
Derivation of Supervised Indian Buffet Process

1 Setup

Consider a corpus of N documents with a vocabulary of length D. Set K to be large, where K is the
maximum number of topics that will be allowed (the algorithm may elect to use fewer than K topics). The
documents have document-term matrix X and observed outcomes Y.

Let π be a K-vector. Let X be N ×D and Xn be the nth row of X. Let Z be an N ×K binary matrix.
Let Zi be the ith row of Z and zi,k be the ith element of the kth column of Z. Let A be K ×D and Ak be
the kth row of A. Let Y be and N -vector. Let β be a K-vector.

πk ∼ Stick-Breaking(α)

Xi|Zi,A ∼MVN(ZiA, σ
2
XID)

Ak ∼MVN(0, σ2
AID)

Yi|Zi,β ∼ N(Ziβ, τ
−1)

τ ∼ Gamma(a, b)

β|τ ∼MVN(0, τ−1IK)

Stick-breaking is performed by generating ηk ∼ Beta(α, 1) for k = 1, . . . ,K and πk =
∏k
m=1 ηk.

Z can be interpreted as a topic matrix (where each topic is either present or absent, and a document can
have arbitrarily many topics). A maps topics onto word counts, and β maps topics onto the response.

2 Approximation

qλk
(πk) = Beta(πk;λk,1, λk,2)

qφk,Φk
(Ak) = Normal(Ak; φ̄k,Φk)

qνn,k
(zn,k) = Bernoulli(zn,k; νn,k)

qm,S,c,d(β, τ) = MVN(β; m,S)×Gamma(τ ; c, d)

For notational convenience, let W = {π,Z,A,β, τ} and θ = {α, σ2
A, σ

2
X , a, b}.

Consider the problem of computing the log posterior.

log p(W|X,Y,θ) = log p(W,X,Y|θ)− log p(X,Y|θ)

This is difficult because log p(X,Y|θ) = log
∫
p(X,Y,W|θ)dW is intractable.

We therefore approximate with the distribution q,

q(W) = qλ(π)qφ,Φ(A)qη(Z)qm,S,c,d(β, τ)

D(q|p)
τ,φ,ν,m,S,c,d

= argmax
τ,φ,ν,m,S,c,d

Eq[log(p(X,Y,W|θ))] +H[q]
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pK(W,X,Y|θ) = p(τ |a, b)
K∏
k=1

(
p(πk|α)p(Ak|σ2

A)p(βk|τ)

N∏
i=1

p(zi,k|πk)

)
N∏
i=1

p(Xi|Zi,A, σ2
X)p(Yi|Zi,β, τ)

3 Parameter Updates

In this section, expectations are taken with respect to q.

3.1 Updating φ, Φ

EA−k,Z[(Xi − ZiA)(Xi − ZiA)T ] ∝ −2AkEA−k,Z[zi,k(Xi − ZiA)]−AkEZ[zi,k]AT
k

∝ −2Ak

[
E[zi,k]

(
Xi −

K∑
l=1

EA−k,Z[zi,kzi,lAl]

)]
−Akνi,kA

T
k

∝ −2Ak

νi,k
Xi −

∑
l:k 6=l

νi,lφ̄l

+ Akνi,kA
T
k

log qφk
(Ak) ∝ EA−k,Z[log pK(W,X|θ)]

∝ EA−k,Z[log pK(Ak|σ2
A) +

N∑
i=1

log pK(Xi|Zi,A, σ2
X)]

∝ − 1

2σ2
A

AkA
T
k −

1

2σ2
X

N∑
i=1

EA−k,Z[(Xi − ZiA)(Xi − ZiA)T ]

∝ −1

2

Ak

(
1

σ2
A

+

∑N
i=1 νi,k
σ2
n

)
AT
k − 2Ak

 1

σ2
X

N∑
i=1

νi,k

Xi −

∑
l:l 6=k

νi,lφ̄l

T


This is the kernel of a Normal distribution.

Ak ∼MVN(φ̄k,Φk)

φ̄k =

 1

σ2
X

N∑
i=1

νi,k

Xi −

∑
l:l 6=k

νi,lφ̄l

( 1

σ2
A

+

∑N
i=1 νi,k
σ2
X

)−1

Φk =

(
1

σ2
A

+

∑N
i=1 νi,k
σ2
X

)−1
I
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3.2 Updating m, S, c, and d

log qm,S,c,d(β, τ) ∝ logEZ[log pK(W,X|θ)]

∝ EZ[log pK(Yi|Zi,β, τ)] + log pK(β|τ) + log pK(τ)

∝ EZ

[( τ
2π

)N/2
exp

(
−
τ
∑N
i=1(Yi − Ziβ)2

2

)]
+ log

(( τ
2π

)K/2
exp

(
−τβ

Tβ

2

))
+ log

(
baτa−1e−bτ

Γ(a)

)

∝ N

2
log τ −

τ
∑N
i=1 EZ[(Yi − Ziβ)T (Yi − Ziβ)]

2
+
K

2
log τ − τβTβ

2
+ (a− 1) log τ − bτ

∝ −τ
2

[
βT (E[ZTZ] + IK)β − 2βTE[ZT ]Y

]
+ (a− 1 +

N +K

2
) log τ −

(
b+

YTY

2

)
τ

∝ K

2
log τ − τ

2

[
βT
(
E[ZTZ] + IK

)
β − 2βTE[ZT ]Y

]
+ (a+

N

2
− 1) log τ −

(
b+

YTY

2

)
τ

∝ K

2
log τ − τ

2

(
βT γ−1β − 2βT γ−1γE[ZT ]Y + YTE[Z]γγ−1γE[ZT ]Y

)
+ (a+

N

2
− 1) log τ −

(
b+

YTY−YTE[Z]γE[ZT ]Y

2

)
τ

∝ K

2
log τ − 1

2
(β − γE[ZT ]Y)T τγ−1(β − γE[ZT ]Y) + (a+

N

2
− 1) log τ −

(
b+

YTY−YTE[Z]γE[ZT ]Y

2

)
τ

Here, γ−1 = E[ZTZ] + IK .

β ∼ MVN(m, τ−1S)

τ ∼ Gamma(c, d)

m = SE[ZT ]Y

S = (E[ZTZ] + IK)−1

c = a+
N

2

d = b+
YTY−YTE[Z]SE[ZT ]Y
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Updating ν

log qνi,k(zi,k) ∝ Eπ,A,Z−ik,β,τ [log pK(W,X,Y|θ)]

∝ Eπ,A,Z−ik,β,τ [log p(zi,k|πk) + log p(Xi|Zi,A, σ2
X) + log p(Yi|Zi,β, τ)]

Eπk,Z−ik
[log p(zi,k|πk)] = zi,kE[log(πk)] + (1− zi,k)E[log(1− πk)]

= zi,k[ψ(λk,1)− ψ(λk,1 + λk,2)] + (1− zi,k)[ψ(λk,2)− ψ(λk,1 + λk,2)]

= zi,k[ψ(λk,1)− ψ(λk,2)] + ψ(λk,2)− ψ(λk,1 + λk,2)
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EA,Z−nk
[log p(Xi|Zi,A, σ2

X)] ∝ − 1

2σ2
X

EA,Z−ik
[(Xi − ZiA)(Xi − ZiA)T ]

∝ − 1

2σ2
X

EA,Z−ik
[−2ZiAXT

n + ZiAATZTi ]

∝ − 1

2σ2
X

−2zi,kφ̄kX
T
i + zi,k(tr(Φk) + φ̄kφ̄

T
k ) + 2zi,kφ̄k

∑
l:l 6=k

νi,lφ̄
T
l



EZ−ik,β,τ [log p(Yi|Zi,β, τ)] ∝ EZ−ik,β,τ [−τ
2

(Yi − Ziβ)(Yi − Ziβ)T ]

∝ EZ−ik,β,τ [−τ
2

(−2ZiβYi + Ziββ
TZTi )]

∝ − c

2d

−2zi,kmkYi + zi,k

(
dSk,k
c− 1

+mT
kmk

)
+ 2zi,kmk

∑
l:l 6=k

νi,lml



log
νi,k

1− νi,k
= ψ(λk,1)− ψ(λk,2)− 1

2σ2
X

−2φ̄kX
T
i + (tr(Φk) + φ̄kφ̄

T
k ) + 2φ̄k

∑
l:l 6=k

νi,lφ̄
T
l


− c

2d

−2mkYi +

(
dSk,k
c− 1

+mT
kmk

)
+ 2mk

∑
l:l 6=k

νi,lml


≡ vi,k

νi,k =
1

1 + exp(−vi,k)

log
(
z
νi,k
i,k (1− zi,k)1−νi,k

)
= zi,k log

(
1

1 + exp(−vi,k)

)
+ (1− zi,k) log

(
exp(−vi,k)

1 + exp(−vi,k)

)
= −zi,k log(1 + exp(−vi,k)) + zi,k log(1 + exp(−vi,k))− zi,k log(exp(−v)) + log

(
exp(−vi,k)

1 + exp(−vi,k)

)
∝ zi,kvi,k

So this is a Bernoulli kernel.

zi,k ∼ Bernoulli(νi,k)

νi,k =
1

1 + exp(−v)
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Updating λ

log qλk
(πk) ∝ EA,Z[log pK(W,X,Y|θ)]

∝ EA,Z

[
log pK(πk|α) +

N∑
i=1

log pK(zi,k|πk)

]

=
( α
K
− 1
)

log πk +

N∑
i=1

(νi,k log πk + (1− νi,k) log(1− πk))

This is a Beta kernel.

πk ∼ Beta(λk,1, λk,2)

λk,1 =
α

K
+

N∑
i=1

νi,k

λk,2 = 1 +

N∑
i=1

(1− νi,k)
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