Derivation of Supervised Indian Buffet Process

1 Setup

Consider a corpus of N documents with a vocabulary of length D. Set K to be large, where K is the
maximum number of topics that will be allowed (the algorithm may elect to use fewer than K topics). The

documents have document-term matrix X and observed outcomes Y.
Let 7 be a K-vector. Let X be N x D and X,, be the nth row of X. Let Z be an N x K binary matrix.
Let Z; be the ith row of Z and z; ;, be the i7th element of the kth column of Z. Let A be K x D and A}, be

the kth row of A. Let Y be and N-vector. Let 3 be a K-vector.

7y, ~ Stick-Breaking(a)
X;|Ziy A ~ MV N(Z;A,0%Ip)
Ay ~ MVN(0,0%1p)
Yi|Z;, 8~ N(Z:B,7")
7 ~ Gammal(a, b)
BT ~ MVN(0,7 ' Ig)
Stick-breaking is performed by generating 1, ~ Beta(a, 1) for k =1,..., K and 7 = an:l M-

Z can be interpreted as a topic matrix (where each topic is either present or absent, and a document can
have arbitrarily many topics). A maps topics onto word counts, and 3 maps topics onto the response.

2 Approximation

O (Tr) = Beta(mr; Ak, Ak,2)
4y, (Ak) = Normal(Ay; oy, ®y)
Qv i (2n,k) = Bernoulli(zy, x5 Vn k)
GmS,c,d(B,7) = MVN(B;m, S) x Gamma(; ¢, d)

For notational convenience, let W = {m,Z, A, 3,7} and 0 = {o,0%,0%,a,b}.
Consider the problem of computing the log posterior.

logp(W|Xa Y7 0) = 1ogp(W, Xa Y|0) - logp(xa Y|9)

This is difficult because logp(X,Y|0) = log [ p(X,Y, W|0)dW is intractable.
We therefore approximate with the distribution g,

q(W) = gx(7)q¢,8(A)n(Z)gm,8,c,d(B,T)

D(qlp) = argmax Ey[log(p(X,Y,W|0))] + Hlq]
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3 Parameter Updates

In this section, expectations are taken with respect to q.

3.1 Updating ¢, ¢
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This is the kernel of a Normal distribution.

Ay ~ MV N(¢p, ®r)
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3.2 Updating m, S, ¢, and d

10g Gm,s,c,a(B, 7) o log Ez[log px (W, X|0)]
x Ezllog pr (YilZs, B,7)] + log p (B|7) + log px (7)
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Here, v~ = E[ZTZ) + Ix.

B ~ MVN(m, 7 'S)
7 ~ Gammal(c, d)
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Updating v

log qu, , (zix) X Ex a,z_,, p-logprk(W,X,Y|0)]
X Er 4,z .8, logp(ziklm) + logp(Xi|Zi, A, 0%) + log p(Y;|Z;, B, 7)]

Ery z_i [log p(2ik|mx)] = 2i kEllog(mi)] + (1 — 2 1) Eflog(1 — m,)]
=zik[W(1) = V(A1 + Ae2)] + (1 — zig) [W(Ak2) — V(A1 + Ak2)]
= 2i k[P (A1) — V(Ak2)] + P(Ak,2) — V(A1 + Ak2)
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So this is a Bernoulli kernel.

zi ks ~ Bernoulli(v; 1)
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Updating A\
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This is a Beta kernel.
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