et al., 2008) Sections (8.1.2) we get

p(m|θ) = p(x,y|θ)

= N
([

x
y

]
;

[
µx

µy

]
,WW T + Ψ

)

For the case of two views, the joint probability can
be factored as

p(x,y|θ) = p(x|θx)p(y|x,θ)
p(x|θx) = N (x;µx,Σx)

p(y|x,θ) = N
(
y;WyW

>
x Σ−1x x̃+ µy,Σy|x

)
= N

(
y;WyE[z|x] + µy,Σy|x

)
,

where

Σx =WxW
T
x + Ψx

Σy|x = Σy −WyW
>
x Σ−1x WxW

>
y

D Scaled Reconstruction Errors

log p(x,y|θ) = log p∗(x|θx) + log p∗(y|x,θ) + C

C = −1

2
(log |2πΣy|x|+ log |2πΣx|)

log p∗(y|x,θ) = −1

2
||ỹ −WyE[z|x]||2Σy|x

(2)

log p∗(x|θx) = −
1

2
||x− µx||2Σx

= −1

2
||Σ−

1
2

x x̃||2

Setting A = ΨxΣ
−1
x Ψx, we can re-parametrise

as

log p∗(x|θx) = −
1

2
||ΨxΣ

−1
x x̃||2A

= −1

2
||(Σx −WxW

>
x )Σ−1x x̃||2A

= −1

2
||x̃−WxW

>
x Σ−1x x̃||2A

= −1

2
||x̃−WxE[z|x]||2A
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E Expectation Maximisation for MBFA

Define

x̃ =

x1 − µ1
...

xv − µ1

 ,W =

W1
...
Wv



Ψ =

Ψ1 0
. . .

0 Ψv

 = Bdiag(Ψ1, . . . ,Ψv)

Hence

p(x̃|z;Ψ,W ) = N (x̃|Wz,Ψ)

This follows the same form as regular factor
analysis, but with a block-diagonal constraint on
Ψ. Thus by Equations (5) and (6) of (Ghahramani
et al., 1996), we apply EM as follows.

E-Step: Compute E[z|x] and E[zz>|x] given the
parameters θt = {Wt,Ψt}.

E[z(i)|x̃(i)] = Btx̃
(i)

E[z(i)z(i)
> |x̃(i)] = I−BtWt +Btx̃

(i)x̃(i)>B>t

=Mt +Btx̃
(i)x̃(i)>B>t (3)

where

Mt =
(
I+W>

t Ψ−1t Wt

)−1
Bt =W

>
t (Ψt +WtW

>
t )−1

=MtW
>
t Ψ−1t . (4)

Equation 3 is obtained by applying the Woodbury
identity, and Equation 4 by applying the closely
related push-through identity, as found in Section
3.2 of (Petersen et al., 2008).

M-Step: Update parameters θt+1={Wt+1,Ψt+1}.

Define

S =
1

m

m∑
i=1

x̃(i)x̃(i)>

By first observing

1

m

m∑
i=1

x̃(i)E[z(i)|x̃(i)]>= SB>t

1

m

m∑
j=1

E[z(j)z(j)
> |x̃(j)] =Mt +BtSB

>
t ,

update the parameters as follows.

Wt+1= SB
>
t

(
I−BtWt +BtSB

>
t

)−1
= SB>t

(
Mt +BtSB

>
t

)−1
Ψ̃t+1=

1

m

(
m∑
i=1

x̃(i)x̃(i)>−Wt+1E[z(i)|x̃(i)]x̃(i)>

)

= S − 1

m

m∑
i=1

Wt+1Btx̃
(i)x̃(i)>

= S −Wt+1BtS

= S − SB>t W>
t+1

Imposing the block diagonal constraint,

Ψt+1 = Bdiag
(
(Ψ̃t+1)11, . . . , (Ψ̃t+1)vv

)
where (Ψ̃)ii = Ψi.

F Independence to Noise in Direct
Methods

We are maximising the following quantity with re-
spect to θ = {W ,µ,Ψ}

p(Y |X,θ)=
∏
i

p(y(i)|x(i),θ)

=
∏
i

N (y(i);Wx(i) + µ,Ψ)

log p(Y |X,θ)=−1

2

(∑
i

||y(i)−Wx(i)||2Ψ−C

)
∂ log p(Y |X,θ)

∂W
∝

(∑
i

Ψ−1(y(i)−Wx(i))x(i)>

)

∝Ψ−1

(∑
i

y(i)x(i)>−W
∑
i

x(i)x(i)>

)
The maximum likelihood is achieved when

∂ log p(Y |X,θ)

∂W
= 0,

and since Ψ−1 has an inverse (namely Ψ), this
means that

W
∑
i

x(i)x(i)> =
∑
i

y(i)x(i)>

It is clear from here that the MLE ofW does not
depend on Ψ, thus we can conclude that adding a
noise parameter to this directed linear model has
no effect on its predictions.
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Table 1: Precision @1 between MBFA fitted for 1K iterations and MBFA fitted for 20K iterations.

Method EN-IT IT-EN EN-FR FR-EN IT-FR FR-IT

MBFA-1K 71.9 73.3 76.7 78.2 82.4 77.5
MBFA-20K 71.9 73.4 76.7 78.1 82.6 77.5

MBFA-1K+CSLS 77.5 77.6 81.9 82.0 86.8 82.1
MBFA-20K+CSLS 77.4 77.7 81.9 82.1 86.8 81.9

G Learning curve of EM

Figure 1 shows the negative log-likelihood of the
three language model over the first 5,000 itera-
tions. The precision of the learned model is very
close when evaluated at iteration 1,000 and at iter-
ation 20,000 as seen in Table 1. This suggests that
the model need not be trained to full convergence
to work well.
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Figure 1: Training curve of EM algorithm over the first
5,000 iterations. It is clear that the procedure quickly
finds a good approximation to the optimal parameters
and then slowly converges to the real optimum. Top
picture shows the entire training curve, while the bot-
tom picture starts from iteration 100.
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