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Abstract

A number of grammatical formalisms were intro-
duced to define the syntax of natural languages.
Among them are parallel multiple context-free
grammars (pmefg’s) and lexical-functional gram-
mars (Ifg’s). Pmecfg’s and their subclass called
multiple context-free grammars (mcfg’s) are nat-
ural extensions of cfg’s, and pmcfg’s are known
to be recognizable in polynomial time. Some sub-
classes of lfg’s have been proposed, but they were
shown to generate an A'P-complete language. Fi-
nite state translation systems (fts’) were intro-
duced as a computational model of transforma-
tional grammars. In this paper, three subclasses
of lfg’s called nc-lfg’s, dc-lfg’s and fc-1fg’s are
introduced and the generative capacities of the
above mentioned grammatical formalisms are in-
vestigated. First, we show that the generative
capacity of fts’ is equal to that of nc-lfg’s. As
relations among subclasses of those formalisms,
it is shown that the generative capacities of de-
terministic fts’, dc-1fg’s, and pmcfg’s are equal to
each other, and the generative capacity of fc-1fg’s
is equal to that of mcfg’s. It is also shown that
at least one N'P-complete language is generated
by fts’. Consequently, deterministic fts’, dc-1fg’s
and fc-1fg’s can be recognized in polynomial time.
However, fts’ (and nc-lfg’s) cannot, if P # N'P.

1 Introduction

A number of grammatical formalisms such as
lexical-functional grammars (Kaplan 1982), head
grammars (Pollard 1984) and tree adjoining
grammars (Joshi 1975)(Vijay-Shanker 1987) were
introduced to define the syntax of natural lan-
guages. On the other hand, there has been
much effort to propose well-defined computa-
tional models of transformational grammars. One
of these i1s the one to extend devices which oper-
ate on strings, such as generalized sequential ma-
chines (gsm’s) to devices which operate on trees.
It is fundamentally significant to clarify the gen-
erative capacities of such grammars and devices.
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Parallel multiple contezt-free grammars (pm-
cfg’s) and multiple context-free grammars (mcfg’s)
were introduced in (Kasami 1988a)(Seki 1991) as
natural extensions of cfg’s. The subsystem of lin-
ear context-free rewriting systems (lcfrs’) (Vijay-
Shanker 1987) which deals with only strings is
the same formalism as mcfg’s. The class of cfi’s
is properly included in the class of languages gen-
erated by pmcfg’s, which in turn is properly in-
cluded in the one generated by mcfg’s. The class
of languages generated by pmcfg’s is properly
included in that of context-sensitive languages
(Kasami 1988a). Pmcfg’s have been shown
to be recognized in polynomial time (Kasami
1988b)(Seki 1991).

A tree transducer (Rounds 1969) takes a tree
as an input, starts from the initial state with its
head scanning the root node of an input. Ac-
cording to the current state and the label of the
scanned node, it transforms an input tree into
an output tree in a top-down way. A finite state
translation system (fts) is a tree transducer with
its input domain being the set of derivation trees
of a cfg (Rounds 1969)(Thatcher 1967). A num-
ber of equivalence relations between the classes
of yield languages generated by fts’ and other
computational models have been established (En-
gelfriet 1991)(Engelfriet 1980)(Weir 1992). Espe-
cially, it has been shown that the class of yield
languages generated by finite-copying fts’ equals
to the class of languages generated by lcfrs’ (Weir
1992), hence by mcfg’s.

In lezical-functional grammars (Ifg’s) (Ka-
plan 1982), associated with each node v of a
derivation tree is a finite set F' of pairs of at-
tribute names and their values. F' is called the f-
structure of v. An lfg G consists of a cfg Gy called
the underlying cfg of G and a finite set Pr of
equations called functional schemata which spec-
ify constraints between the f-structures of nodes
in a derivation tree. Functional schemata are at-
tached to symbols in productions of Gg. It has
been shown in (Nakanishi 1992) that the class of
languages generated by lfg’s is equal to that of re-



cursively enumerable languages even though the
underlying cfg’s are restricted to regular gram-
mars. In (Gazdar 1985)(Kaplan 1982)(Nishino
1991), subclasses of lfg’s were proposed in order
to guarantee the recursiveness (and/or the effi-
cient recognition) of languages generated by 1fg’s.
However, these classes were shown to generate an
NP-complete language (Nakanishi 1992).

In this paper, three subclasses of Ifg’s called
nc-lfg’s, dc-lfg’s and fc-Ifg’s are proposed, two
of which can be recognized in polynomial time.
Moreover, this paper clarifies the relations among
the generative capacities of pmcfg’s, fts’ and these
subclasses of lfg’s.

In nc-lfg’s, a functional schema either speci-
fies the value of a specific attribute, say atr, im-
mediately (Tatr = val) or specifies that the value
of a specific attribute of a node v is equal to the
whole f-structure of a child node of v (Tatr =|).

An nc-lfg is called a de-Ifg if each pair of rules
p1 : A — a3 and py : A — a3 whose left-hand
sides are the same is inconsistent in the sense
that there exists no f-structure that locally sat-
isfies both of the functional schemata of p; and
those of p2. Intuitively, in a dc-1fg G, for each pair
(t1,t2) of derivation trees in G, if the f-structure
and nonterminal of the root of ¢; are the same as
those of £, then t; and t; derive the same termi-
nal string.

Let G be an nc-1fg. A multiset M of nonter-
minals of G is called an SPN multiset in G if the
following condition holds:

Let M = {{A;,42,---,4,}} be a mul-
tiset of nonterminals where different A;’s
are not always distinct. There exist a
derivation tree ¢t and a subset of nodes
V = {v1,v2,--+,vn} of t such that the
label of v; is 4; (1 < %2 € n) and the £
structures of v;’s are the same with each
other by functional schemata of G.

If the number of SPN multisets in G is finite, then
G is called an fe-lfg.

Our main result is that the generative capac-
ity of nc-1fg’s is equal to that of fts’. As relations
among proper subclasses of the above mentioned
formalisms, it is shown that the generative capac-
ities of dc-1fg’s, deterministic fts’ and pmcfg’s are
equal to each other, and the generative capacity
of fc-lfg’s is equal to that of mcfg’s. It is also
shown that a (nondeterministic) fts generates an
NP-complete language.

2 Parallel Multiple
Grammars

A parallel multiple context-free grammar (pmcfy
is defined to be a 5-tuple G = (N,T,F,P,S
which satisfies the following conditions (G1
through (G5) (Kasami 1988a)(Seki 1991).

Context-Free
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(G1) N is a finite set of nonterminal symbols. A
positive integer d(A) is given for each nonter-
minal symbol A € N.

(G2) T is a finite set of terminal symbols which
is disjoint with N.

(G3) F is a finite set of functions satisfying the
following conditions. For a positive integer d,
let (T*)¢ denote the set of all the d-tuples of
strings over T. For each f € F with arity
a(f), positive integers »(f) and di(f) (1 <
i < a(f)) are given, and f is a total function
from (1)) x (T*)% () ... x (T) ) 1o

T*)"(f) which satisfies the following condition
f1). Let

T = (Ti1, Tizy -+ vy zidi(f))

denote the ¢th argument of f for 1 <1 < a(f).

(f1) For 1 < h < 7(f), the hth component of
f, denoted by f{*, is defined as;

s (%1, %2, - -, Ba(p)] = UR0T (R, 0)n(h,0)XR,1
©tQhn, —1Tu(h,n —1)n(h,nn—1) Xk 0y, (21)

where apr € T* for 0 < k < np, 1 <

u(h,5) < a(f) and 1 < n(h,j) < dyn,i(f)
for0<j<np-—1.

(G4) P is a finite set of productions of
the foorm A — f[A1,As2,..., Agy)] where
A A1, Az,...,Agp) EN, f e F,r(f) =d(A)
and d;(f) = d(A;) (1 <i<a(f)). Ifa(f) =0,
ie., f € (T*)"), the production is called a
terminating production, otherwise it is called
a nonterminating production.

(G5) S € N is the initial symbol, and d(S) = 1.

If all the functions of a pmcfg G satisfy the
following Right Linearity condition, then G is
called a multiple context-free grammar (mcfg).

[Right Linearity ] For each x;;, the total num-
ber of occurrences of z;; in the right-hand
sides of (2.1) from h = 1 through r(f) is at

most one.

The language generated by a pmcfg G =
(N,T, F,P,S) is defined as follows. For A € N,
let us define Lgs(A) as the smallest set satisfying
the following two conditions:

(L1) If a terminating production 4 — aisin P,
then & € Lg(A).

(L2) If A — f[A1,Ag,...,Aqp] € P and
a; € Lg(Ai) S]. < ¢ < a(f)), then
f[dl,dz,. --,da(f) € LG(A).



Define L(G)=Lg(S). L(G) is called the par-
allel multiple context-free language (pmcfl) gen-
erated by G. If G is an mcfg, L(G) is called the
multiple context-free language (mcfl) generated by
G.

Example 2.1(Kasami 1988a): Let Ggx1 = (N,
T,F,P,S),N ={S}, T ={a},F = {fs, f},P =
r1: S = fa, rq 1 S — [f[S]}, where f,
a, f{(z)] = zz. Ggx1 is a pmefg but is not an
mcfg since the function f does not satisfy Right
Linearity. The language generated by Ggx; is
{a®" |n > 0}, which cannot be generated by any
mcfg (see Lemma 6 of (Kasami 1988a)). (]

The empty string is denoted by €.

Example 2.2: Let Ggx2 = (N,T,F,P,S) be
a pmcfg, where N = {S, A}, T = {q,b}, F =
{g[[(ml,xz)y] = 71%3, fol(z1,22)] = (z1a,z20),
fb (mlwa (mlbaQZb)a fe = (E,E)}, anda
{pOZS - g[A]a pr: A — fa[A]’ P2 A -
beA], ps : A— f.}. Note that Ggx2 is an mcfg.
L(Ggx2) = {ww|w € {a,b}*}.

Lemma 2.1(Kasami 1988b)(Seki 1991): Let G
be a pmcfg. For a given string w, it is decidable
whether w € L (G) or not in time polynomial of
|w|, where |w| denotes the length of w. (]

3 Finite State Translation Systems
A set ¥ of symbols is a ranked alphabet if, for
each o € %, a unique non-negative number p(o)
is associated. p(o) is the rank of o. For a set X,
we define free algebra 75 (X) as the smallest set
such that;

o T5(X) includes X.

o If p(c) =0 for o € I, then o € Tx(X).

e Ifploc)=n(>1)foroc € ¥ and ¢1,...,t, €
Ts(X), then t = o(t1,...,t,) € T5(X). o is

called the root symbol, or shortly, the root of
t.

Hereafter, a term in Tx(X) is also called a tree,
and we use terminology of trees such as subtree,
node and so on.

Let G = (N,T, P, S) be a context-free gram-
mar (cfg) where N, T, P and S are a set of non-
terminal symbols, a set of terminal symbols, a
set of productions and the initial symbol, respec-
tively. A derivation tree in c¢fg G is a term defined
as follows.

(T1) Every a € T is a derivation tree in G.

(T2) Assume that there are a production p :
A- XX, (Ae N, Xy,..., X, e NUT)
in P and n derivation trees t¢i,...t, whose
roots are labeled with p4,. .., p,, respectively,
and
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e if X; € N, then p; is a production X; — - -,
whose left-hand side is X;, and

o if X; €T, then p; = t; = X;.
Then p(ty,...,ts) is a derivation tree in G.
(T3) There are no other derivation trees.

Let R(G) be the set of derivation trees in G, and
Rs(G) C R(G) be the set of derivation trees
whose root is labeled with a production of which
left-hand side is the initial symbol S. Clearly,
Rs(G) C Tx(¢) holds. Remark that Rg(G) is a
multi-sorted algebra, where the nonterminals are
sorts, and the terminals and the labels of produc-
tions are operators.

A tree transducer (Rounds 1969) defines a
mapping from trees to trees. Since we are mainly
interested in the string language generated by
a tree transducer, a “tree-to-string” version of
transducer defined in (Engelfriet 1980) is used in
this paper. For sets @ and X, let

QIX]={4lz] | ¢ € @,z € X}.

A tree-to-string transducer {yT-transducer
or simply transducer) is defined to be a 5-tuple
M = (Q, X, A, qo, R) where (1) Q is a finite set of
states, (2) ¥ is an input ranked alphabet, (3) A is
an output alphabet, (4) qo € Q is the initial state,
and (5) R is a finite set of rules of the form

glo(z1,...,zn)] = v

where g € Q,0 € Z,n = p(0) and v € (AUQ[{z1,
..., Zn}])*. If any different rules in R have differ-
ent left-hand sides, then M is called deterministic
(Engelfriet 1980).

A configuration of a yT-transducer is an ele-
ment in (A UQ[Tx(¢)])*. Derivation of M is de-
fined as follows. Let t = ajqlo(ts,..., t,)]az be
a configuration where ay,a; € (AU Q[TE(¢)J)*,
geQ, el plo)=nandty,...,t, € Tn(¢)
Assume that there is a rule g[o(z1,...,2,)] = v
in R. Let t' be obtained from v by substituting
t1,...,tn for z1,. .., x,, respectively, then we de-
fine t =, ait’a,. Let =3, be the reflexive and
transitive closure of =. If t =}, ¢/, then we say
t' is derived from t. If there is no w € A* such
that t =3, w, then we say no output is derived
from t.

A tree-to-string finite state translation sys-
tem (yT-fts or fts) is defined by a yT-transducer
M and a cfg G, written as (M,G) (Rounds
1969)(Thatcher 1967).

We define yL(M,G), called the yield lan-
guage generated by yT-fis (M, G), as

yL(M,G)2{w € A" | 3t € Rs(G), golt] =31 w}

where A is an output alphabet and gq is the initial
state of M. An fts is called deterministic (Engel-
friet 1980) if the transducer M is deterministic.



Engelfriet introduced a subclass of fts’ called
finite-copying fts’ as follows (Engelfriet 1980):
Let (M,G) be an fts with output alphabet A
and initial state g, t be a derivation tree in G
and t' be a subtree of t. Assume that there is
a derivation o : go[t] =3, w. Now, delete from
this derivation « all the derivation steps which
operates on t'. This leads to the following new
derivation which keeps t' untouched;

o 1 qot] =3 wigs [t|wz - wngs, [t Twnia

where w; € A*for1 <i<n+1.

The state sequence of t' in derivation a is
defined to be (g;,,...,¢;, ). Derivation o has
copying-bound k if, for every subtree of ¢, the
length of its state sequence is at most k. An fts
(M, G) is a finite-copying, if there is a constant
k and for each w € yL(M, @), there is a deriva-
tion tree ¢t in G and a derivation go[t] =}, w with
copying-bound k. It is known that the determin-
ism does not weaken the generative capacity of
finite-copying fts’ (Engelfriet 1980).

We note that an fts (M, G) can be considered
to be a model of a transformational grammar: A
deep-structure of a sentence is represented by a
derivation tree of G, and M can be considered to
transform the deep-structure into a sentence (or
its surface structure).

4 Subclasses of Lexical-functional
grammars

A simple subclass of lfg’s, called r-Ifg’s, is in-
troduced in (Nishino 1992), which is shown to
generate all the recursively enumerable languages
(Nakanishi 1992). Here, we define a nondeter-
ministic copying Ifg (nc-Ifg) as a proper subclass
of r-Ifg’'s. An nc-lfg is defined to be a 6-tuple
G = (N,T, P, S, Not», Agtm) where: (1) N is a fi-
nite set of nonterminal symbols, (2) T is a finite
set of terminal symbols, and (3) P is a finite set of
annotated productions. Sometimes, a nonterminal
symbol, a terminal symbol and an annotated pro-
duction are abbreviated as a nonterminal, a ter-
minal and a production, respectively. (4) S € N
is the initial symbol, (5) N, is a finite set of at-
tributes, and (6) Aaem, is a finite set of atoms.

An equation of the form 1 atr =| (atr €
Ngir) is called an S (structure synthesizing)
schema, and an equation of the form T atr =
val (atr € Ny val € Agsm) is called a V' (im-
mediate value) schema. A functional schema is
either an S schema or a V schema.

Each production p € P has the following
form:

p:A - B, By --- B
Ey Esy Egy ---

(4.2)

qs
Sq

where A€ N, B1,B;,---,B € NUT. Eyisa
finite set of V schemata and Es; (1 < j < q) is
a singleton of an S schema. A — B;B;--- B, in
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(4.2) is called the underlying production of p. Let
Py be the set of all the underlying productions of
P. Cfg Gy = (N, T, Py, S) is called the underlying
cfg of G.

An f-structure of G is recursively defined as a
set F = {(atr1, val), (atry, valy),-- -, (atrk, valy)}
where atry, atry,--+, and atry are distinct at-
tributes, and each of valy, valy,- - -, and valy is an
atom or an f-structure. We say that val; (1 <3 <
k) is the value of atr; in F and write F.atr; = val;.

Fora cfg G' = (N',T’, P', '), derivation re-
lations in G’, denoted by A =, a and A =F,
a (A € N',a € (N'UT')*) are defined in the
usual way.

Suppose Gg = (N, T, Py, S) is the underlying
cfg of an nc-lfg G = (N, T, P, 5, Nair, Agtm). Let
t be a derivation tree in Go. (In 4.,7. and 8., the
label of a leaf of a derivation tree is allowed to be
a nonterminal.) Every internal node v in t has
an f-structure, which is called the f-structure of
v and written as Fy,. If an underlying production
po:A — By---B, € Py is applied at v, then v is
labeled with either py itself, or p (€ P) of which
po is the underlying production, if necessary. Let
v; be the ith child of v (1 < 7 < ¢). We define
the values of both sides of a functional schema
attached to the symbol in p (on v) as follows:

o the value of T atr(atr € Ny, ) is F,.atr,

e the value of | in an S schema is F,, if the
S schema is attached to the ¢(1 < ¢ < ¢)th
symbol in the right-hand side of p, and

e the value of atom atm in a V schema is atm
itself.

We say that v satisfies functional schemata if for
each functional schema lg, = 7 of p, the val-
ues of Iz, and 7f, on v are defined and equals
with each other. In this case, it is also said that
F, locally satisfies the functional schemata of p.
NOTE: Because the meaning of a V schemais in-
dependent of the position where it is annotated,
V schemata are attached to the left-hand side in
this paper.

For a nonterminal A € N and a sentential
form o € (N UT)*, let t be a derivation tree of
a derivation 4 =g «. If all internal nodes in
t satisfy functional schemata, then « is said to
be derived from A and written as A =% a . In
this case, the tree ¢ is called a derivation tree of
A =% a. We also call ¢t a derivation tree (of a)
in G simply.

The language generated by an nc-lfg G, de-
noted by L(G), is defined as L(Q) = {w €
T*|S=zw
NOTE: In the definition of nc-lfg, even if

“Fs; (1 £j<gq)is a singleton of an S
schema”

is replaced with



E:oum :[coum :[count : f]:ﬂ S

[count :[count : e]]

[coum [count : e]]

Figure 1: A derivation tree of aabbcedd

“BEs;j (1 € j < q) is either a singleton of
an S schema or an empty set”,

the generative capacity of nc-lfg is not changed.

Example 4.1: Let Ggxgs = (N,T,P,S, Ng,
Agim) be an nc-lfg where N = {S,A,B}, T =
{a,b,¢,d}, Natr = {count}, Astm = {€}, and pro-
ductions in P are;

Piii S = bt =1) {1 compt=1}

P12zt A —a i cozﬁzt:l} b,

pi3: B — ¢ {1 cougltzl} d’

Pia {Tcouézt:e} = F,

D1s 3

: {1 cou%t:e} - E.

The language generated by Ggxs is L(Ggxs) =
{a™b"c"d™ |n > 0}. Figure 1 shows a derivation
tree of S :>E"EX3 aabbcedd in Ggxs. []

Example 4.2: Let Ggxy = (N,T,P, S, Na,,
Agtm) be an nc-lfg where N = {S}, T = {a},
Nyt = {log}, Astm = {€}, and productions in P
are;

s S S
P {1 log=1} {1 log=1}>
P22 {T 1052 e} - a.

The language generated by Ggx; is L(Ggxy) =

{a®" |n > 0). 0

Example 4.3: Let Ggxs = (N,T,P, S, Nay,,
Agim) be an nc-lfg where N = {S,5' A, B},
T = {the, woman, men, and, drinks, smoke, respec-
tively}, Natr = {num, list}, Aam = {sg,pl,nil},
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and productions in P are;

P30 : S — s! respectively
{1 st =1} ’
P31 : S’ the woman and A drinks and B
{mum=sg} {tlist=} {tlist=|}
P32 : S'> the men and A smokeand B
{tmum=pl} {1list=|} {Tlist=l}
P33 : A — the woman and A
{1 num = sg} {1tst=1}"
P34 : A — the men and A
{1 num = pl} {Tlst=1}"
P35 : A — the woman
Tnum = sg ,
Tlist = nal
P36 : A — the men
T num = pl ,
Tlist = nal
P37 : B — drinks and B
{1 num = sg} {tlst=|}"
D38 : B — smoke and B
{1 num = pl} {Thist=1}
pag - B — drinks
1 num = sg ,
{ Tlist = nal
P310 B — smoke

Tnum = pl
1T list = nal

Gpxs generates “respectively” sentences such as
“the woman and the men drinks and smoke re-
spectively”.

For a set X of functional schemata, X is con-
sistent iff neither the following (1) nor (2) holds.

(1) {Tatr=valy,Tatr=vah} C X

for some atr € N, and some valy,vale €
Agim such that valy # vals.

(2) {Tatr=val, Tatr={}C X

for some atr € N,y and some val € Agyp,.

Productions p1,-:,p, are consistent iff
Us<i<n B is consistent where E(¥ is the set of
functional schemata of p;. If productions are not
consistent then they are called inconsistent.

An nc-lfg G is called a deterministically copy-
ing Ifg (dc-Ifg), if any two productions A — oy
and A — a; whoes left-hand sides are the same
are inconsistent.

Suppose G = (N, T, P, S, Natr, Aqim) 1s an
nc-Ifg. Let {{e1,e2,---,e,}} denote the multi-
set which consists of elements e;,e;,- -, e, that
are not necessarily distinct. An SPN (SubPhrase
Nonterminal) multiset in G is recursively defined
as the following 1 through 3:

1. {{S}} is an SPN multiset.

2. Suppose that {{A;, Az, -+, Ap}} (A1, 42, -,
Ap € N) is an SPN multiset. Let 4; — oy,



---, Ap — ap be consistent productions. For
each atr € Ng,., let MS,, be the multi-
set consisting of all the nonterminals which
appear in «j,---,ap and have an S schema
Tatr =|. If MSg,, is not empty, then M S
is also an SPN multiset.

3. There is no other SPN multiset.

An nc-Ifg such that the number of SPN multisets
in G is finite is called a finite-copying ifg (fe-lfg).

Example 4.4: Consider Ggxg in Example 4.1.
Productions p;2 and p;4 are inconsistent with
each other and so are py3 and py5. SPN multisets
in Gpxs are {{S}} and {{4, B}}. Hence Ggxs
is a dc-lfg and is an fc-lfg. Gpxs is also a de-lfg
and is an fc-lfg by the similar reason. Similarly,
GExy in Example 4.2 is a dc-lIfg. SPN multisets
in GEX4 are {{S}}, {{S’ S}}, {{S, S, S, S}}’ e
Hence Ggxy is not an fc-lfg.

NOTE: L (Ggxs) is generated by a tree adjoining
grammar. Suppose that a sentence has three or
more phrases which have co-occurrence relation
like the one between the subject phrase and the
verb phrase in the “respectively” sentence. Tree
adjoining grammars can not generate such syntax
while fc-1fg’s or dc-1fg’s can, although the authors
do not know a natural language which has such
syntax so far.

By Lemma 2.1 and Theorem 8.1, fc-lfg’s are
polynomial-time recognizable. Hence, it is desir-
able that whether a given lfg G is an fc-lfg or not
is decidable. Fortunately, it is decidable by the
following lemma.

Lemma 4.1: For a given nc-lfg G, it is decid-
able whether the number of SPN multisets in G
is finite or infinite.

Proof. The problem can be reduced to the
boundedness problem of Petri nets, which is
known to be decidable (Peterson 1981). (]

5 Overview of the Results

Let Lnc-ifgs Ldc-1fg and Ly, denote the classes
of languages generated by nc-1fg’s, dc-1fg’s and
fc-1fg’s, respectively, and let yLpy, yLaps and
yLg..ps denote the classes of yield languages gen-
erated by fts’, deterministic fts’ and finite-copying
fts’, respectively. Let Lpmcfy and Lpcsy be the
classes of languages generated by pmcfg’s and
mcfg’s, respectively. Also let Lq4 be the class of
language generated by tree adjoining grammars.

Inclusion relations among these classes of
languages are summarized in Figure 2. An equiv-
alence relation *1 is shown in (Weir 1992). Re-
lations *2 are new results which we prove in this
paper. We also note that all the inclusion rela-
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tions are proper; indeed,

{alaZa}a} |n > 0{ €eD-FE
{a7a} - - a3, _,a5,|n >0} €C — D for m > 3,
(by (Vijay-Shanker 1987).)

{a?" |n >0}€ B -C,
(by (Kasami 1988a)(Seki 1991).)

A relation BC A is shown in (Engelfriet 1980). By
Lemma 2.1, all languages in the region enclosed
with the bold line are recognizable in polynomial
time. On the other hand, it is shown in this
paper that Unary-3SAT, which is known to be
NP-complete (Nakanishi 1992), is in A. Hence,
if P #£ NP, then Unary-3SAT € A — B and the
languages generated by fts’ (or equivalently, nc-
lfg’s) are not recognizable in polynomial time in
general.

6 Generative Capacity of fts’
6.1 Deterministic fts’

Here, the proof of an inclusion relation yL4.55 C
Lpmefg is sketched.

Let (M,G) be a deterministic yT-fts where
M = (Q,%,A,q1,R) and G = (N,T,P,S). We
assume that Q = {q1,...,9¢}, T = {a1,...,a,}
and P = {p1,...,Pm}. Since the input for M is
the set of derivation trees of G, we assume that
L = {p1,--Pm,0q1,--.,an} Without loss of gen-
erality.

We will construct a pmcefg G' = (N', T, F’,
P',S’) such that yL(M, G) = L(G') N A*. Since
Lpmefg is closed under the intersection with a
regular set (Kasami 1988a)(Seki 1991), it follows
that yL(M, G) € Lpmefg- Let T' = AU {b} where

b is a newly introduced symbol and let
NI - {S',Rl,...,Rm,Al,...,An}
where d(R;) = d(A;) = £ for 1 < i < m and

1 < j < n. Productions and functions of G' will
be constructed to have the following property.

2
—A —————— e F Ly

o B Lpmefy 22 ylaps 22 Layy

— 2 Lok = yLpps 22 Ly

2
[ @ Ling
— E [foe

Figure 2: Inclusion relations between classes of
languages. (1) : The class of language generated
by lcfrs’ is equal to C. (2) : The class of language
generated by head grammars is equal to D.



Property 6.1: There is (ai,...,a¢) € Le'(Rs)
(resp. Lg:(An)) such that
each of a,,,...,a,, does not contain b, and
every remaining a,,...,a; contains b

if and only if there is a derivation tree ¢ of G such
that the root is p, (resp. ap) and

{ a5, [t] =3 s (1

<j<w)
no output is derived from q,[t] (1 <7 <)

0

The basic idea is to simulate the move of tree
transducer M which is scanning a symbol pp
(resp. ap) with state ¢; by the :th component of
the nonterminal Ry, (resp. Ap) of pmefg G'. Dur-
ing the move of M, it may happen that no rule
is defined for a current configuration and hence
no output will be derived. The symbol b is intro-
duced to represent such an undefined move ex-
plicitly.
We define RS(X) (X € NUT) as follows.

{Rp | the left-hand side of py, is X}
RS(X) = ifXeN
{An} X =aneT.

Productions and functions are defined as follows.

Step 1: For each production p, : Y
- Y: (Ys € NY, eNUTfor1<u<k)
of cfg G, construct nonterminating produc-
tions

Ry — fph[Zl"--yzk]

for every Z,, € RS(Y,) (1 < u < k), where f,
is defined as follows: For 1 <: < ¢,

e if the transducer M has no rule whose left-

hand side is gi[pn(z1,. .., zx)], then
Wz, .., )20, (6.3)

e if M has a rule
gilpr(1, ..o, Tk)] = @i Gui0)[Tu,0)lein
. 'ai,ng—lqn(i,n;—l)[my(i,ni-—l)] Qi ngy then

[z, 3] 2 aiezue oo (6:4)
C 0 1T (i n; ~1)n(i,ni—1) X n;

where &, = (Ty1,-..,2ue) (1 Lu < k).

(Since M is deterministic, there exists at most
one rule whose left-hand side is gi[ps(- - -)] and
hence the above construction is well defined.)

Step 2: For each ap € T, construct a terminat-
ing production A, — f,, where f,, is defined
as follows: For 1 <7 < ¢,

e if M has no rule whose left-hand side is
gilan), then faz,]ﬁb

e if M has a rule gi[an] — a;, then f,g’,] Za;.

Step 3: For each R, € RS(S), construct §' —

foirst[Ri] where forat[(Z1, ..., a:t)]éwl. Intu-
itively, the right-hand side of this production
corresponds to the initial configuration, that
is, M is in the initial state ¢; and scanning
the root symbol p;, of a derivation tree, where
the left-hand side of py, is the initial symbol
S.

The pmcfg G' constructed above satisfies
Property 6.1. Its proof is found in (Kaji 1992)
and omitted in this paper. By Property 6.1, we
obtain the following lemma.

Lemma 6.1: yﬁd_ﬂ, g ‘Cpmcfg- D
c

The reverse inclusion relation Lpmcgg
yLa ps can be shown in a similar way, and the
following theorem holds.

Theorem 6.2: YLy s = Lpmesy- [

6.2 Nondeterministic fts’

In this section, the generative capacity of nonde-
terministic y7-fts’ is investigated, from the view-
point of computational complexity. We have al-
ready shown that yLa s = Lpmesy and hence
every language in this class can be recognized in
time polynomial of the length of an input string.
Our result here is: there is a nondeterministic fts
that generates an A/P-complete language. In the
following, a language called Unary-3SAT, which
is N'P-complete (Nakanishi 1992), is considered,
and then it is shown to belong to yLy,.

A Unary-3CNF is a (nonempty) 3CNF in
which the subscripts of variables are represented
in unary. A posmve literal z; in a 3CNF is rep-
resented by 1'$ in a Unary-3CNF. Similarly, a
negative literal —x; is represented by 1*#. For
example, a 3CNF

(z1 Va2 V—z3) A(zs V—zp Vo)
is represented by a Unary-3CNF
1$118111# A 111814114,

Unary-3SAT is the set of all satisfiable Unary-
3CNF’s.
Next, we construct a nondeterministic y T-fts
(M G) that generates Unary 3SAT. Define a cfg
= (N,T,P,S) where N = {S§,T,F}, T = {e}
and the productions in P are as follows:

rss : S— S rre 1 T — €
rgp : S—=T rpp : F>T
’I‘SF:S-—>F ’I‘FF:F-—PF

rep : T — T TFe : F — e
TPR T F.
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Let M = (Q,%, A, go, R) where

Q = 140,9c, 4t qa},
2: TSSy-+.3yTFe,
A= 1’/\a$’#}

Since there are many rules in R, we will use an ab-
breviated notation. For example, following four

rules
TTelT
T pel — 14

are abbreviated as “ga[rre(2)] = qa[rre(z)] —
18 or 1#”. By using this notation, the rules in R
are defined as follows.

9a
Ga

— 13, qatrTe(mg

- 1$7 9a TFe("B

qo[rss(z)] = gefz] A qol]
ge[rss(z)] — qelz]
go[rsT(z)] = qo[rsr(z)] = gelrsr ()]
= gc[rsr(z)] — g¢[z]galz]qa[z] or
qalz]g:[z]ga[2] or ga[z]ga(x]g:(x]

gi[rrr(2)] = @frrr(z)] — 1lgfz] or 18
qelrre(z)] — 1
at[rrr(2)] = gtfrrr(z)] — lgi(z] or 13
Gi[rre(z)] — 1#
da[rrr(2)} = qu[rrr(z)] = galrrr(z)]
= qa[rFFEa: — 1g,[z] or 18 or 1#
qalrre(z)] = qalrre(z)] — 13 or 14

The readers can easily verify that this yT-fts
generates Unary-3SAT.

7 Equivalence of L and yL fts

nc-lfg
First, we show L1y C yLp,. For a given nc-
ifg G = (N, T, P, S, Nutp, Aatm), an equivalent fts
(M, G'") is constructed in the following way.

Let ¢ be a derivation tree in lfg G and
the f-structure of the root node of t be F =
{{atry, Fy),---,{atrn, F,)}. F is represented by
a derivation tree T = pi (1, --,7,) in G’, where
7; (1 €4 < n)is a derivation tree in G’ which rep-
resents F; recursively. And sp is a set of produc-
tions such that F locally satisfies the functional
schemata of all productions in sp. M transforms
T into the yield of ¢, i.e., the terminal string ob-
tained by concatenating the labels of leaves, in a
top-down way.

[TRANS 7.1] Let N = {Aq,---,4,}, S = A4
and Ng = {atry, -, atrp}. Define SP as the set
of all consistent subsets of P.

Step 1: G' = (N',{d},P',S'), where N' =
{Ssplsp € SP} u{s'} and
= {p;p : Ssp - ‘S’ N 'Sl,}
U{pguess S, :Ssplsp € SP}
U{pte'rm S —d- d}

n

For a derivation tree 7 in G’ and a node v
where p, is applied, the subtree rooted by the

tth child of v represents the value of attribute

alr;.

Step 2: M = (Q,%,T,q1, R) is defined as fol-
lows.

Define Q@ = {g1,...,gm}. A stateg; (1 <j < m)

corresponds to nonterminal A; in N. Define © =
{Pip|sp € SPYU{Pjucss,, |sp'€ SP}U {Plepm} U
{d} where p(psp) (pguesa,p) (pterm) =n
and p(d) = 0. And define R by the following (i)
through (iii).

(1) ¢5[Pguess, (2)] = gj[z] (1 < j < m) belongs

ap

to R for each sp € SP.

(ii) Let 7 be a derivation tree in G'. When py,
is the production applied at the root of 7 and
a state of M is ¢,,, M chooses a production
p whose left-hand side is A, if exists, in sp.

NOTE : Since productions in sp are consis-
tent, there is an f-structure, which locally sat-
isfies the functional schemata of all produc-
tions in sp.

For each production p € sp in SP

p:Ay oy Ay o .. aLlAMLaL

EV {1 atr,, =1} ... {Vatr,, =}

where Ay, € N and oy € T*(0 < I < L), the
following rule belongs to R:

1
q#o[Psp(:’:l’ Ty mn)]
- 0gqu, [Ty, )on .. cop_1qu, [T Jar. (7.5)

(iii) No other rule belongs to R. 0

Next, yLpo © Lpeotfg is shown. For a given
fts (M, G), the following algorithm constructs an
nc-Ifg G’ such that L(G') = yL(M, G).
[TRANS 7.2] Suppose that a given fts (M, G) is
G=(N,T,P,S)and M = (Q, X%, A, g1, R) where
Q = {q1,92,"*,qm}. Let n be the maximum
length of the right-hand side of a production in P.
Define an ne-lfg G' = (N', A, P', S, Natr, Aatm)
as follows.

Step 1: N'={CUl|CeN,1<j<m}
U{allja e T,1<j <m},
S = 5[1]’
Nggr ={atr; |1 < i < n}uU{rule}, and
Agim = {p|p is the label of
a production in P}.

A derivation tree t = p(ty,---,tz) in G is rep-
resented by an f-structure {(rule, p),(atry, F1),

-,{atrp, Fr)} of G' where F; (1 <1 < h)1s
an f structure which represents the subtree t;
recursively.

Each pair of a symbol (either nonterminal or
terminal) X of G and a state g; of M is rep-

resented by a single nonterminal X! in G'.
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Step 2: A move when M at state g; reads a
symbol p which is the label of a production

p:C — ---, can be simulated by a production
in G’ whose left-hand side is cll |
Trule = p}

Formally, the set P’ of productions of G’ is con-
structed as follows.

(i) Let p: C — Xy --- Xn be a production in P

where C € N, X; e NUT (1 <¢ < h), and
let:

‘Ij[P(wl, Ty iBh)]

= %jodn;, [m"ﬂ]ajl 'L 27 [a’Vij]aJ'Lj
be a rule in R where a;, € A* (0< k<
gn; € @, and z,, € {ml, ep) (1<
L;).
Then, the following production belongs to P’;

Lj),
1<

il ago XF gy - X5y

{TTUIezp} {Ta‘trl/jl =l} {Ta,tr,,ij =l}

(ii) Let gj{a] — B; be a rule in R wherea € T
and 3; € A*. Then the production alll — B;

belongs to P’.
(iii) No other production belongs to P'. 1
By TRANS 7.1 and TRANS7.2, the fol-

lowing theorem is obtained. A formal proof is
found in (Nakanishi 1993).

Theorem 7.1: Ly = yLps.
Corollary 7.2: ‘Cdc-lfg = y‘cd-ﬂs-
Proof. In TRANS 7.1, if G is a dc-lfg, then

no sp € SP contains distinct productions whose
left-hand sides are the same and hence the con-
structed transducer M becomes deterministic by
the construction. Conversely, in TRANS 7.2, if
M is deterministic, then there exist no consistent
productions pj and p}, in P’ whose left-hand sides
are the same and hence the constructed nc-1fg is
a dc-lfg.

8 Equivalence of £ fe-lfg and ﬁmcfg

To prove Lgc_ifg C Lmesq, wWe give an al-
gorithm which translates a given fc-lfg G
(N,T, P, S, Natr, Agrrn) into an mefg G’ such that
L(G') = L(G).

[TRANS 8] We explain the algorithm by us-
ing the fc-lfg Gpx; in Example 4.1. An mcfg
G'= (N',T,F,P',S) is constructed as follows.

Step 1: N’

b

(the set of nonterminals which
has a one-to-one correspond-
ence with the set of SPN multi-
sets in G)
{(S), (4, B))

(for Ggx3 in Example 4.1)
¢, and
@.

T
o

!
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Step 2: For each SPN multiset My = {{4;, 42,
-++,Ar}} of G, consider every tuple (p1,p2,
--+,pg) of productions in P whose left-
hand sides are A4y, Aa,: -+, A} respectively and
which are consistent. (Suppose that, if we
write an SPN multiset as {{A1, Aa,- -+, Ax}},
then Aj’s are arranged according to a pre-
defined total order < on N, that is, A; <
Ay < -+ < Ag hold.) For an SPN multiset
{{4, B}} in Ggx3s, the following two pairs of
productions have to be considered:

P12 A > a A b
{Tcount =}

pis: B — ¢ B d,
{1count =}
P14 ¢ A - €

. {Tcount = e}
: B — €.

P15 ¢
{1count = e}

For (p1,p2,--,Pk), a production p’ and a
function f of G’ are constructed and added
to P’ and F, respectively as follows.

The multiset M of the nonterminals appearing
in the right-hand side of some p, (1 < j < k)
are partitioned into multisets My, My, -+, My
with respect to the S schemata attached
to the nonterminals in p;’s. That is,
(My, My, -, M) are the coarsest partition of
M such that for each M, (1 < u < k), the fol-
lowing condition holds.

Each nonterminal in M, has the same S
schema.

By the definition, each M, (1 < u < h) is an
SPN multiset in G. Construct a production of
mcfg p' : My — f[My,M,, -, M| where M,
is the nonterminal of G' which corresponds to
M,(1 <u<h) Addp' to P' and f to F
where f is defined as follows. Suppose

pj: Aj = ajoBjias - Bjr,aj, (1< j < k)

where Aj € N, Bj; € N(1 <1 < Lj) and
aj; € T* (0 <1< Lj), and let

Mu = {{CUI’CU27"'3Cusu}}(1 S U S h)

where Cy, € N(1 € v < 5,). Then, for 1 <
j < k, the jth component fU! of f is:

(7 Y . .
(@, B, -+, En)=0G0yj1051Y52 - YL, 0L,

where @y, = (Zu1, Tuzy "+ Tus, ) (1 < u < h).
For j (1 <j<k)and!l (1 <1< Lj),if
Bji = Cy, then yﬂ:Aza:m,. Note that, since
M,’s are a partition of M, f satisfies Right
Linearity (see 2.) and hence G’ is an mcfg.
For example, consider the above (pi2,pi13).
The nonterminals appearing in the right-hand



sides are A and B, and their S schemata are
the same. Thus, we construct the following
mcfg production:

(A,B) — f1 (4, B)]

where f1{(z1,22)] = (az1b, cz2d).

Consider the following pair of productions as
another example:

B b D
{Tat'l‘l l} {Tath =1}
pyp:B— A

{latry =1} {Tatrz —l} {Tatrg =}

The multiset of nonterminals in the right-
hand sides are partitioned into M;
{4, B}} (for atr,) and M, = {{C,D,D}}
for atry). For (py,p3), the following mcfg
production is constructed:

(A4,B) — g{(4, B), (C,D, D)

pPi:A— a

where g[(z11,%12), (Z21, T22, T23)|=(az 12720,
$11$21C$23)-

Example 8.1: TRANS 8 translates fc-lfg
GEpxs in Example 4.1 into an equivalent mcfg
Gpxs = (N T,F,P’,S") where N', S’ are those
illustrated in TRANS 8, F = {fo[(.’l)l,icz)] =
T1x2, f][(ftl,.’l:zZ] = (amlb C:L‘gd) f2 = (6 E)}
and, P’ S5) — fol(4,B)], (A,B) —
f1[<A B)), (A,B) - fa}.

Theorem 8.1: Licrg = Lgc_ifg-

Proof : Lfc—15g © Lmefg can be proved by
TRANS 8. Conversely, for a given mefg G, an
fc-Ifg G' such that L(G') = L(G) can be con-
structed in a similar way to TRANS 8. Details
are found in (Ando 1992).

9 Conclusion

In this paper, we introduce three subclasses of
Ifg’s, two of which can be recognized in polyno-
mial time. Also this paper clarifies the relations
between the generative capacities of those sub-
classes, pmcfg’s and fts’.
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