General Perspective on Distributionally Learnable Classes

Ryo Yoshinaka
Kyoto University, Japan
ry@i.kyoto-u.ac.jp

Abstract

Several algorithms have been proposed to
learn different subclasses of context-free
grammars based on the idea generically
called distributional learning. Those tech-
niques have been applied to many formalisms
richer than context-free grammars like mul-
tiple context-free grammars, simple context-
free tree grammars and others. The learning
algorithms for those different formalisms are
actually quite similar to each other. We in
this paper give a uniform view on those algo-
rithms.

1 Introduction

Approaches based on the idea generically called dis-
tributional learning have been making great success
in the algorithmic learning of various subclasses of
context-free grammars (CFGs) (Clark, 2010c; Yoshi-
naka, 2012). Those techniques are applied to richer
formalisms as well. The formalisms studied so far
include multiple CFGs (Yoshinaka, 2011a), simple
context-free tree grammars (CFTGs) (Kasprzik and
Yoshinaka, 2011), second-order abstract categorial
grammars (Yoshinaka and Kanazawa, 2011), par-
allel multiple CFGs (Clark and Yoshinaka, 2014),
conjunctive grammars (Yoshinaka, 2015) and oth-
ers. The goal of this paper is to present a uniform
view on those algorithms.

Every grammar formalism for which distribu-
tional learning techniques have been proposed so
far generate their languages through context-free
derivation trees, whose nodes are labeled by produc-
tion rules. The formalism and grammar rules deter-
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mine how a context-free derivation tree 7 is mapped
to a derived object 7 = d. A context-free deriva-
tion tree 7 can be decomposed into a subtree o and
a tree-context  so that 7 = x[o]. The subtree deter-
mines a substructure s = ¢ of d and the tree-context
determines a contextual structure ¢ = Y in which
the substructure is plugged to form the derived ob-
ject d = ¢ ® s, where we represent the plugging
operation by ©. In the CFG case, c is a string pair
(I,r) and s is a string v and ([, ) ® u = lur, which
may correspond to a derivation I = [Xr = lur
where [ is the initial symbol and X is a nontermi-
nal symbol. In richer formalisms those substructures
and contexts may have richer structures, like tuples
of strings or A-terms. A learner does not know how
a given example d is derived by a hidden grammar
behind the observed examples. A learner based on
distributional learning simply tries all the possible
decompositions of a positive example into arbitrary
two parts ¢ and s’ such that d = ¢ © s’ where
some grammar may derive d thorough a derivation
tree 7 = x/[¢’] with Y/ = ¢/ and &' = s’. Based
on observation on the relation between substructures
and contexts collected from given examples, a hy-
pothesis grammar is computed. We call properties
on grammars with which distributional learning ap-
proaches work distributional properties.

This paper first formally defines grammar for-
malisms based on context-free derivation trees. We
then show that grammars with different distribu-
tional properties are learnable by standard distri-
butional learning techniques if the formalism sat-
isfies some conditions, which include polynomial-
time decomposability of objects into contexts and
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substructures. In addition, we discuss cases where
we cannot enumerate all of the possible contexts and
substructures.

2 Y-grammars

There is a number of ways to represent a language,
a subset of an object set O,, whose elements are
typically strings, trees but anythings encodable are
eligible. Formalisms this paper discusses generate
objects in O, through context-free derivation trees
7, which are mapped to an element d € O, in a
uniform way. The map is inductively defined and
computed. Each derivation subtree 7/ of 7 also de-
termines an object, which we call a substructure
of d. Each substructure is not necessarily a mem-
ber of O,. For example, nonterminal symbols of
multiple CFGs (Seki et al., 1991) derive n-tuples of
strings, where the value n is unique to each non-
terminal, while the languages generated by multiple
CFGs are still simply string sets. A generalization of
the CFG formalism is specified by kinds of objects
that each nonterminal generates and admissible op-
erations over those objects.

Let O be a set of objects, which are identified with
their codes of finite length. We have a set €2 of fi-
nite representations O which are interpreted as sub-
sets Op of O through an effective procedure. By
a sort we flexibly refer to O € Q or Op C Q.
We also have an indexed family of computable func-
tions from tuples of objects of some sorts to objects
of some sort. Let I be a set of function names or
function indices f, which represent functions f. By
01 x -+ - x 0,, — Oy we denote the set of functions
whose domain is @; x --- x Q,, and codomain is
Q9. By Fo,,04.....0.,» We denote the set of function
names f € F with f € Qp, x --- x Qp, — Qp,.
We assume that the domain sorts Oy, . . ., O,, and the
codomain sort Og are easily computed from f. We
specify a class of grammars by a triple, which we
call a signature, ¥ = (Q,F, O,) where O, € Qis a
special sort of objects. We write O, for Qp, .

A context-free X-grammar (X-grammar for
short) is a tuple G = (N, o, F, P,I) where N is a
finite set of nonterminal symbols, I C N is a set of
initial symbols, 0 € N — () is a sort assignment on
nonterminals such that o(X) = O, for all X € I,
F C F is a finite set of function names, and P is a
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finite set of production rules, which are elements of
N x F' x N*. Each production rule is denoted as
Xo — f<X1, ce ,Xn>

where Xo,...,X,, € N and f € Fo,0,,..0, for
o(X;) = O;. Foreach O € Q, No =07 1(0) C N
is the set of O-nonterminals which are assigned
the sort O. By G(X) we denote the class of -
grammars.

A XY-grammar defines its language via derivation
trees, which are recursively defined as follows.

e If 7; are X;-derivation trees fori = 1,...,n and
p is a rule of the form Xy «+ f(Xi,...,X,),
then the term 790 = p[71,..., 7] is an Xop-
derivation tree. Its yield 7 is f (T1y...,Tn) €
(O)(,( Xo) where 7; is the yield of 7;.

The case where n = 0 gives the base of this re-

cursive definition. An X-derivation tree is com-
plete if X € I. The yield of any X-derivation tree
is called an X-substructure. By S(G,X) we de-
note the set of X-substructures. The language of
G is L(G) = Uxer S(G, X), which we call a -
language. 1In other words, £(G) is the set of the
yields of complete derivation trees. The class of X-
languages is denoted by L(X).

Distributional learning is concerned with what X -
derivation contexts represent. An X -derivation con-
text is obtained by replacing an occurrence of an
X-derivation tree in a complete derivation tree by
a special symbol [, x). Accordingly the yield x of
an X -derivation context x should be a finite repre-
sentation of a function that gives x[7] when applied
to 7 for any X -derivation tree 7. We assume to have
a set Ep of representations of functions from Q¢ to
O, for O € () to which the yields of derivation con-
texts belong.

e [y is an X -derivation context for all X € I and
its yield Lo, € Ep, represents the identity func-
tion on O,

e For an X-derivation context yg, a rule p =
X <«  f(X1,...,X,) and X;-derivation
trees 7; for i € {l,...,n} — {j}, the
term x obtained by replacing [y in o
by P[Tla---7Tj—1,DXj,Tj+1,~--,7'n] is an Xj-
derivation context. Its yield X € E,(x;), which



is denoted as

X = X~O®f(7~'1,. . .,%jfl,DJ(Xj),%jfl, - ,7~'n),

represents the function ¢ € O,(x;) — O, such
that for all s € O, (x),

o(s) = do(f(71, .. »7n)) s

where ¢y is the function represented by Xg.

.,7~'j,1,5,7~'j+1,...

The yield of any X-derivation context is called
an X -context. By C(G, X') we denote the set of X-
contexts. Forc € C(G,X) and s € S(G,X),c® s
is the result of the application of the function repre-
sented by c to s.

3 Context-substructure relation

By S and C we denote the set of substructures and
contexts, respectively, which can be obtained by
some grammar in G(3):

S = U Sp and C = U Co where
0e 0€eQ
So = U{ S(G, X) | X is an O-nonterminal
of some G € G(X) }

Co = U{C(G, X) | X is an O-nonterminal
of some G € G(X) }.

We write S, for Sp,. Note that the above definition
is relative to X. Even if Op, = Op, for different
01,04 € €, it can be the case that Sp, # Sp, and
Co, # Cp,. Though usually Op has a definition
independent from ¥, it is possible to specify Qg in
terms of the signature so that So = Qp. Clearly if
s € Sp and ¢ € Cp, then there is a grammar G €
G(X) generating ¢® s using a nonterminal of sort O.
Therefore, ¢ © s is well defined for any s € Sp and
¢ € Cp without specifying a particular X-grammar.
Similarly ¢ ® f(s1,...,8j-1,00,, 841, sn) is well
defined for any ¢ € Cp,, f € Fo,,..,0, and s; €
So,. This operation is generalized to sets S C Sp
and C' C Cp in the straightforward way, like C' ®
S={cos|ceCandse S}

Hereafter, whenever we write ¢ ® s and
f(s1,...,5n), we assume they are well-formed.
That is, the domains of the functions repre-
sented by ¢ and f match the sorts to which s
and si,...,s, belong, respectively. Accordingly
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we drop the subscript O from o and write
f~(81, sy Si—1, |:|, Sj4+1y-- -, Sn). When we have a
substructure set S, we assume S C Sp for some
O € Q. We often identify s with {s} unless confu-
sion arises. Also we assume Sp # @ for all O € ().
The same assumptions apply to contexts.

We are interested in whether the composition c© s
belongs to a concerned language L € L(X). Clark
(2010b) has introduced syntactic concept lattices to
analyze the context-substring relation on string lan-
guages and particularly to design a distributional
learning algorithm for CFLs. Generalizing his dis-
cussion, we define an O-concept lattice B (L) of a
language L C O, for respective sorts O € 2. As-
suming L and O understood from the context, let us
write

St={ceCo|lc@SCL},
Cl={seSpo|Co®sCL}

for S C Sp and C' C Cp. We write ST for ST‘T and
Ct for O

We call a pair (S,C) C Sp x Cp a concept iff
St = Cand C* = S. Forany S C Sp and C' C
Co, (ST, 5% and (CT,C*) are concepts. We call
them the concepts induced by S and C, respectively.
For two concepts (S1,C1) and (So2, Cs) in Bo(L),
we write <51,01> SO <SQ, CQ> if S1 € Sy, which
is equivalent to Cy C ;. With this partial order,
Bo(L) is a complete lattice.

We can introduce a partial order to substructure
sets based on the concepts that they induce. Let us
write S S(L) Sy if S% - Si[ . The relation represents
the substitutability of Sy for Ss.

Lemma 1. The following three are equivalent for
S, T C So:

°« S<PT,

e cOT C Limpliesc® S C L forall c € Cop,

e T*®SCL.

If S; §(L)" T; for i = 1,...,n, then for any
[ € Foyo0i,.,0. we have f(S1,...,5n) Sgo
f(Ty, ..., T,).

If 571 <p, Sy and Sy <j, S7, we write S =1, Ss.



4 Conditions to be distributionally
learnable

Distributional learning algorithms decompose ex-
amples d € S, into contexts ¢ € Cp and substruc-
tures s € Sp so that c ® s = d. Then a primal
approach uses substructures or sets of substructures
as nonterminals of a conjecture grammar. We want
each nonterminal [S] indexed by S C Sp to sat-
isfy S(G,[S]) = ST. On the other hand, a dual
approach uses contexts or sets of contexts as non-
terminals where the semantics of the nonterminal is
S(G,[C]) = CT. For an object d € S,, O € Q and

O = (Oo, ..., 0yp) with O; € Q, we define

Solg ={s €S0 | c® s = dforsome c € Cop }
Cola={ce€Co|c®s=dforsomes € Sp}

Fé‘d:{feF(}’C@f(Slv)Sm):d
for some ¢ € Cp, g and s; € Sp, |4},

Sip = Usza Soja: Coip = U Coja and Fip =
U%EE%* Fg)q for D © Oy Let p = Uaep yq for
Qa={0|[Soja # 2 }-

We require G(X) to be a tractable formalism such
that composition and decomposition can be done ef-
ficiently.

Assumption 1. There are polynomial-time algo-
rithms which
e decide whether s € Sp from s € S and O € (),
o compute f(s1,..
Fo,,01,....00
e decide whether ¢ € Cp fromc € Cand O € (),

., Sn) from s; € Sp, and f €

e compute ¢ ® s from c € Cp and s € Sp for any
0 e
o decide whether s € L(G) from s € S, and G €
g<2)y
Assumption 2. There is p € N such that the arity of
every f € F is at most p.
Assumption 3. There are polynomial-time algo-
rithms that compute SUB(d), CON(d) and FUN(d)
from d € S such that S| C SUB(d) C S, Cq C
CoN(d) € Cand F|q C FUN(d) C .
Actually by Assumptions 2 and 3, one can de-
rive the polynomial-time uniform membership de-

cidability. Moreover, it is easy to filter out nonmem-
bers of S, C|; and F|; from SUB(d), CON(d) and
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FUN(d), respectively, but it is not necessary. As-
sumption 3 implies |©2|4| is polynomially bounded,
since O € Qq iff Foo,,.0, # 9 for some

O1,...,0n.
We write SUBp(D) = SUB(D) N So,
CoNp(D) = CoN(D) N Co and FUNz(D) =

FUN(D) NF 5.

It is often the case that elements of ) repre-
sents pairwise disjoint sets. Actually for any sig-
nature Y, one can find ¥’ = (', F, O,) that sat-
isfies this condition such that £(X) = £(X'). Let
Q = {O/ | Oe Q}U{O*}and@o/ = 0p x {O}
for each O € Q — {O,}. For f € Fo,. . o, with
f(s1,...,8n) = so, we have f' € F/ e with
Fl(sh,....8h) = s, where s} = (s;,0;) if O; €
Q — {O0,} and s} = s; if O; = O,. Clearly every
Y-grammar has an equivalent Y’-grammar. More-
over, this makes it clear that from s € S one can
immediately specify the unique sort O’ € ' such
that s € Q. Similarly we may assume that each
¢ € C has unique O € € such that ¢ € Cp and find-
ing that O is a trivial task. Hereafter we work under
this assumption. By O and f we mean Q¢ and f for
notational convenience.

Example 1. A right regular grammar over an alpha-
bet A is a Xyeg-grammar for X, = ({A*},F, A*).
F has nullary functions which are members of A U
{e} and unary functions f, for f,(w) = aw for all
w € X* for some a € A. Clearly the class of right
regular grammars satisfies Assumptions 1, 2 and 3.

Example 2. A CFG is a Xcgz-grammar for Y¢f, =
({A*},F, A*) where each f € F is represented as
an (n + 1)-dimension vector of strings (ug, . . . , uy)
such that f(vi,...,v,) = woviuy ... v Uy, for all
v; € A*. The class of CFGs itself satisfies Assump-
tion 1 but not Assumptions 2 and 3, since we have
no limit on n. But several normal forms fulfill As-
sumptions 2 and 3.

Example 3. Let Q = {O01,0,,...} where O,,
denotes the set of m-tuples of strings. Linear
context-free rewriting systems, equivalent to non-
deleting multiple CFGs, are Y, f,-grammars where
O = O1 = A% and every f € Fo,, 0

concatenates strings wu;; occurring in an input
(W11, ULy )s - -5 (Un,1s - o Unmy,)) IN SOME
way to form an mg-tuple of strings. The uni-
form membership problem of this class is PSPACE-

m17~~~7omn



complete (Kaji et al., 1992). There are infinitely
many ways to decompose a string d into substruc-
tures and contexts as Oy, € {24 for all m. Assump-
tions 1 and 3 will be fulfilled when we restrict ad-
missible functions so that Iﬁ‘om07_,.7omn % & only if
n < pand m; < g for all i.

As is the case for multiple CFGs, Assumption 2 is
often needed to make the uniform membership prob-
lem solvable in polynomial-time (Assumption 1).

5 Learning models

Learning algorithms in this paper work under three
different learning models.

A positive presentation (text) of a language L, C
Q. is an infinite sequence dy, do, - - - € O, such that
L, ={d;|i>1}. Inthe framework of identifica-
tion in the limit from positive data, a learner is given
a positive presentation of the language L. = L(G.)
of the target grammar GG, and each time a new ex-
ample d; is given, it outputs a grammar GG; computed
from dy, . .., d;. We say that a learning algorithm .4
identifies G in the limit from positive data if for any
positive presentation dp,da, ... of L£(G), there is
an integer n such that G,, = G, for all m > n and
L(Gy) = L(Gy). We say that A identifies a class
G of grammars in the limit from positive data iff A
identifies all G € G in the limit from positive data.

We say that A identifies a class G of grammars in
the limit from positive data and membership queries
when we allow A to ask membership queries (MQSs)
to an oracle when it computes a hypothesis grammar.
An instance of an MQ is an object d € O, and the
oracle answers whether d € L, in constant time.

The third model is the learning with a minimally
adequate teacher (MAT). A learner is not given
a positive presentation but it may ask equivalence
queries (EQs) to an oracle in addition to MQs. An in-
stance of an EQ is a grammar G. If L(G) = L, the
oracle answers “Congratulations!” and the learn-
ing process ends. Otherwise, the oracle returns a
counerexample d € (L. — L(G)) U (L(G) — Ly),
which is called positive if d € L, — L(G) and neg-
ative if d € L(G) — L.

When we have an oracle, the learning task itself
is trivial unless we show some favorable property on
the learning efficiency.
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6 Learnable subclasses

This section presents how Y-grammars with distri-
butional properties can be learned. Note that all of
those properties are relative to >. We assume -
grammars G, = (N,, oy, Fy, Py, I,) in this section
have no useless nonterminals or functions. That is,
S(Gi, X) #2,C(Gs, X) # @ forall X € N, and
every f € F} appears in some rule in Pi.

6.1 Substitutable Languages

Definition 1 (Clark and Eyraud (2007)). A language
L € L(X) is said to be substitutable if for any O €
Q, c1,c0 € Cp and s1, 59 € Sp,

c1 ® 81,1 OS82, ca®sy € Limpliesco © s9 € L.

The definition can be rephrased as follows:

3% N sg # ¢ implies s1 =r, so.
Example 4. Yoshinaka (2008) has proposed a learn-
ing algorithm for &, [-substitutable CFLs, which sat-
isfy the following property:

T1UY1V2Z1, L1UY2VZ1, T2UY1VZQ €L

= Xouyovzy € L

for any x;,v;,2; € A*, v € AF¥ and v € Al. We
define a signature Xy; = (Qp;,Fr;, O) as fol-
lows. Let Q= {0} U{ Oy, | u € AFandv €
AYU{ Oy | u € A<FHY where O, = A%, Oy, =
{uwv | w € A*} and O, = {u}. Here we put
overlines to make elements of 2 pairwise disjoint.
Let Fry = {+ap | .8 € Q= {A*}}u {09 |
a € Q—{0,} }UA. The binary function +,, 3 con-
catenates two strings from sorts o and 3 and gives
the right sort in Q — {O,}. For example, +, 3 € F
with o = Oy, 8 = O,, has codomain O,, , where
x is the suffix of vw of length I. The unary opera-
tion 09 € Fo, o simply removes the overline and
“promotes” 4 € o to u € O, A consists of the
nullary functions giving a single letter from A. It is
not hard to see that every CFG has an equivalent Xy, ;-
grammar. Note that O,-nonterminals never occur
on the right hand side of a rule in a X ;-grammar.
Hence Cp, is just the singleton {{Jp, } such that
Oo, ® v = u for all u € A*, whereas C,, # Cp,
contains arbitrary pairs of strings (I,7) € A* x A*
such that (I,7) ® @ = lur for any 4 € «. The Xy, ;-
substitutability is exactly the k, [-substitutability.



Theorem 1. The class of substitutable Y.-languages
is identifiable in the limit from positive data.

The theorem follows Lemmas 2 and 3 below.

From a finite set D of positive examples, Al-
gorithm 1 computes the grammar SUBSTP(D) =
(N, o, F, P, I) defined as follows:

e No={[s]|s€SuBo(D)}forO € Qp,
o [={[s]|seD},
e ' =FuN(D),

e P consists of the rules of the form

[so] < f({[s1], - [snl)

where f € FUNp, . 0,(D) for [s;] € No, if
there is ¢ € CONp (D) such that

c® S0, cO f(s1,-..,8n) €ED.

Since we assume elements of () are pairwise dis-
joint, each [s] belongs to a unique sort. Otherwise,
each nonterminal should be tagged with a sort like

[s, O].

Algorithm 1 Learning substitutable >J-grammars
Data: A positive presentation dy, do, . . .
Result: A sequence of grammars G, Go, . . .
let G be a grammar such that £(G) = @;
forn=1,2,... do

let D ={dy,...,dn};
if D ¢ £(G) then
let G = SUBSTP(D);
end if
output G as G;
end for

An alternative way to construct a grammar is to
use contexts rather than substructures for nontermi-
nals. One can replace SUBSTP(D) in the algorithm
by SUBSTD(D) which is defined as follows.

e No ={[c] | c€ CoNp(D)} for O € Qp,
e I ={[Uo.]}.
e F'=FUN(D),
e P consists of the rules of the form
[col < f(leal,-- -, [enl)

where f € FUNg, . 0, for [c¢;] € No, if there
are s; € SUBo, (D) such that

¢i®s; € Dforalliand ¢y ® f(s1,...
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,Sn) €D.

The existing algorithms for different classes of
substitutable languages (Clark and Eyraud, 2007;
Yoshinaka, 2008; Yoshinaka, 2011a) are based on
slight variants of SUBSTP. This paper shows the
correctness of the algorithm using SUBSTD.

Lemma 2. Let D be a finite subset of a X-
substitutable language L, and G the grammar out-
put by SUBSTD(D). Then L(G) C L,.

Proof. One can show by induction on the deriva-
tion that if s € S(G, [c]) then ¢ ©® s € L,. Sup-
pose that G has a rule [¢] <« f([ai],.-.,[en]),
si € S(G,[ci]) and s = f(s1,...,5y). The induc-
tion hypothesis says c;©s; € L, for all 7. By the rule
construction, there are ¢; for ¢ = 1,...,n such that
cOtie D C L, andc@f(tl,...,tn) eDCL,.
We have s; =, t; since they occur in the same con-
text ¢;. By Lemma 1, ¢ ® f(s1,...,8,) € L,. O

Let G = (Ni,o04, Fy, Py, ) be a ¥-grammar
generating L,. Fix sx € S(G.,X) and cx €
C(G«, X) where cx = Op, for X € .. Define
D, by

D*:{Cx®$X|X€N*}

U{CXOQf(le,...,SXn)

|X0(—f<X1,...,Xn>EP*}.
Lemma 3. If D, C D, then S(G.,X) C
S(SuBSTD(D), [sx]) forall X.

Proof. Let G = SUBSTD(D). If G, has a rule
Xo < f(Xi1,...,X,) then G has the correspond-

ing rule Jex, ] < f{[ex,]s-- -, [ex,]), since

Cx, © f(SXl, .. 75Xn)7 cx, ©®sx, € D.

In particular since cx for X € I is the identity func-
tion Op,, the corresponding nonterminal [cx] =
[C0.] is the initial symbol of G, too. O

This shows that we do not need too many data to
achieve a right grammar, since |D,| < |Py| + |Ny|,
where | - | denotes the cardinality of a set. Moreover,
itis easy to see Algorithm 1 updates its conjecture in
polynomial time in the total size of D by Assump-
tions 1, 2 and 3.




6.2 Finite kernel property

Definition 2 (Clark et al. (2009), Yoshinaka
(2011b)). A nonempty finite set S C S, x) is called
a k-kernel of a nonterminal X if |[S| < k and

S(G, X) E,C(G) S.

A Y-grammar G is said to have the k-finite kernel
property (k-FKP) if every nonterminal X has a k-
kernel Sx.

Theorem 2. Under Assumptions 1, 2 and 3, Algo-
rithm 2 identifies >-grammars with the k-FKP in the
limit from positive data and membership queries.

Algorithm 2 Learning -grammars with k-FKP
Data: A positive presentation dy, ds, ... of Ly;
Result: A sequence of X-grammars G, Ga, . . .;
letD:=K:=F:=J:=a;
let G := PRIMAL, (K, F, J);
forn=1,2,... do

let D := DU{dy}; J := CON(D);
if D ¢ £(G) then
let K := SUB(D) and F' := FUN(D);
end if
output G = PRIMALy (K, F, J) as Gy;
end for

The conjecture grammar PRIMALy (K, F,J) =
(N, o, F, P, I) of Algorithm 2 is defined from finite
sets of substructures K C S, functions ' C F and
contexts J C C. The subsets of those sets corre-
sponding to respective sorts are denoted as Kp =
KNSp, JJo=JNCp andFézFﬁFé.

e No ={[S]|S C Kpwith1 < |S| < k} for
each O € Q|p,
e I={[S]eNo,|SCL}

e P consists of the rules of the form
[Sol <= f([S1], -, [Snl)
where f S FOO7O1,---7On for [[Szﬂ S NOi if

(So*N'Joy) ® f(S1,...,8n) € Lu. (1)

The grammar is constructed by the aid of finitely
many MQs. PRIMALg(K, F,J) can be computed
in polynomial time by Assumptions 1, 2 and 3.
A rule [So] < f{([Si],.-.,[Sn]) is compatible
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with the semantics of the nonterminals if S(T] D)
F(S1,...,8%), which is equivalent to

Sot ® f(S1,...,5n) C L (2)

by Lemma 1. However, this condition (2) cannot
be checked by finitely many MQs. The condition
(1) can be seen as an approximation of (2), which
is decidable by finitely many MQs. Clearly (2) im-
plies (1) but not vice versa. If a rule satisfies (1) but
not (2), we call the rule incorrect. If a rule is in-
correct, there is a witness ¢ € Cp, — Jo, such that
c® Sy € L, andc@f(Sl,...,Sn) ¢ L,.

Lemma 4. For every finite K C S and F' C T there
is J C C such that G = PRIMAL(K, F, .J) has no
incorrect rules and |.J| < |F||K[*®+1), in which
case L(G) C L.

Let Sx be a k-kernel of each nonterminal X of a
grammar G, = (N, oy, Fy, P, I,.) generating L.

Lemma 5. There is a finite subset D C L, such
that Sx C S|D forall X € N,, F, C ]F|D and
|D| < k|Ni| + |Py|. Moreover, if Sx C K for all

N

X € Nyand F, C F, then L, C L(G).

We prove Theorem 2 discussing the efficiency.

Proof of Theorem 2. Clearly Algorithm 2 updates
its conjecture in polynomial time in the data size.
Polynomially (in the size of ) many positive ex-
amples will stabilize K and F' by Lemma 5. After
K and F stabilized, all the incorrect rules will be re-
moved with at most polynomially (in |K||F'|) many
examples by Lemma 4. After that point Algorithm 2
never changes the conjecture, which generates the
target language L. O

6.3 Congruential grammars

Definition 3 (Clark (2010a)). A X-grammar G is
said to be congruential if every s € S(G,X) is a
1-kernel of every X € N.

Congruential Y-grammars have the 1-FKP. Un-
der the following additional assumption, this special
case will be polynomial-time learnable with a mini-
mally adequate teacher.

Assumption 4. For any derivation tree T, the size of
its yield T is polynomially bounded by that of T.

Theorem 3. Under Assumptions 1, 2, 3 and 4, Al-
gorithm 3 learns any language L, generated by a



congruential Y-grammar G, with a minimally ad-
equate teacher in time polynomial in |N.|,|Fy|, ¢
where { is the total size of counterexamples given
to the learner.

Algorithm 3 Learning congruential >:-grammars
let K .= F :=J:=
let G := PRIMAL, (K, F, J);
forn=1,2,... do
if £(G) = L, (equivalence query) then
output G and halt;
else if the given counterexample d is positive
(d € L, — £(G)) then
let K := KUSUB(d) and F' := FUFUN(d);
else
let J := J U WITNESSP (74, 0o, ) where 74
is an (implicit) parse tree of d by G
end if
let G = PRIMAL, (K, F, J);
end for

Algorithm 3 uses the same grammar construction
PRIMAL as Algorithm 2 where the parameters K
and F' are calculated from positive counterexam-
ples given by the oracle. On the other hand, J is
computed in a different way. By Lemma 4, when
the oracle answers a negative counterexample d to-
wards an EQ, our conjecture G must use an incorrect
rule to derive d. To find and remove such an incor-
rect rule, Algorithm 3 calls a subroutine WITNESSP
with input (74,0), where 74 is a derivation tree of
G whose yield is d. To be precise, 74 does not
have to be a derivation tree. Rather what we re-
quire is that for each s € Sj4, one can compute at
least one tuple of s1,...,s, € Sjgand f € Fy
such that s = f(s1,...,s,) and the height of the
lowest derivation tree of each s; is strictly lower
than that of s. Indeed one can do this in polyno-
mial time by a dynamic programming method from
SUB(d) and FUN(d). Yet for explanatory easiness,
we treat such information as an (implicit) derivation
tree 74. The procedure WITNESSP returns a con-
text that witnesses an incorrect rule that contributes
to generating d by searching 74 recursively calling
itself. The procedure WITNESSP in general takes a
pair (7, ¢) such that 7 is an [s]-derivation tree of G
and ¢ € st — 74 Let 7 = p(ry,...,7,) where p =

Is] < f{[s1],-- - [sn])- fc® f(s1,...,8n) ¢ Lx
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then the rule p is incorrect. So WITNESSP returns ¢
which witnesses the incorrectness of the rule. Oth-
erwise, we have

,Sn) € Ly
s Tn) & L

c® f(s1,...
C@f(’iN'l,...

for the yields 7; of 7;. One can find ¢ such that

,Tn) € Ly
Tn) & Ly .

c® f(s1,..
c® f(s1y..

<3 8i—1, 80, Tit1, - - -

5 8ie 1, Ty Tit 1y - - -

We call
s Tn))-
Lemma 6. The procedure WITNESSP(74,0) runs
in polynomial time in ¢ and |d|.

This means an incorrect rule is in 7;.

WITNESSP(Ti, c® f(Sl, ey 8i—1, 0, Tit1, -

Proof. The number of recursive calls of WITNESSP
is no more than the height of 745, which is at most
Sj4]- Let the instance of the j-th recursive call be
(15,¢;) and x; the derivation context for ¢ = Xj.
Xj+1 is obtained from y; by replacing at most p
subtrees by a derivation tree whose yield is an el-
ement of K. By Assumption 4, the size of c¢; and
thus the size of an instance of an MQ is polynomi-
ally bounded by |d|¢. WITNESSP runs in polynomial
time. O

Lemma 7. Each time Algorithm 3 receives a neg-
ative counterexample, at least one incorrect rule is
removed.

Lemma 8. Let G, = (N,,o, F, P., L) be a con-
gruential grammar generating L. Each time Algo-
rithm 3 receives a positive counterexample, the car-
dinality of the set { X € N, | KNL(G,,X) =2}
U (Fx — F) decreases strictly.

Proof of Theorem 3. Time between an EQ and an-
other is polynomially bounded by Lemma 6. By
Lemmas 5 and 8, Algorithm 3 gets at most | N, | +
|F| positive counterexamples. The grammar G =
PRIMAL(K, F, J) is constructed from those positive
counterexamples, so it has polynomially many rules.
Therefore, by Lemma 7, after getting polynomially
many negative counterexamples, which suppress all
the incorrect rules, Algorithm 3 gets a right grammar
representing L. O



6.4 Finite context property

Definition 4 (Clark (2010b), Yoshinaka (2011b)").
A nonempty finite set C' C C is called a k-context
of a nonterminal X if |C| < k and

S(G,X) E[,(G) CT .

A Y-grammar G is said to have the k-(weak) finite
context property (k-FCP) if every nonterminal X has
a k-context C'y.

Theorem 4. Under Assumptions 1, 2 and 3, Algo-
rithm 4 identifies >.-grammars with the k-FCP in the
limit from positive data and membership queries.

The theorem can be shown by an argument similar
to the proof of Theorem 2 based on Lemmas 9 and
10 below. The discussion on the learning efficiency
of Algorithm 2 is applied to Algorithm 4 as well.

Algorithm 4 Learning >-grammars with k-FCP
Data: A positive presentation dy, ds, ... of Ly;
Result: A sequence of X-grammars G, G, .. .}
letD:=J:=F =K =2,
let G := DUAL,(J, F, K);
forn=1,2,... do

let D := DU{d,}; K := SUB(D);
if D ¢ £(G) then
let J := CON(D) and F' := FUN(D);
end if
output G = DUAL,(J, F, K) as Gy;
end for

The conjecture grammar DUALg(J, F, K) =
(N, o, F, P,I) of Algorithm 4 is defined from finite
sets of contexts J C C, functions F' C [F and sub-
structures K C S. For each C C Jp, we write C (K)
to mean CT N K. This set can be seen as a finite ap-
proximation of Ct, which is computable with MQs.

e No ={]C] | C C Jowithl < |C| < k} for
O e Q‘D,
o I={[{0.}]},

e P consists of the rules of the form

[Col < F(ICA]; - -, [Cul)

where f € Fp, . o, for [C;] € No, if Cy ®
F(O, 089 C L.

"We adopt the definition by Yoshinaka, which is slightly
weaker than Clark’s.
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We say that a rule [Co] < f([Ci],...,[Cy]) is
incorrect if Cy ® f(Cir, O ¢ L. In that case,
there are s; € C’Z-T such that Co® f (s1, ..., 8n) € L.

Lemma 9. For every finite J C C and F C T there
is K C S such that G = DUAL(J, F, K) has no
incorrect rules and |K| < p|F||J|*®*V), in which

~

case L(G) C L.

Let G. = (Ny,o04, Fy, Py, I,) generate L, and
C'x a k-context of each nonterminal X € N.,.

Lemma 10. There is a finite subset D C L, such
that C|D D Cx forall X € N,, F|D D F, and
|D| < k|Ny| + |Ps|. Moreover, if J O Cx for all

~

X € Noand F DO F,, then L, C L(G).

6.5 Context-deterministic grammars

Definition 5 (Shirakawa and Yokomori (1993),
Yoshinaka (2012)%). A Y-grammar G is said to be
(weakly) context-deterministic if every ¢ € C(G, X)
is a 1-context of every X € No.

Differently from Theorem 3, we do not need As-
sumption 4 for learning context-deterministic gram-
mars with a minimally adequate teacher.

Theorem 5. Under Assumptions 1, 2 and 3, Al-
gorithm 3 learns any language L, generated by a
context-deterministic Y-grammar G, with a min-
imally adequate teacher in time polynomial in
|Nil|, | Fxl|, £ where £ is the total size of counterex-
amples given to the learner.

Proof. By Lemmas 11, 12 and 13 below. O

Algorithm 5 uses the same grammar construc-
tion DUAL as Algorithm 4. By Lemma 9, when
the oracle answers a negative counterexample d to-
wards an EQ, our conjecture G must use an incor-
rect rule to derive d. To find and remove such
an incorrect rule, Algorithm 5 calls a subroutine
WITNESSD with a derivation tree 74 of G whose
yield is d. The procedure WITNESSD returns a fi-
nite set of substructures that witnesses an incorrect
rule that contributes to generating d. An input given
to WITNESSD is in general a [c]-derivation tree 7
such that c©® 7 ¢ L,. Let 7 = p[r1,..., 7] where
p = [c] < f([e1]s-- -, [en])- If there is 7 such that
¢ ©7; ¢ L., we recursively call WITNESSD(7;).

>We adopt the definition by Yoshinaka, which is slightly
weaker than Shirakawa and Yokomori’s.



Algorithm 5 Learning context-deterministic -
grammars
letJ.=F:= K :=
let G := DUAL,(J, F, K);
forn=1,2,... do
if £(G) = L, (equivalence query) then
output G and halt;
else if the given counterexample d is positive
(d € L, — £(G)) then
let J := JUCON(d) and F' := FUFUN(d);
else
let K := K U WITNESSD(7) where 7 is an
(implicit) parse tree of d by G
end if
let G = DUAL, (J, F, K);
end for

Otherwise, 7; € ¢; for all 4, which means the
rule p is incorrect. WITNESSD(7) returns the set
{71,...,7n }. Differently from the case of WIT-
NESSP, an instance of a recursive call is always an
(implicit) derivation tree of some s € S)4. This ex-
plains why we do not need Assumption 4 in this
case.

Lemma 11. Time between an EQ and another is
polynomially bounded.

Lemma 12. Each time Algorithm 5 receives a neg-
ative counterexample, at least one incorrect rule is
removed.

Lemma 13. Let G, = (N,,o0,F., P, I.) be a
context-deterministic grammar for L.. Each time
Algorithm 5 receives a positive counterexample, the
set {X € N, | JNC(G+,X) = @} U (Fx — F)
gets shrunk.

6.6 Combined approaches

By combining primal and dual approaches, one
can obtain stronger approaches (Yoshinaka, 2012).
The class of Y-grammars whose nonterminals ad-
mit either a k-kernel or [-context can be learned by
combining the techniques presented in Sections 6.2
and 6.4 under Assumptions 1, 2 and 3. Also
>-grammars whose nonterminals satisfy either the
requirement to be congruential or to be context-
deterministic can be learned with a minimally ade-
quate teacher under Assumptions 1, 2, 3 and 4 (Sec-
tions 6.3 and 6.5).
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7 Restricted cases

In some grammar classes, it may be the case that
only (supersets of) C,4 and F|; are computable in
polynomial-time but S|4 is not, or the other way
around: Sjg and F; are efficiently computable but
C\q is not. For example, in non-permuting paral-
lel multiple CFGs (Seki et al., 1991), elements of
S)q for a string d are tuples of strings of the form
(V1,...,0m) for d = wgviug ... VU, and such
substrings are polynomially many if m is fixed.
However, C|; contains exponentially many contexts.
Clark and Yoshinaka (2014) showed that still a dual
approach works for parallel multiple CFGs if nonter-
minals are known to have k-contexts belonging to
a certain subset C C C such that Cy = C4N C
is polynomial-time computable. A symmetric re-
sult of a primal approach has also been obtained by
Kanazawa and Yoshinaka (2015) targeting a certain
kind of tree grammars. This section does not postu-
late Assumption 3.

Definition 6. A >-grammar G is said to have the
(k,S)-FKP if every nonterminal admits a k-kernel
which is a subset of S.

Assumption 5. There are polynomial-time algo-
rithms that compute SUB(d), CON(d) and FUN(d)
such that Sj; € SUB(d) C S, C gy € Con(d) € C
and F|y € FUN(d) C I, where Sjg = SN S,

It is not hard to see that Algorithm 2 works for
learning Y-grammars with (k,S)-FKP under As-
sumptions 1, 2 and 5. All discussions in Section 6.2
hold for this restricted case.

The symmetric definition and assumption are as
follows.

Definition 7. A Y-grammar G is said to have the
(k, C)-FCP if every nonterminal admits a k-context
which is a subset of C.

Assumption 6. There are polynomial-time algo-
rithms that compute SUB(d), CON(d) and FUN(d)
such that S|q € SUB(d) C S, Cq € CoN(d) € C
and F|; C FUN(d) C F.

It is not hard to see that under Assumptions 1, 2
and 6, Algorithms 4 work for learning >:-grammars
with (k, C)-FCP X-grammars. All discussions in
Section 6.4 hold for this restricted case.

When learning substitutable languages, even a
weaker assumption suffices.



Assumption 7. There are sets S C S and C C C
such that for every nonterminal X of G € G(X),
we have S(G,X)NS # P and C(G,X)NC # @.
Moreover, there are polynomial-time algorithms that
compute SUB(d), CON(d) and FUN(d) such that
Siu € SuB(d) C S, Cu € CoN(d) € C and
Flq C Fun(d) C F.

Under Assumptions 1, 2 and 7, Algorithm 1
works using either SUBSTP or SUBSTD.

On the other hand, the results on the polynomial-
time MAT learnability of congruential and context-
deterministic >-grammars do not hold anymore un-
der any of Assumptions 5, 6 and 7.

8 Extending learnable classes

This section compares learnable classes of -
languages for different 3 with the same special sort
O,. For ¥1 and ¥ with ¥; = (Q4F 0,), if
QY € Q% and F! C F?, every X;-grammar is a
Yo-grammar, so £(X1) € L(X2). However, since
the distributional properties defined so far are rela-
tive to a signature, a >j-grammar with a distribu-
tional property under >; does not necessarily have
the corresponding property under ¥s. Yet if Sp and
Co are preserved by moving from ¥; to X, the dis-
tributional properties other than the substitutability
are preserved.

Let us define the direct union ¥y = (Q° F° O,)
of arbitrary signatures ¥; and X5 by Q° = {O,} U
{(0,i) ] O € Q' withi € {1,2} } where Q¢ ;) =
{(s,i) | s € O}and F* = G' UG? U {0y, s},
where G’ is a trivial variant of F* working on the
new domain and codomain of the form (O, ) and
O;(s,i) = sforall s € O,. Then every ¥;-grammar
G can be seen as a special type of ¥p-grammar by
adding a new initial symbol Z and rules of the form
Z <« Oy, (X) for all initial symbols X of G. We
have £(X1) U L(X2) C L(X). Every ¥;-grammar
that is congruential, context-deterministic, with the
k-FKP or with the k-FCP for i = 1, 2 can be seen as
a Yp-grammar with those properties. Note that Cp,
is the singleton of the identity function in g, which
means any element of £(G) is a 1-kernel of the new
initial symbol Z. In this way, from two signatures,
one can obtain a richer learnable class of languages.

The above argument on signature generalization
does not hold for substitutable case. Rather the op-
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posite holds. If Q! € Q2 and F! C F2, then a lan-
guage substitutable under .5 is substitutable under
3’1 but not vice versa.

Let us say that Y5 is finer than ¥; if every sort
of Q! is partitioned into finite number of sorts in 22
and every function of F? is a subfunction of some
function in F* which accords with the partition. That
is, every sort O of Q! has a finite set QZO C 02 such
that O = UQ2O and FlOo,...,On = U{F26,--~,O% |
O; € Q3 }. For instance, X is finer than Xy
for ¥ < k and I’ < [ in Example 4. If 3 is
finer than 31, £(31) = L£(X2) holds. Every lan-
guage substitutable under >:; is substitutable under
35 but not vice versa. Moreover, every congruen-
tial (resp. context-deterministic) 3.1 -grammar has an
equivalent congruential (resp. context-deterministic)
Yl9-grammar but not vice versa.

9 Grammars with partial functions

Yoshinaka (2015) showed that a dual approach can
be applied to the learning of conjunctive grammars.
Conjunctive grammars (Okhotin, 2001) are CFGs ex-
tended with the conjunctive operation & so that one
can extract the intersection of the languages of non-
terminals. For example, a conjunctive rule A9 —
A1& Ay means that if both Ay and Ay generate the
same string u then so does Ag. Conjunctive gram-
mars cannot be seen as X-grammars, since the con-
junctive operation & is a partial function whose do-
main is not represented as the direct product of two
sorts, which is not legitimate in the general frame-
work of -grammars.

A partial signature is a triple I = (Q,F, O,)
which is defined in the way similar to a (total) sig-
nature but ' may have partial functions. Accord-
ingly contexts in C will be partial functions. We do
not have C(G,X) © S(G,X) C L(G) any more,
since ¢ ® s may not be defined for some elements
c € C(G,X) and s € S(G,X). The correspon-
dence between O-concept lattices and YX-grammars
collapses. This prevents the application of the theory
of distributional learning developed in this paper to
II-grammars. Still we can generalize the discussion
on the learning of conjunctive grammars.

Definition 8. A Il-grammar G is said to have the
strong k-FCP if for any X € Ny, there is a finite set



Cx C Cp with |Cx| < k such that
S(G,X)={s|coseLforallce Cx }.

Definition 8 requires every ¢ € Cx to be to-
tal on S(G, X). One can learn II-grammars with
the strong k-FCP under Assumptions 1, 2 and 6,
where C consists of total functions only. The gram-
mar construction DUAL}, should be modified so that
we have a rule [Cp] < f([Ci],...,[Cy]) if c ®
f(s1,...,8n) € Ly, forany ¢ € Cp and s; € Ci(K)
such that f(s1,...,sy,) is defined. One might think
that one can naturally define context-deterministic
grammars accordingly: Every ¢ € C(G, X) should
be a 1-context of X. However, this means that func-
tions in such a II-grammar are essentially total.
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