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In this paper we present a scheme to extend a recognition algorithm for Context-Free Gram-
mars (CFG) that can be used to derive polynomial-time recognition algorithms for a set of for-
malisms that generate a superset of languages generated by CFG. We describe the scheme by
developing a Cocke-Kasami-Younger (CKY)-like pure bottom-up recognition algorithm for Lin-
ear Indexed Grammars and show how it can be adapted to give algorithms for Tree Adjoining
Grammars and Combinatory Categorial Grammars. This is the only polynomial-time recognition
algorithm for Combinatory Categorial Grammars that we are aware of.

The main contribution of this paper is the general scheme we propose for parsing a variety of
formalisms whose derivation process is controlled by an explicit or implicit stack. The ideas pre-
sented here can be suitably modified for other parsing styles or used in the generalized framework
set out by Lang (1990).

1. Introduction

This paper presents a scheme to extend known recognition algorithms for Context-Free
Grammars (CFG) in order to obtain recognition algorithms for a class of grammatical
formalisms that generate a strict superset of the set of languages generated by CFG.
In particular, we use this scheme to give recognition algorithms for Linear Indexed
Grammars (LIG), Tree Adjoining Grammars (TAG), and a version of Combinatory
Categorial Grammars (CCG). These formalisms belong to the class of mildly context-
sensitive grammar formalisms identified by Joshi (1985) on the basis of some properties
of their generative capacity. The parsing strategy that we propose can be applied to
the formalisms listed as well as others that have similar characteristics (as outlined
below) in their derivational process. Some of the main ideas underlying our scheme
have been influenced by the observations that can be made about the constructions
used in the proofs of the equivalence of these formalisms and Head Grammars (HG)
(Vijay-Shanker 1987; Weir 1988; Vijay-Shanker and Weir 1993).

There are similarities between the TAG and HG derivation processes and that of
Context-Free Grammars (CFG). This is reflected in common features of the parsing
algorithms for HG (Pollard 1984) and TAG (Vijay-Shanker and Joshi 1985) and the
CKY algorithm for CFG (Kasami 1965; Younger 1967). In particular, what can happen
at each step in a derivation can depend only on which of a finite set of “states” the
derivation is in (for CFG these states can be considered to be the nonterminal symbols).
This property, which we refer to as the context-freeness property, is important because
it allows one to keep only a limited amount of context during the recognition process,
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which results in polynomial time algorithms. In the recognition algorithms mentioned
above for CFG, HG, and TAG this is reflected in the fact that the recognizer can encode
intermediate stages of the derivation with a bounded number of states. An array is
used whose entries are associated with a given component of the input. In the case of
the CKY algorithm, the presence of a particular nonterminal in an array entry is used
to encode the fact that the nonterminal derives the associated substring of the input.
The context-freeness of CFG has the consequence that there is no need to encode the
way, or ways, in which a nonterminal came to be placed in an array entry.

In this respect, the derivation processes of CCG and LIG would appear to differ
from that of CFG. In these systems unbounded stacklike structures replace the role
played by nonterminals in controlling derivation choices. This would seem to suggest
that the context-freeness property of CFG, HG, and TAG derivations no longer holds.
Unbounded stacks can encode an unbounded number of earlier derivation choices. In
fact, while the path sets' of CFG, HG, and TAG derivation trees are regular languages,
the path sets of CCG and LIG are context-free languages. With respect to recognition
algorithms, this suggests that the array (whose entries contain nonterminals in the
case of CFG) would need to contain complete encodings of unbounded stacks giving
an exponential time algorithm.

However, in LIG and CCG, the use of stacks to control derivations is limited in
that different branches of a derivation cannot share stacks. Thus, despite the above
observations, the context-freeness property does in fact hold. A detailed explanation
of why this is so will be presented below. We propose a method to extend the CKY
algorithm to handle the limited use of stacks found in CCG and LIG. We have chosen to
adapt the CKY algorithm since it is the simplest form of bottom-up parsing. A similar
approach using Earley algorithm is also possible, although not considered here. Since
the use of the stacks is most explicit in the LIG formalism we describe our approach in
detail by developing a recognition algorithm for LIG (Sections 2 and 3). We then show
how the general approach suggested in the parser for LIG can be tailored to CCG (in
Section 4). In the above discussion TAG has been grouped with HG. However, TAG
can also be viewed as making use of stacks in the same way as LIG and CCG. In
Section 5 we show how the LIG algorithm presented in Section 3 can be adapted for
TAG.

2. Linear Indexed Grammars

An Indexed Grammar (Aho 1968) can be viewed as a CFG in which objects are nonter-
minals with an associated stack of symbols. In addition to rewriting nonterminals, the
rules of the grammar can have the effect of pushing or popping symbols on top of the
stacks that are associated with each nonterminal. Gazdar (1988) discussed a restricted
form of Indexed Grammars in which the stack associated with the nonterminal on the
left of each production can only be associated with one of the occurrences of non-
terminals on the right of the production. Stacks of bounded size are associated with
other occurrences of nonterminals on the right of the production. We call this Linear
Indexed Grammars (LIG).2

1 The path set of a tree is the set of strings labeling paths from the root to the frontier of the tree. The
path set of a tree set is the union of path sets of trees in the set.

2 The name Linear Indexed Grammars is used by Duske and Parchmann (1984) to refer to a different
restriction on Indexed Grammars in which production was restricted to have only a single nonterminal
on their right-hand side.
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Definition 2.1
A LIG, G, is denoted by (Vy, V7, V1, S, P) where

Vi is a finite set of nonterminals,

Vr is a finite set of terminals,

Vi is a finite set of indices (stack symbols),
S € Vy is the start symbol, and

P is a finite set of productions.

We adopt the convention that «, 3 (with or without subscripts and primes) de-
note members of V}, and v denotes a stack symbol. As usual, A,B,C will denote
nonterminals, a,b,c will denote terminals, and u,v,w will denote members of V7.

Definition 2.2

A pair consisting of a nonterminal, say A, and a string of stack symbols, say o, will
be called an object of the grammar and will be written as A («). Given a grammar, G,
we define the set of objects V(G) = {A(a) | A € VN,a € V] }.

We use T to denote strings in (Vc(G) | Vr)*. We write A(-- @) to denote the non-
terminal A associated with an arbitrary stack o with the string on top. Also, we use
A() to denote that an empty stack is associated with A. The general form of a pro-
duction in a LIG is:

A a) = wAr (en)wa ... Ay (ie1) Wil (- o) Wip1Ai (@ig1) - - . An (@) Wyt for n >
0 and w; ..., wyy1 are members of V.

Definition 2.3

The derivation relation, =, is defined below. If the above production is used then for
any 8 € Vi, 11, T2 € (Vc(G)U V)™

TiIABa) Y, = TiwAi(e)w;. .. Aim1 (aic) WiA;i (Bey) Wip1Aiyr (@ig1)
. An (an) wn+1T2.

We use == as the reflexive, transitive closure of =>. As a result of the linearity in
the general form of the rules, we can observe that the stack Sa associated with the
object in the left-hand side of the derivation and («; associated with one object in
the right-hand side have the initial part 8 in common. In the derivation above, we
will say that this object A; (8a;) is the distinguished child of A (8a). Given a deriva-
tion, the distinguished descendant relation is the reflexive, transitive closure of the
distinguished child relation.

The language generated by a LIG, G, L(G) ={w | S() == w}.

Example 2.1
The LIG, G = ({5,T},{a,b,c},{ v, },S, P) generates { wew | w € {a,b}" } where P

contains the following productions.

S¢)—aSC-v)  SC)—=bSCw SC¢)—=T()

TGy —T¢)a TCew)—>Te)b TO-—c

A derivation tree for the string abbcabb is given in Figure 1.
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Figure 1
Derivation tree for LIG.

In this paper rather than adopting the general form of rules as given above, we
restrict our attention to grammars whose rules have the following form. In fact, this
can be easily seen to constitute a normal form for LIG.

1. A(a) — & where € € V7 U {¢} and length of a, len (a) > 1.
2. ACM-vm) — Ap () As (as) where m > 0.

3. ACm...9m) — As(as) Ay (- p) where m > 0.

4. AC-m...Ym) — Ay (-+7p) where m > 0.

We allow at most two symbols in the right-hand side of productions because we
intend to develop CKY-style algorithms. In the above rules we say that A, (- 7,) is
the primary constituent and A;(a,) is the secondary constituent. Notice also that
in a derivation using such a rule, the primary constituent yields the distinguished
child. (In grammatical theories that use a stack of subcategorized arguments, the top
of the stack in the primary constituent determines which secondary constituent it can
combine with.)

2.1 Terminators

Let us consider how we may extend the CKY algorithm for the recognition of LIG.
Given a fixed grammar G and an input 4, . . . 4,, the recognition algorithm will complete
an nxn array P such that an encoding of A (o) is stored in P [i , d] if and only if A () =
a; .. .ai44—1. The algorithm will operate bottom-up. For example, if G contains the rule
AC .. vm) — Ay () As (as) and we find an encoding of A, (ay7,) in P[i,d,] and
an encoding of A, (o) in P[i + dp,ds| then an encoding of A (o1 .. . vm) will be stored
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in P[i,d, +ds]. What encoding scheme should be used? The most straightforward
possibility would be to store a complete encoding of A (a1 ...%m) in P[i,d, + ds].
However, in general, if an object A (a) derives a string of length d then the length of
a is O(d).> Hence there can be O(k?) objects that derive a substring of the input (of
length d), for some constant k. Hence, the space and time complexity of this algorithm
is exponential in the worst case.*

The inefficiency of this approach can be seen by drawing an analogy with the
following algorithm for CFG. Suppose rather than storing sets of nonterminals in each
array entry, we store a set of trees containing all derivation subtrees that yield the
corresponding substring. The problem with this is that the number of derivation trees is
exponential with respect to the length of the string spanned. However, there is no need
to store derivation trees since in considering the combination of subderivation trees
in the CFG, only the nonterminals at the root of the tree are relevant in determining
whether there is a production that licenses the combination.

Likewise because of the last-in first-out behavior in the manipulation of stacks
in LIG, we will argue that it is not necessary to store the entire stack. For instance,
consider the derivation (depicted by the tree shown in Figure 2) from the point of
view of recording the derivation in a bottom-up parser (such as CKY). Let a node
labeled B(8v1 ... % .. vm) be a distinguished descendant of a node 7 labeled A (81 ... )
as shown in the figure. Viewing the tree bottom-up, let the node 7, labeled A (571 .. . v,
be the first node above the node 7, labeled B (8~ ... 7. .. vm), where v gets exposed
as the top of the stack. Because of the last-in first-out behavior, every distinguished
descendant of 7 above 7 will have a label of the form A’ (8 ... vxa) where len (o) > 1.
In order to record the derivation from A (871 ...7v) it would be sufficient to store A
and 7 ... if we could also access the entry that records the derivation from A; (37:).
In the entry for n, using a pointer to the entry for A; (8;) would enable the recovery
of the stack below the top k symbols, v, ...v. However, this scheme works well only
when k > 2. For instance, when k = 1, suppose we recorded only A, v, and a pointer
to entry for A;(8v;). Suppose that we are looking for the symbol below =, i.e., the
top of 3. Then it is possible that in a similar way the latter entry could also record
just A;, 7, and a pointer to some other entry to retrieve 5. This situation can occur
arbitrarily many times.

Consider the derivation depicted in Figure 3. In this derivation we have indi-
cated the branch containing only the distinguished descendants. We will assume that
the node labeled D (ﬁ% e YEe1Y] - fy,’n,) is the closest distinguished descendant of
C (ﬂfyl . .7;(_17{) such that every node between them will have a label of the form
C' (B ... %—171') where len (o/) > 1. Therefore, any node between that Jabeled
C(Bv ... %-1v) and B(Bn ...vm) will have a label of the form C” (87 ...w%-1a")
where len (o) > 1. Now the entries representing derivations from both A(8 ...
Ye—1%) and C (By1 ... %—17) could point back to the entry for the derivation from
At (By1), whereas the entry for C' (81 ...%-17¢’) will point back to the entry for
A By m)-

We shall now formalize these notions by defining a terminator.

3 For instance, consider the grammar in Example 2.1 and the derivation in Figure 1. In general we can
have derivations of the form T (’y,fyl;’) == cab". However, if there exists productions of the form

A(a) — € then the length of the stack in objects is not even bounded by the length of strings they
derive.

4 The CCG parsing algorithms that have been proposed so far follow this strategy (Pareschi and
Steedman 1987; Tomita 1988).
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Figure 2
Recovering the rest of stack-1.
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Figure 3
Recovering the rest of stack-2.
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Figure 4
Definition of a Terminator.
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Definition 2.4
Suppose that we have the derivation tree in Figure 4 that depicts the following deriva-
tion:
ABn . w-17) = uB(Bn. W1V Tm) W
= uA (B As () w
= uow
or similarly:
A(Bn - m-1v) = uB(Byi- Y1V Ym) W

= uAs(as) A; (ﬂ%) w
= upw

where the following conditions hold

e 2<k<m

e The nodes labeled B (871 ... %—1% - --m) and A; (3v) are distinguished
descendants of the node labeled A (ﬂ'y] e 7k_17) in the respective trees.

e For any distinguished descendent labeled C (/) between the nodes
labeled A (By1...%-1v) and B (81 ... %—1%- - - ¥m), @ is of the form
B - .. e where len (o) > 1. Note that the nodes labeled
A(Bn-..%-17) and B (Bm ... %-1%- - - ¥m) need not be different.

The node labeled A; (37:) is the k-terminator of the node labeled A (871 ... %-17).

When it is clear from context, rather than saying that a node is a terminator of
another we will assume that terminators have been defined on objects that participate
in a derivation as well. For instance, in the above derivations, we will say that A; (5v)
is the k-terminator of A (871 ... v—17). Also when the derivation is clear from context,
we will omit the mention of the derivation (or derivation tree). Additionally, we will
say that a node (object) has a terminator, if it has a k-terminator for some k.

We will now state some properties of terminators that influence the design of our
recognition algorithm.

Definition 2.5
Given a grammar, G, define MCL(G) (Maximum Change in Length) as:
MCL(G) = max {m | A7 ...¥m) — Y14, (- 7p) T2 is a production of G }

Henceforth, we will write MCL since the grammar in question will always be known
from context.

Observation 2.1

In a derivation tree, if a node (say 1) has a k-terminator (say 7, then n; is a dis-
tinguished descendant of 7. If the node 7 is labeled A (8a) (where len (@) = k) then
the node 7, must be labeled A; (8v) for some A; € Vy and v € V;. Furthermore,
2 <k <MCL.

Observation 2.2
In a derivation tree, if a node has a k-terminator then it has a unique terminator.
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If n is the node in question then we are claiming here that not only does it have a
unique k-terminator but also that there does not exist k' with k' # k such that 1 has a
k'-terminator. To see why this is the case, let some node n have a k-terminator (for some
k), say 7. Using Observation 2.1 we can assume that they are labeled A (871 ... %-17)
and A; (37:), respectively, where we have (k—1) > 1. From the definition of terminators
we can assume that the parent of the terminator, 7, is a node (say 7’) that has a label of
the form B (ﬁyl Y 1Yk - - .'ym). Since (from the definition of terminators) every node
between 1 and 7' (inclusive) must have a label of the form C (671 Yo d ) where
len (') > 1, it immediately follows that 7, is the closest distinguished descendant of 7
such that the length of the stack in the object labeling 7; is strictly less than the length
of the stack in the object labeling 7. From this, the uniqueness of terminators follows.

Observation 2.3 ,
Consider the derivation A (871 ... %-17) = uA; (By)w = yvw where A; (37y) is the
k-terminator of A (87 ...%-17). Then for any 8’ and v/, if A; (8'v) = 7' then we
have the derivation A (81 ... %-17) = uA; (8'v) w = uv'w where A, (6'y:) is the
k-terminator of A (8'1 ... %-17)-

This follows from the fact that the derivation of uA; (3v)w from A (B ... %=17)

is independent of 3. Therefore we can replace A; (3v;) = v by A; (,6’ m) = ¢'. This
is a very important property that is crucial for obtaining polynomial-time algorithm.

Note that not all nodes have terminators. For example, if a node labeled A (o) is the
parent of a node labeled a (i.e., corresponding to the use of the production A (o) — 4
where 4 is a terminal symbol) then obviously this node does not have a terminator.

Definition 2.6
Given a grammar, G, we define MTL(G) (Maximum Length in, Terminal production)
as:

MTL(G) = max {len(a) | A(a) — ¢ is a production of G where € € V| J{e} }.

As in the case of MCL, we will use MTL rather than MTL(G).

Observation 2.4
In the derivation A (o) == w if len (o) > MTL then A (a) has a terminator.

There must be at least two steps in the above derivation since len (o) > MTL.
However, we can assume that the node (say 7) in question labeled by the object
A () has a distinguished descendant, say 7', with label B(83) such that B(3) L .
Therefore, len (8) < MTL and we may rewrite w as uev. Since len(a) > len(8) we
can find the closest distinguished descendant of i labeled C (a') for some C, o’ such
that len (o/ ) < len (@). That node is the terminator of 7 from the arguments made in
Observation 2.2.

The above observations will be used in the following sections to explain the way

in which we represent derivations in the parsing table. We conclude this section with
an observation that has a bearing on the steps of the recognition algorithm.
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Observation 2.5
Consider the following derivation.

ABy- 1) = Tidy (B - mo1n) T2
= wAy (B ... %1% U2
= w014 (B1) Vo
:*> U101WoUy

where A, (871 - . . %—17) is the distinguished child of A (87 ...%—1) and A; (8y) is the
k-terminator of A, (81 ... %—17%). At (B) is the (k — 1)-terminator of A (871 ... %-1)
if and only if k > 2. If k = 2 then A(871) has a terminator if and only if A;(5v)
does. In fact, in this case, if A; (37;) has a k’-terminator then that terminator is also the
k'-terminator of A (3v;).

This can be seen by considering the derivation shown in Figure 3 and noting the
sharing of the terminator of C (8v1 ... %-17) and A (871 - .. %—1%)-

3. Recognition Algorithms

As in the CKY algorithm we will use a two-dimensional array, P, such that if A (a) =
4;...4;.4-1 then a representation of this derivation will be recorded with an encoding of
A(o) in P[i,d]. Here we assume that the given input is 4; . . . a,. We start our discussion
by considering the data structures we use to record such objects and derivations from
them.

3.1 Anatomy of an Entry

We mentioned earlier that the stack in an object can be unboundedly large. We must
first find a compact way to store encodings of such objects whose size is not bounded
by the grammar. In this section we provide some motivation for the encoding scheme
used in the recognition algorithm by considering the bottom-up application of the rule
and the encoding of the primary constituent:

A7 Ym) = Ap ( 'Yp) As (o)

The Head. An object with nonterminal A, and top of stack -, will match the primary
category of this rule. Thus, the first requirement is that at least this much of the object
must be included in every entry since it is needed to determine if the rule can apply.
This component is denoted (A,,7,) and called the head of the entry. Thus, in general,
an entry in P[i, d] with the head (A,~) encodes derivations of 4;...4;,4_1 from an
object of the form A (8v) for some § € V}.

Terminator-pointer. An encoding of the object A, (87,) (the primary constituent) that
derives the substring g; . .. Aitd, -1 (of the input string a; . . . a,,) will be stored in the array
element P[i,d,] in our CKY-style recognition algorithms. Now consider the encoding
of A, (Bvy) for some sufficiently long Bv,. While the head, (Ay,7,), of the entry is
sufficient to determine whether the object in question can match the primary category
of the rule, we will need to store more information in order that we can determine the
content of the rest of the stack. In the above production, if m = 0 then the combination
of A, (B,) and A, () results in A (B). In order to record the derivation from A (),
we need to know the top symbol in the stack 8, i.e., the symbol below the top of
the stack associated with the primary constituent. We need to recover the identity of
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this symbol from the encoding of the primary category. This is why we introduced
the notion of terminators. As mentioned in Section 2.1, terminators can be used to
access information about the rest of the stack. In the encoding of A, (3v,), we will
store information that allows us to access the encoding of its terminator. The part of
the entry encoding the terminator will be called terminator pointer.

The Middle. Note that the object A, (37,) (in the derivation A, (8v,) == ;.. .4iya,—1)
can have a k-terminator where k is between 2 and MCL. Therefore, from Observa-
tion 2.1 it follows that the terminator-pointer can only be used to determine the (k+1)*
symbol from the top. Therefore, assuming that 3 = 3'~; ... 7x—1, the terminator-pointer
will allow us to access 3. (Recall from the definition, a k-terminator of A (ﬂ’ ... 'yk_l"yp)
will have the form A; (8';). Thus the (k + 1)* symbol from the top in A (8v,) is the
same as the symbol below the top of the stack of the terminator.) Thus, we will need
to record the string v; ...v—1 in the encoding of A, (,8’ M- ’yk_l'yp) as well. This part
of the entry will be called the middle.

To summarize, the entry stored in P[i,d,] (where 8'v1...%-17, is assumed to be
sufficiently long that we know A, (871 ...71-17p) is guaranteed to have a termina-
tor) will have a head, (A,,7,); and a tail comprised of a middle, 7 ...7%-1; and a
terminator-pointer. Note that the length of the middle must be at least one, but at
most MCL — 1, since from Observation 2.1, we know 2 < k < MCL. We will call an
entry of this kind a terminator-type entry.

We will now discuss what we need to store in order to point to the termina-
tor. Suppose we would like to record in P[i,d] the derivation of a;...a; 4 from
A (ﬁfyl .. -7k—17) as shown below. We assume that A; (57;) is the terminator in this
derivation.

ABn. - %a1y) = i a1 A BV Brid, - - - Bigd—1

:*> ai .. A8y o« Apyd,—1084d, - - - Aitd—1
= a;...8i44-1
From Observation 2.3, it follows that it would be sufficient to use ((A:, ), [t,d]) as
the terminator-pointer. This is because any entry with the head (A;,~:) in P[t,d;] will
represent in general a derivation A; (ﬁ’ %) = a.. .@44+4,—1. This not only matches the
above case, but even if 3’ # 3, from the Observation 2.1, we have

A (ﬁ”}’l . -’Yk—l’Y) == a;...014A (/6/%) Atid, - - - Bitd—1 = Aj .- 0ivd—1-

Thus, the use of the head information (plus the two indices) in the terminator-pointer
captures the essence of Observation 2.3. It is this structure-sharing that allows us to
achieve polynomial bounds for space and time. Note that the string derived from
the terminator, 4;...4;14,-1, is a substring of 4;...a;;4—1. In such a case, i.e., when
i <tand i+t > t+d, we will say that ({t,d;) < (i,d). We define (t,d;) < (i,d) if
(t,dy) < (i,d) and (t,d;) # (i,d). Since any terminator-type entry in P[i,d] can only
have terminator-pointers of the form ({A, 1), [f,d:]) where (t,d;) < (i,d), the number
of terminator-type entries in P[i,d] is O(d?).

Definition 3.1

Given a grammar, G, define MSL(G) (Maximum Secondary constituent’s stack Length)

as MSL(G) = max { len (o) | As () is the secondary constituent of a production }

Henceforth we will use MSL rather than MSL(G).
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We now consider the question of when a terminator-type entry is appropriate. Of
course, if A () == a;...a;,4_1 we could store such an entry in P[i,d,] only when A ()
has a terminator in this derivation. From Observation 2.4 we know that if len (o) >
MTL then there exists a terminator of A («) in this derivation. However, it is possible
that for some grammar MSL > MTL. Therefore even when len (o) > MTL (i.e., the
object has a terminator) A («) can still match the secondary category of a rule if len (o) <
MSL. In order to verify that an object matches the secondary category of a rule we
need to consider the entire stack in the object. When A («) == ;.. .0i44-1 and length
of a does not exceed MSL, it would be convenient to store A as well as the entire
stack a because such an object can potentially match a secondary category of a rule.
To be certain that such an object is stored in its entirety when len (o) < MSL, the
terminator-type entry can only be used when len(a) > max(MSL,MTL). However,
we prefer to use the terminator-type entry for representing a derivation from A (a)
only when its terminator, say A; (8), is such that len (8) > max(MSL, MTL) rather than
when len (o) > max(MSL,MTL). Again, we point out that this choice is made only for
convenience and because we feel it leads to a simpler algorithm. The alternate choice
could also be made, which would lead to a slightly different algorithm.

Definition 3.2
Define the constant TTC (Terminal-Type Case) as TTC = max(MSL,MTL). In a deriva-

tion A(Bvi ... 1) = w we will say that A(8v1 ... has the TC-property iff it has a
k-terminator, say A; (8v:), such that len (3v) > TTC.

IfABY.. - W) = a;...a;14_1, where A (87 . . . v) does not have the TC-property then
we record the object in its entirety in P[i,d]. In order for such an entry to have the
same format as the terminator-type entry, we say that the entry has a head (A, v); a
tail with a middle 77 ...7_1 and a nil terminator-pointer. Note that in this case the

middle can be an empty string; for instance, when we encode A (v) = q;.. JBiyg—1. In
general, if & = 3 then we say fop (o) = v and rest (o) = . If o = € then we say that
top (o) = rest (o) = e.

To summarize, the structure of an entry in P[i,d] is described by the following
rules.

e An entry consists of a head and a tail.
e A head consists of a nonterminal and a stack symbol.

e A tail consists of a middle and a terminator-pointer. The exact nature of
the middle and the terminator-pointer are as given below.

—  The terminator-pointer may be of the form ((A, 1), [, di])
where A; € Vi, v € Vi and (t,d;) < (i,d). In this case, the middle
is a string of stack symbols of length at least one. This form of a
terminator pointer is used in the encoding of a derivation from
an object if its terminator has a stack length greater than or
equal to TTC. Recall that we had called this type of an entry a
terminator-type entry.

— A terminator-pointer can be a nil. Then the middle is a (possibly
empty) string of stack symbols. However, the length of the
middle is less than TTC + MCL — 1. This form of a terminator
pointer is used in the encoding of a derivation from an object if
it does not satisfy the TC-property; i.e., either it has no
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terminator or if the terminator exists then its stack length is less
than TTC.

3.2 Recognition Algorithms for LIG
Since the full algorithm involves a number of cases, we develop it in stages by restrict-
ing the forms of productions. The first algorithm that considers the most restricted
form of productions introduces much of what lies at the core of our approach. Next
we relax these restrictions to some degree. After giving the algorithm at this stage,
we switch to discuss how this algorithm can be adapted to yield one for CCG. Later,
in Section 5, we consider further relaxation of the restrictions on the form of LIG
productions, which can help us produce an algorithm for TAG.

Regardless of which set of restrictions we consider, in every algorithm we shall
establish that the following proposition holds.

Proposition 3.1
o ((Aw) (-1, ((A ), [t.de]))) € P[i,d] if and only if for some
Bevy,

ABn . Wrw) = .. G ABW Arrdi—1 - - Aird—1

*
= 4j...0j44-1

where A; (B7y) is the k-terminator of A (87 ... w) and len (8v;) > TTC.
o ((A,%) (m...wm_1,nil)) € P[i,d] if and only if

A (71 - -'Yk~1'7k) = Ai---0ivd1
where in this derivation A (71 e 'Yk—l’Yk) does not have the TC-property.

3.2.1 Algorithm 1. Recall that the general form of rules that are to be considered are
as follows.
1. A(a) — e wheree € {e} UVr, and len(a) > 1.
2 A("'Yl~-~')’m)_>Ap ("’Yp) As (as)
3. ACm.-Ym) — As (as)Ap ( 'Yp)-
4. ACm...vm) — A ('-7,,).
At this stage we assume that the following restrictions hold of the above rules.
In the first type of production we assume that € € V7 and len (o) > 1.
Thus MTL > 1.
len(as) > 1 in productions of type 2 and type 3, i.e,, MSL > 1.
There are no productions of type 4.
We will now give the following rules that specify how entries get added in the
parsing array. The control structure of the algorithm (a CKY-style dynamic program-

ming structure) will be added later. We assume that the input given is a; ...a,, where
n> 1.
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Initialization Phase
In the initialization phase of the algorithm we store lexical objects (objects deriving a
terminal symbol in one step) entirely in a single entry. In other words,

Rule 1.L .
Al@)—a a=a 1<i<n

((A, top (@) (rest (), nil)) € P[i, 1]

Inductive phase

Here productions of type 2 and type 3 will be considered. Let us assume the presence

of the following production in the grammar: A(-- 71 ...vm) — 4, ( fy,,) A (a5).°
Suppose that while considering which entries are to be included in P[i,d] we find

the following for some d,,d; such that d, +d; = d.

e The entry (<Ap, Vo) (,8,,, tpp)) € P[i,d,]. This is consistent with the rule’s
primary constituent. Regardless of whether tp, = #il or not, for some

B eV Ay (BByyy) = ai...ai1q,—1. That is, when tp, = nil we have
[ =ce

e The entry ((As, top (as)) (rest (as), nil)) € P[i + d,,,ds]. This is consistent
with the rule’s secondary object. Thus if d = d, + d; we may assume
As (o) = Aitd, - - Aitd—1-

From the presence of the two entries specified above (and the derivations they rep-
resent) we have A (88,71 ... vm) = A, (88y) As (as) = 4; . .. a;14—1. This derivation
must be recorded with an entry in P[i,d]. The content of the entry depends on sev-
eral factors: the value of m; whether or not the terminator-pointer in the entry for the
primary constituent (i.e., tp,) is nil; and the length of the middle in this entry (i.e., 3,).
These determine whether or not the new entry will be a terminator-type entry. We
have cases form=0,m =1 and m > 2.

CASE WHEN m =0

The new object to be stored is A (383,). The top of the stack in this object can be
obtained from the stack associated with the primary constituent. How this is done
depends on whether the entry encoding the primary constituent is of terminator type
or not.

When m = 0 and ip, = nil

This means that the primary constituent has been represented in its entirety; i.e., the
primary constituent is A, (8,7,). Since tp, = nil the primary constituent does not satisfy
the TC-property (i.e., it does not have a terminator with a stack of length greater than

or equal to TTC), the new constituent too cannot be encoded using a terminator-type
entry. Therefore,

Rule 2.ps.L

((Ap, 7o) (By,mil)) € Pli,dy]  ({As, top () (rest (o), mil)) € Pli+dp,d — dp)
((A, top (8p)) (rest (Bp),mil)) < Pli,d]

5 Similar arguments can be used when we consider the production: A (-1 ... vm) — As (as) Ap ( .- 'y,,).
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The following rule is the counterpart of Rule2.ps.L° that corresponds to the use of the
production A () — As (as) A, ().
Rule 2.sp.L

((As, top (as)) (rest (as),nil)) € Pli,ds]  ({Ap, ) (Bp,nil)) € P[i +ds,d — ds]
((A, top (8,)) (rest (B,),mil)) € P[i,d]

When m =0 and tp, # nil

Let the entry for the primary constituent be ((A,,v) (8p, ((Ar, ), [t,d:]))). Since the
primary constituent is A, (38,7,) we will assume that its terminator is A; (3;) where
len () > TTC. Note also that len (8,7,) > 2. The entry for the new object (A (88,))
is determined based on whether len (8,) = 1 or len (8,) > 1. In the latter case the
len (B,,)-terminator of the primary constituent is the len (3,)-terminator of the new
object. This is not so in the former case, as noted in Observation 2.5.

Considering the latter case first, i.e., len (ﬁp) > 1, we may write 8, as ¥ - .- Yk—1%
where k > 2. Since in this case the new object and the primary constituent have the
same terminator and since the primary constituent has the TC-property (tp, # nil),
the new object must also be encoded with a terminator-type entry. Thus we have the
following rule:

Rule 3.ps.L
((A,,,v,,> (% . -’Yk,tpp)> € Pli,d,]
tp, = (A, [td]) k>2 ((As, top (as)) (rest (o), mil)) € Pli+dy,d — dp]

((A,’m (71 %=1 tpp)) € Pli,d]

Henceforth we shall give the ps versions of the rules only and omit sp versions.
Now let us consider the case when len (8,) = 1. Rewriting 3, as 71, the entries
represent derivation for 8 € V} (len (8v) = len (8v,) > TTC).

%
A(Bn) = Ap (ﬂ’Yl’Yp) As (as)
*
= ;... 41 A (BY) Ay, - - ~ﬂi+d,,—1As (cs)
*
= Gi...010¢.. .14, 1+d, - - - Aiyd,—18itd, - - - Aitd—1

where A; (37,) is the 2-terminator of A, (571 fyp). From Observation 2.5 it follows that
if A;(B7:) has a terminator then the terminator of A (8v) in this derivation is the
same as the terminator of A; (8y:); and if A; (8~) has no terminator then neither does
A (Bv1). Additionally, in this derivation A (8v:) satisfies the TC-property if and only
if A;(Bv) has the TC-property. That is, we should use a terminator-type entry to
record this derivation from A (8v;) if and only if a terminator-type entry has been
used for A; (87). Since these two objects share the same terminator (if it exists) the
terminator-pointer must be the same when we record derivations from them. There-
fore, suppose we use the terminator-pointer of ((Ap,v,) (8, ((Ar, ), [,4:]))) to lo-
cate an entry ((Ar, ) (B, tp,)) € P[t,d;]. This would suggest the addition of the entry

6 Here L indicates a rule we use in LIG parsing; ps indicates that the primary constituent appears before
the secondary constituent. Similarly, sp will be used to indicate that the secondary constituent appears
before the primary constituent.
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({A;m) (Bi;tpy)) to Pli,d], regardless of whether or not tp, = nil. However, we give
the two cases (tp, = nil or tp, = ((As, V), [r,d,]) for some A,,v,,7,d,) in the form of
two different rules. This is because (as we shall see later) these two rules will have to
appear in different points of the control-structure of the parsing algorithm.

Rule 4.ps.L
((Aps ) (n, ({4 ), [4]))) ((As, top (o)) (rest (o), mil) ) ((Ar, ) (B, mil) )
€ P[i,d,] €Pli+dy,d—dy) € P[t,d]
((A,m) (B, nil)} € P[i,d]
Rule 5.ps.L
((Afa 7f> (ﬂh tp[))
((Ap,'y,,) ('yl, ((A,,m) ; [t,d,] ))) ((As, top (o)) (rest (as),nil)) € P[t,d,]
€ Pli,d,] € Pli+dy,d — dy) tp, = ((Ar, %), [r.d])

((A,m) (B tp,)) € P[i,d]

CASE WHEN m =1

The length of the stack in the new object is equal to that of the primary object. In
fact, the terminator of the primary object (if it exists) is the same as the terminator of
the new object, and when the primary object has no terminator neither does the new
object. Therefore the encoding of the new object can easily be derived from that of the
primary object by simply modifying the head (to change the top of the stack symbol).
Thus we have:

Rule 6.ps.L

({49, %) (Bymil)) € P[irdy]  ((As, top (a)) (rest (), mil)) € Pli+d,,d — dy)
((A, 1) (B, nil)) € Pid]

Rule 7.ps.LL

((Apﬁ’p) (5;7, ((At,%) ) [t,dt]))) € P[i, d,,] ((As,top (as)) (rest (as), nil)) € P[i +dy,d — d,,]
((A, T} (Bp’ ((At,’Yt> ) [t,d,]))) € P[i, d]

CASE WHEN m > 2

If the primary constituent is A, (38,7,) then the new constituent is A (BB -+ -Ym)- In
fact, in this case, we have the primary constituent being the m-terminator of
A (ﬁﬂ,ﬂ] .. .'y,,,). Of course, this does not mean that the derivation from the new object
should be recorded with the use of a terminator-type entry. We use the terminator-type
entry only when len (8,7,) > TTC. In order to determine the length of this stack we

have to use the entry for the primary constituent (i.e., <<Ap, Vo) (ﬂp, tpp>) € P[i,d,))

and consider whether this is a terminator-type entry or not (i.e., whether tp, = nil or
not).
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When m > 2 and tp, # nil

Therefore the length of the stack of the terminator of the primary constituent is greater
than or equal to TTC. This means that stack length of the primary constituent (the
terminator of the new object) exceeds TTC. Thus we have the following rule:

Rule 8.ps.L

(<Ap,7p> gﬁp’tl’p)) € P[i,dy]
tp, = (A, ), [t dd]) ((As, top (as)) (rest (a), nil)) € Pli+dy,d — dp]

(A m) (v1 - ym=1, ((Aps ) [1:dp]))) € Plid]

When m > 2 and tp, = nil

The primary constituent (which is the terminator of the new object) should be repre-
sented in its entirety. Therefore, in order to determine whether we have to encode the
new object with a terminator-type entry or not, we have to look at the entry for the
primary constituent. Thus we obtain the following rules:

Rule 9.ps.L

len (B,y,) < TTC
((Ap, ) (Bp,mil)) € P[i,dy]  ((As, top(as)) (rest (as),nil)) € Pli+dp,d — dy)

(A 3m) Borgt - Amromil)) € P[i,d]

Rule 10.ps.L

len (B,7v,) > TTC
((Ap,vp) (Bp,mil)) € Pli,dy]  ((As, top (cw)) (rest (as), nil)) € Pli+dp,d — dy)

(A ) (11, ((Ap ) 5 [1:65]))) € Pid]

In the discussions that follow, we find it convenient to refer to the entries mentioned in
the above rules as either antecedent entries (or entries that appear in the antecedent) of
a rule or consequent entry (or entry that appears in the consequent) of a rule. For ex-
ample, ((Ap,vp) (Bp,nil)) in P[i,d,] and ((As, top (as)) (rest (as),nil)) in Pli +dp,d — )]
are the antecedent entries of Rule 10.ps.L and ((A, ¥m) (71 - .- Ym=1, ((Ap, %) » [1,dp])))
that is added to P[i,d] is the entry in the consequent of Rule 10.ps.L.

3.3 The Control Structure
We will start by giving a simple control structure for the recognition algorithm that
follows the dynamic programming style used in the CKY algorithm.
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In this section we modify the notation for entries slightly. In the above discussion,
the terminator-pointer of a terminator-type entry contains a pair of indices repre-
senting input positions. Thus, in effect, P is a four-dimensional array. As an alter-
native to saying that ((4,v) (8, ((A’,7'), [t,d}]))) is in P[i,d] we will sometimes say
((A,7) (B,(A",7"))) is in P[i,d][t,d;]. Also as an alternative to saying ((A, ) (8,nil))
is in P[i,d] we will sometimes say ((A,a) (8,nil)) is in P[i,d][0,0]. Thus P can be
considered to be an array of size n x n x (n+1) x (n+1).

In the specification of the algorithm (Figure 5) we will not restate all the rules we
discussed in the previous section. Instead we will only indicate where in the control
structure each rule fits. As an example, when we state “Use Rule 2.ps.L with d, = da”
within the i,d, and d’ loops we mean the following: for current values of i,d, and 4’ (and
hence d,,d;) consider every production of the form A (v ...vm) — Ay () As (%)
with m = 0. For each such production, look for entries of the form ((A,,v,) (8y,nil)) €
P[i,d,] [0,0] for some 83, and ({4, top (cs)) (rest (), nil)) € P[i + dy,d — dy] [0,0]. In the
event we find such entries, we add ((A, top (83,)) (rest (8,),nil)) to P[i,d][0,0] if it is
not already there.

Since the entries in P[i,d] have the form ((4,7) (3, ((Ar, %), [t,d:]))) (where (t,d;) <
(i,d)) or the form ((A,~) (8,nil)), there are O(d?) many entries in P[i,d] (where
1 <i<nand 1 < d < n—d). Thus space complexity of this algorithm is O(n*).
Note that within the body within the r loop will be attempted for all possible values
of i,d,d’,t,dy,r.d,. Since the range of each loop is O(n), the time complexity is O(n”).

The asymptotic complexity of the above algorithm can be improved to O(n®) with
a simple rearrangement of the control structure. The key point here is that the steps
involving the use of rules 5.ps.L and 5.sp.L can be split into two parts each. Consider,
for example, the use of the Rule 5.ps.L, which is repeated below.

Rule 5.ps.L
((Ah 'Yl) (ﬂta tPt))
((Ap7 Tp) (71, ((At, Vo) s [t,dt] ))) ((AS, top (ass)) (rest (cvs), nil)) € P[t,dt]
€ P[i,d,] € Pli+d,,d—d,) tpe = (A1), [r,di])

(A, 1) (B (A ), [r,dv]))) € P[i,d]

This rule corresponds to the use of the production A(--) — A, ( 7,,) A, () . The values
of i,d,d’,t,d; are necessary to determine the span of the substrings derived from the
primary constituent and the secondary constituent, and the values of i,d, t,d;,r,d, are
needed to locate the entry for the terminator, i.e., ((Ar, ) (8, ((Ar, %), [1.d:]))) and
to place the new entry in the appropriate parsing table element. That is, the values of
r and d, are not required for the first part and the value of 4’ need not be known for
the second part. This indicates that the second part need not be done within the loop
for d’. Therefore, we can modify the control structure in the following way. Within
the ¢ loop (which appears within the loops for d,i,d’,d;) we find the entries for the
primary and secondary constituents. Having found the two relevant entries, we must
record the head of the new entry (A, ,) and the terminator-pointer of the primary
constituent, i.e., ((Ar, ), [, d:]). We can do this by using a two-dimensional array
called TEMP where we store (4,1, As, v). Outside the 4’ loop (and hence outside the
loops for t and d; as well), but within the loops for i and d, we can have the loops
that vary t,d;,r,d, (note (r,d,) < (t,d;)) in order to locate the entry for the terminator
by using the information recorded in TEMP. Finally, having found the entry for the
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Algorithm 1
begin
for it==2 to n do
Initialization phase
Use Rule 1
for d := 2 ton do % d loop
fori:=1ton—d+1do % iloop

begin
ford :=1tod—1do % d' loop
begin
Use Rule 2.ps.L, 6.ps.L, 9.ps.L, 10.ps.L with d, = d".
ford, ;= (d' — 1) to 1 do % d; loop
for t:=ito (i+d —di) do % t' loop
begin
Use Rule 3.ps.L, 4.ps.L, 7.ps.L, 8.ps.L with d, =d’
ford, :=d; to 1 do
forr:=ttot+d:—d, do
begin
Use Rule 5.ps.L with d, = d'
end
% end of d loop
% end of r loop
end
% end of t loop
% end of d; loop
ford,:=(d—d —1) to1do % d; loop
fort:=(i+d)to (i+d—d) do % t loop
begin
Use Rule 3.ps.L, 4.ps.L, 7.ps.L, 8.ps.L with ds =4’
ford,:=di—1to1do
forr:=tto (t+d—d,) do
begin
Use Rule 5.sp.L with d; = d'
end
% end of r loop
% end of d, loop
end
% end of t loop
% end of d; loop
end
% end of d' loop
end

% end of i loop
% end of d loop

Figure 5
Algorithm 1.
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terminator we then store the resulting entry in P[i,d]. These steps are captured by the
following rules. For a specific value of (i,d) we have

Rule 5.i.ps.L

((Ap, ) (1, (A ) s [14d]))) ((As, top (ai)) (rest (o), nil))
€ P[i,d) € Pli+dy,d—dy)

<A, 71, Al’a ’Yt) S TEMP [t, dt]

Rule 5.ii.ps.L

(A, A ) € TEMP[6,A] ((Ar ) (B (A i), [ dr]))) € Pt di]
(A7) (Br, ((Aryv) 5 [1dr]))) € Pli,d]

Similarly, we assume we have the pair Rule 5.i.sp.L and Rule 5.ii.sp.L corresponding
to Rule 5.sp.L. This leads to the algorithm given in Figure 6. In this algorithm we drop
the sp rules and specify the ps rules only for the sake of simplicity.

The correctness of Algorithm 2 can be established from the correctness of Algo-
rithm 1 (which is established in Appendix A) and the following Lemma.

Lemma 3.1
Given a grammar G and an input 4; ...a, an entry ((4,7) (8,tp)) is added to P[i,d]
by Algorithm 1 if and only if ({(A,v) (8,tp)) is added to P[i,d] by Algorithm 2.

Outline of Proof: Using induction on d. The base case corresponding to d = 1 in-
volves only the initialization step, which is the same in the two algorithms. The
only difference between the two algorithms (apart from the control structure) is the
use of Rule 5.ps.L (and Rule 5.sp.L) by Algorithm 1 versus the use of Rule 5.i.ps.L
and Rule 5.i.ps.L (Rule 5.i.sp.L. and Rule 5.i.sp.L) in Algorithm 2. Rule 5.ps.L is
used to add entries of the form ((A,v) (8, ((Ar, %), [r,d/]))). We can establish that
((A,m) (B, ({Ar, W), [1.d;]))) is added to P[i,d] due to the application of Rule 5.ps.L
if and only if there exist entries of the form ((A,,v,) (11, (A, ), [t,d1]))) in P[i,dp];
(<A5a top (as)) (reSt (as), ”il)) in P[i + dpad - dp]/' ((Ata V) (/Bty (<Ara Yr) [1’, dr] ))) in
P[t,d;]; and the production A () — A, (-v,) As (as). Using induction, we can estab-
lish that these entries exist if and only if (A, y1,A:, ) is added to TEMP[t, d;] using
Rule 5.ps.i.L (or Rule 5.sp.il) and ((A,m) (B, ((Ar, %), [7,4:]))) is added to P[i,d]
using Rule 5.ii.ps.L.

4. Combinatory Categorial Grammars

Combinatory Categorial Grammars (CCG) (Steedman 1985, 1986) are extensions of
Classical Categorial Grammars in which both function composition and function ap-
plication are allowed. In addition, forward and backward slashes are used to place

conditions concerning the relative ordering of adjacent categories that are to be com-
bined.

Definition 4.1

The set of categories generated from a set, Vy, of atomic categories is defined as the
smallest set such that all members of Vi are categories, and if ¢1, c; are categories then
so are (c1/c2) and (c1\c2).
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Algorithm 2
begin
for =1 to n do
Initialization phase
Use Rule 1
for d :=2 ton do % d loop
fori:=1ton—d+1do % iloop
begin
Initialize TEMP[t,d:] to ¢ for all (t,d:) < (i,d)
ford, :=1tod —1do % d, loop
Use Rule 2.ps.L, 6.ps.L, 9.ps.L, 10.ps.L
ford; :=dy, —1to 1 do % d loop
fort:=itoi+d, —di do % t loop
Use Rule 3.ps.L, 4.ps.L, 5ipsL, 7.ps.L, 8ps.L
% end of ¢ loop
% end of d; loop
% end of d, loop
fordi:=d—1to1do % d; loop
fort:=itoi+d—d; do % t loop
ford, :==di—1to1do
forr:=ttot+d —d, do
begin
Use Rule 5.ii.ps.L
end
% end of r loop
% end of d, loop
% end of d; loop
% end of t loop
end
% end of i loop
% end of d loop

Figure 6
Algorithm 2.

Definition 4.2
A CCG, G, is denoted by (Vr, VN, S,f,R) where

V1 is a finite set of terminals (lexical items),

Vy is a finite set of nonterminals (atomic categories),

S is a distinguished member of Vy,

f is a function that maps each element of Vr to a finite set of categories,

R is a finite set of combinatory rules, where combinatory rules have the following
form.

1. A forward rule has the following form where m > 0.

(x/y) Whzla. - |nzm) = (xhzil2 - |nzm)

2. A backward rule has the following form where m > 0.

Whzilz- .- |mzm)  (\y) — (xhzil2- . . [m2Zm)
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Here x,y,21,...,2z, are meta-variables and |,...,|m € {\,/}. For m = 0 these rules
correspond to function application and for m > 0 to function composition. Note that
the set R contains a finite subset of these possible forward and backward rules; i.e.,
for a given CCG only some of the combinatory rules will be available.

Definition 4.3

In the forward and backward rules given above, we say that (x/y) (resp. (x\y)) is the
primary constituent of the forward (resp. backward) rules and (y|1ziz - . - [m2zm) is the
secondary constituent of the rule. The notion of a distinguished child is defined as in
the case of LIG, i.e., a category is the distinguished child of its parent if it corresponds
to the primary constituent of the rule used. As before, the distinguished descendant
is the reflexive, transitive closure of the distinguished child relation.

In discussing CCG we use the notational conventions that the variables | and
¢ (when used with or without primes and subscripts) range over the forward and
backward slashes and categories, respectively. We use x,y,z for meta-variables; «, 3
for strings of directional categories (i.e., a string of the form |iciz ... [sc, from some
n > 0); and A, B, C for atomic categories (i.e., members of V).

Derivations in a CCG, G = (V1,Vn,S,f,R), involve the use of the combinatory
rules in R. Let = be defined as follows, where T; and Y» are strings of categories

and terminal symbols.

o If ¢cic; — ¢ is an instance of a rule in R, then T1cY>, = Tic1e2 5.

e Ifcef(a) for some a € Vr and c is a category, then YT1cT> = TyaTYs.

The string languages generated by a CCG, G, L(G) ={w | S % wlweVil

Example 4.1
The following CCG generates { wew | w € {a,b}" }. Let G = ({a,b,c},{S, T, A, B}, S,f,R)
where

f@) ={A,T\A/T.T\A}  f(b) ={B,T\B/T,T\B}  f(c) ={5/T}
The set of rules R includes the following three rules.

y \y)—x &y W\a/z2)— W\a/z2) &/y) H\z1) — W\z)

In each of these rules, the target of the category matched with x must be S.” Figure 7
shows a derivation of the string abbcabb.

We find it convenient to represent categories in a minimally parenthesized form
(i.e., without parentheses unless they are needed to override the left associativity of
the slashes), where minimally parenthesized form is defined as follows.

7 Following Steedman (1985), we allow certain very limited restrictions on the substitutions of variables
in the combinatory rules. A discussion on the use of such restrictions is given in Vijay-Shanker and
Weir (in press). However, we have not included this in the formal definition since it does not have a
significant impact on the algorithm presented.
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S
A s\
B S\AB
a t B S\A\B\B
b
l S\A\B/T TB
b S\A/T TB/T I
ST TAT l ®
b

Figure 7
CCG example derivation tree.

Definition 4.4
e A is the minimally parenthesized form of A where A € V.

e Ifc,...,c, are the minimally parenthesized forms of categories cj, .. .,c,

respectively, then (Alicil2 ... |xcy) is the minimally parenthesized form of
((---(Ahepla - )lacy)-
A category c is in minimally parenthesized form if c is the minimally parenthesized
form of itself.

Definition 4.5
Let a category ¢ = Alici|2...|scn be in minimally parenthesized such that n > 0,
A € Vy,and ¢y, ...,c, are minimally parenthesized categories.

e The target category of ¢ = Alic1|2. .. |«c, denoted by tar (c) is A.
o The arity of c = Alici]z . .. [xcx, denoted as arity (c), is n.

e The argument categories of ¢ = Alic1z . .. |s¢; denoted by
args(@)={¢|1<i<n}.

4.1 CCG and LIG
Before showing how the general parsing scheme illustrated by the LIG recognition
algorithm can be instantiated as a recognition algorithm for CCG, we show that CCG
and LIG are very closely related. The details of the examination of the relationship
between CCG and LIG may be found in Weir and Joshi (1988) and Weir (1988).

A minimally parenthesized category (Al|ici]z...|.c,) can be viewed as the atomic

category, A, associated with a stack of directional argument categories, |ic1z. .. [uCu.
The rule

(x/y)  (Whzilz. - [wzm) = (xhz1l2 - - - lnZm)

has as an instance (Ap|ic] ... [5cn/As)  (Ashcilz .. mem) = (Aplich .. - hchlicilz - .- {mCm)
as well as (Aylic; ... [hch/(Al'e))  (Aslclicsla - - Imem) — (Aplich .. achlicilz - - Imem)
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as an instance. Thus x matches the category (A,|ic] ... |,c,), ¥y matches an atomic cat-
egory A; in the first example and a nonatomic category (A;|'c’) in the second, and
each z; matches ¢; for 1 <i < m. A derivation involving the second instance (viewed
bottom-up) can be seen as popping the top directional argument /(A|'c’) from the
primary category and pushing the m directional arguments |ic1]s .. . |wCim. Thus, each
instance of the combinatory rule appears to closely resemble a LIG production. For
example, in case of the second instance we have

Ay (~lictlz .- |mem) = Ap (+ /(As'€)) As (' lictla - - |mm) -

We now show that, like the set of stack symbols of a LIG, the set of directional argu-
ment categories that we need to be concerned with is finite.

Definition 4.6

Let c be a useful category with respect to a grammar G if and only if ¢ = w for
some w € V7. The set of argument categories, args (G) of a CCG, G = (Vr,VN,S,f,R),
is defined as args (G) = Ucef(a) args (c).

Observation 4.1
If ¢ is a useful category then args(c) C args(G), a finite set determined by the gram-
mar, G.

This observation can be shown by an induction on the length of the derivation
of some string from c. The base case corresponds to a lexical assignment and hence
trivially args (c) C args (G). The inductive step corresponds to the use of a combination
using a rule of the form

x/y) Whalz- . |mzm) — (xhzalz2 - - [m2zm)

or
Whzilz- .- |mzm)  (X\y) = (xhzalz- . . |m2Zm)

By inductive hypothesis, any useful category matching either (x/y),(x\y) or
(¥hz1l2- - . |mzm) must take its arguments from args (G) (a finite set) and therefore the
resulting useful category also shares this property.

The above property makes it possible to adapt the LIG algorithm for CCG. Note
that in the CKY-style CCG recognition we only need to record the derivations from
useful categories. From Observation 4.1 it follows that the lexical category assignment,
f, determines the number of “stack” symbols we need to be concerned with. Therefore,
only one of the variables (x) in a combinatory rule is essential in the sense that the
number of categories that it can usefully match is not bound by the grammar. There-
fore, it would be possible to map each combinatory rule to an equivalent finite set of
instances in which ground categories (from args (G)) were substituted for all variables
other than x; i.e., y,21,...2, in the combinatory rule above. This would result in a
grammar that was a slight notational variant of a LIG where the CCG variable x and
the LIG notation - perform similar roles. However, for the purpose of constructing a
recognition algorithm it is both unnecessary and undesirable to expand the number of
rules in this way. We adapt the LIG algorithm so that it, in effect, constructs appropriate
instances of the combinatory rules as needed during the recognition process.
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4.2 Recognition of CCG

The first step in modifying the LIG algorithm is to define the constants MSL and MTL
for the case of CCG. Let G = (Vr,Vy, S,f,R) be a CCG. These definitions follow im-
mediately from the similarities between CCG combinatory rules and LIG productions.

Observation 4.2
If we were to express a combinatory rule

x/y)  Whz - |mzm) = (xhz1 .- |nzm)
in terms of LIG production
ACrr ) = Ap () As (0)

then we have the following correspondences:

e vy, with /y.
o v, with=|z forl<i<m,ie,y...9m with |121 ... |mZm-
e A= Ap.

o As(as) with y1z1 - - |mzm.

Given such a direct correspondence between combinatory rules and LIG productions,
we will define the following constants to be used in the the CCG algorithm with
minimal explanation.

¢ MTL is the maximum arity of a lexical category. Thus,
MTL = max {arity (c) | ¢ € f(a),a € V1 }.

e MSL should be the maximum arity of a useful category that can match
the secondary category of a rule. Note that a category matching
(Whiz1l2 - - - |mzm) will have an arity that is the sum of m and the arity of
the category matching y. Furthermore, note that since y is an argument
of the primary category it must be bound to a member of args (G). Thus,
MSL =max{m | (yliz1]2. .. |mZm) } is the secondary category of a rule in
R+ max {arity (c) | c € args (G) }.

e Note that in the case of CCG, MCL need not be defined independently
of MSL.

e As before, we define TTC as TTC = max { MSL,MTL }.

Since directional categories play the same role that stack symbols have in LIG, we
revise the notions of length top () and rest () as follows. We say that the string of direc-
tional arguments categories |ic1|> . . . |«c, has alength 1, i.e., len (J1c1]2 . . . [ucu) = n. Note
that arity ((Alic1la.. . [ucn)) = len (hailz ... |ncn) = n. We define top ((l1c1l2- - - |ncn)) =
lncn and rest ((l1c1lz- . - lucn)) = l1c1l2 - - . [s—1¢u—1. Additionally, top (¢) = rest (€) = e.

4.2.1 Terminators in CCG. We can define a k-terminator in essentially the same way

as in the case for LIG. Note that a category shares its target category with all of its
distinguished descendants.
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Definition 4.7
Suppose that we have the following derivation:

A,B|1C1 Ce |k_1Ck_1|C :*:> u Aﬂ|1c1 v ]k_lck_llkck e lmcm w
= u AfB/c, cphcr.fkk. . |mCm W
= uvw

or similarly

AﬂhCl . Ik_le_llC :*:> u A,BhCl e |k_1Ck_]|ka . 'mcm w
= u cplict.. k... mCm AB\c, w
I*? uow

where the following conditions hold

e [ is a string of direction categories, i.e., 5 € ({/,\}args (G))*.
e k—12>1,

o Apflici. .. |k—1Ck~1kCk - - . |mCm and AB/c are distinguished descendents of
ABlicr .- k—16k-1le

¢ any distinguished descendent between AB/c, and AB|icy ... [r-16k—1|c can
be expressed in the form AB|ic; ... [k—1ck—1| where len () > 1

We say that AG/c, is the len (|1c1 .. |k_1ck_1|c)-terminator of ABlic1 ... [k_1ck_ale.

Note that ¢, need not be atomic. Hence if we write the secondary category as
cplicy - - . [mtm We are not necessarily expressing it in minimal parenthesis form.

4.2.2 Anatomy of a CCG Entry. In the CCG algorithm we will use entries that have a
form similar to that of the entries in the LIG algorithm. The choices we make are based

on Observation 4.2. For a derivation Alic; ... [j¢; = g4.. .@ip4—1 (where the input is
a1 ...a,), we will have an entry in P[i,d] with a head (4, |i¢;), where A € Vi, |; € {\,/},
and ¢; € args (G).

First consider the case when a terminator-type entry is used. The terminator-
type entry is applicable when A8|1¢; . . . [k—1¢k—1|¢ has a k-terminator, say AgG|ic; where
len (ﬂ |tc,) > TTC. As before we say that in such a case Afic1 ... [k—1¢x—1[c satisfies the
TC-property. Assuming the terminator derives the substring a; . ..a:4_1, we can use
the terminator-pointer ((|c;), [t,d;]} and a middle |1¢1 ... [x—1cx—1. Notice that since the
target of the category A|S|ic1... [k—1ck—1|c as well as the target of its terminator is A
and since A is already noted in the head, it is not recorded in the terminator-pointer.

For entries that are not terminator-pointer, the entire category is noted in the
entry. Such an entry has the form ({4, |i;) (l1¢1 ... |j—1¢j—1,nil)) assuming that j > 1.
However, it is possible that j = 0. In this case the category being represented is A,
and the entry will be written as ((A, €) (e, nil)). In general, we use the non—terminator-
type entry for recording a derivation from Aa when it has no terminator or when the
terminator, say Ag|ic; (rewriting « as 8|11 - .. [k—1¢k—1]c) is such that len (ﬂltct) < TTCG;
i.e.,, when the category Aa does not satisfy the TC-property.

4.2.3 CCG Algorithm. It is straightforward to derive the rules for the CCG recognition

algorithm from those used in LIG algorithm. Using Observation 4.2, we can now give
the rules for the CCG algorithm with no explanation.
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Rule 1.C
Ac€f(a) a=a 1<i<n

((Ap, top (o)) (rest (), nil)) € Pli, 1]

Assume the combinatory rule (x/y) (Y121 .. |m2zm) — (X121 [mZm)-

When m = 0 and ip, = nil
Rule 2.ps.C

Asas = ¢p
((Ap, /cp) (Bpmil)) € Pli,dy]  ((As, top (as)) (rest(as), mil)) € Pli+dp,d — dp)

((Ap, top (8y)) (rest (8,), nil)) € P[i,d]

When m = 0 and tp, # nil

Rule 3.ps.C
tp, = ((ler), [t,di])

k=2 Asas = ¢p
((A,,, /6y) (Im ke tpp)) ePlid)]  ((Astop(an) (rest (o), mil)) € P[i+ dp,d — dy]

((A,,, ) (|1c1 e Jbe1Cts tpp)) e P[i,d]

Rule 4.ps.C
Asas = ¢p
((Ap, /&) (her, (Cece), [£:]))) ((As topaw)) (rest (o), mil))  ((Ap, liee) (B, mil) )
€ Pli,d,] € Pli+dy,d —dy € P[t,d]
((Ap, hicx) (B, nil)) € P[i,d]
Rule 5.ps.C
Asos = Cp tpz = (('Vcr> ) [T,dr])
((A,,, /cp) (|1c1, ((Itc,), [t,d,]))) ((As,top () (rest(as),nil)) ((A,,, fece) (,8,, tp,))
€ Pli,dy)] € Pli+dy,d—dp] € Pt,dy]
((4p, her) (B tp,)) € Plisd]
When m =1
Rule 6.ps.C

Asas = Cp|1C1
((Ap, /&) (Bpomiil)) € Plidy]  ((As, top (w)) (rest (o), nil) ) € P[i+ dp,d — dy]

((Ap, hics) (By, mil)) € Pli,d]
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Rule 7.ps.C

Asas = CpI1C1

((Ap, /25) (B, ((lice) » [£,]))) € P[i,dy] ((As, top () (rest (a), nil)) € P[i+dyp,d ~ dy)
(4 er) (3, () [1,4]))) € Plid]

When m > 2 and tpp # nil
Rule 8.ps.C

tpp = (('tct> ) [t’ dt]) Asas = Cp|101 AN Imcm
(¢Aps e0) (Bortp,)) € PLidh] (s top (@) (rest (ag),mil)) € P[i+ dyyd — ]
((Aps Incm) (s Im-rem1, ({/cp) » [1,45]))) € P[i,d]

When m > 2 and tp, = nil

Rule 9.ps.C

len < TTC Asais = cplict - . mCm
((Ap, [cp) (] nil)) € P[i, d,] ((As, top (as)) (rest (a), nil)) € Pli+dy,d — dy)

(<Ap7 |mCm) (Bplicr - lm—16m—1,nil)) € Pi, d]

Rule 10.ps.C

len (8,/c,) > TTC Asas = Cplicy - . - |mCp
Ay, [cp) (p,ml ) € P[i,d,] ((As, top (o)) (rest (o), mil)) € Pli+dy,d —dy)
({Aps mem) (lie1 - - lm—rcm—r, ((/cp) , [i,d,]))) € P[i,d]

Proposition 4.1
The CCG recognition algorithm can be seen to establish the following.

o ({(4,1c) (8, ( lict}, [t,d:]))) € P[i,d] if and only if there is some a such

that AaBlc == a;...a;14_1 and the (len (8) + 1)-terminator (Aajict) of
Aaf|c derives the string a;...a;,4,1 and len (asc;) > TTC.

o ((Ap,top(@), (rest(a),nil,)) € P[i,d] if and only if Aa == a;.. .44 1
and either Aa has no terminator or its terminator, say Ac’ is such that
len (o) < TTC.

5. TAG Recognition

We begin this section by first considering how to extend our algorithm for LIG to
handle unary productions. This will be needed to show we can instantiate our scheme
to give a recognition algorithm for TAG.

5.1 Handling Unary Productions and Epsilon Productions

We will now show how the LIG algorithm given earlier can be extended to consider
unary productions of the form A(- v ...y,) — A, (- 7,) as well as ¢ productions of
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the form: A (o) — ¢. However, we will now assume that m < 2 in productions of the
form Ay ... 9m) — T4, ( ”yp) T,. Thus, henceforth MCL < 2. Note that this refers
to both unary and binary productions. This additional restriction does not change
the generative power. We have introduced these restrictions in order to reduce the
number of cases we have to consider and also because we can restrict our attention
to the productions that are used in the TAG to LIG construction.

Consider the processing of a binary production Ay ...vm) — Ap ( fy,,) As ().
Since CKY-style parsers work bottom-up, we check to see if the primary and secondary
categories derive adjacent strings (say 4;...4i14,-1 and @iyq, - - -8iy4, 14, T€SPectively)
and then we store an encoding for the new object that results from the combination.
The processing of unary productions is similar except that we do not have to consider
a secondary constituent. The rules that express the processing of such productions will
be very similar to those for the binary productions. For example, consider Rule 2.ps.L
for the binary production A (--) — A, () As (as).

Rule 2.ps.L

((Ap,vp) (By,mil)) € Pli,dp]  ((As, top (as)) (rest (as), nil)) € Pli+ dp,d — dp]
(G top () (st () i) € Pl

Given a unary production A(--) — Ay (-7,) we have the Rule 2.u.L (where u stands
for unary).

Rule 2.u.L

({Ap, ) (Bp, mil)) € P[i, dy]
((A, top (8y)) (rest (8,),nil)) € P[i,d]

In addition, with the introduction of ¢ productions, we have to consider derivations
of strings of length d = 0. We shall assume that if A(a) == ¢ then an encoding of
A (o) will be stored in P[i, 0] {for all 7). We must also consider the possibility that the
primary constituent or the secondary constituent derive the empty string, i.e., d, =0
or d; = 0. Processing of such cases becomes similar to that of unary productions.

To indicate the additional processing required due to the introduction of unary
productions and the possibility of the derivation of the empty string, let us consider
Rule 8.ps.L. “Use Rule 8.ps.L” can be paraphrased as follows.

If there exists a production A(-v...7m) — Ay () As (@) where
m > 2, e = ((Ap, %) (By, (A, 7)) belongs to P[l d][t,d;] and e, =
((As, top (axs)) (rest (ais) , nil)) belongs to P[z +dp,d—d ] [0,0] then add

es = ((A,Ym) (.- -Ym—1,(Ap,))) to P[i,d][i,d,] if 5 is not already
present in this array element.

If we allow e productions it is possible that d; = d —d, = 0. Consider the case where we
have A, (as) = €. That is, we expect the entry ¢, to be present in P{i + d,0] [0,0]. This
means that the resulting entry e; must be added to P[i,d][i,d] since we now have
d, = d. Note that the addition of ez = ({4, ym) (71 -..Ym-1,{Ap,))) (that encodes
the derivation from A (37 ...,) for some ) can result in more entries being added
to the same array element P[i, d] [i, d] (for instance, when we have the production
B(-y..-%) — A(-ym). This is similar to the prediction phase in Earley’s algorithm
and the state construction in LR parsing. Based on this analogy, we will define our
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notion of closure. Closure (e, i,d,t,d;) will add entries to P[i,d] [t,d,] or P[i,d] [i,d] that
result from the inclusion of the entry P[i,d][t,d;] by considering unary productions
(or binary productions when the primary or secondary constituent derives the empty
string). Before we define Closure () we note that for each occurrence in the algorithm
of “use Rule X" is replaced by “use closure of Rule X.” For example, “Use closure of
Rule 8.ps.L” stands for

If we have the production A (-7 ... ¥m) — Ap (- ) As (as) where m > 2,
e1 = ((Ap, ) (By, A1, ) belongs to P[i,d] [t,d;] and

e2 = ((As, top (as)) (rest (o), mil) ) belongs to P[i+ dy,d — d,] [0,0] and
es = ({A,7m) (M ---Ym-1,4p, 7)) does not belong to P[i,d][i,d,] then
add e; to P[i, d] [',d ] and then invoke Closure (e3,1,d,1,d,).

Closure is defined as follows:

Closure (e, i, di, 1, dt)
begin
use closure of Rule 2.ps.L, 6.ps.L, 7.ps.L, 8.ps.L, 9.ps.L, 10.ps.L
with d = d, and the entry e as the primary constituent in the antecedent.
use closure of Rule 2.sp.L, 6.sp.L, 7.sp.L, 8.sp.L, 9.sp.L, 10.sp.L
with d; = d and the entry e as the secondary constituent in the antecedent.
use closure of Rule 2.u.L, 6.u.l, 7uL, 8.uL, 9.uL, 10.uL
with d = d, and the entry e as the primary constituent in the antecedent.
end.

Note Rule 3 does not apply since we have to assume MCL < 2 (hence any ter-
minator is a 2-terminator and the length of the middle in a terminator-type entry is
always one). We have not included Rule 4 and Rule 5 while computing the closure.
These correspond directly to the completor step in Earley’s algorithm and to the pop-
ping of stack elements and hence are not considered a part of the closure. They have
to be applied later in the control structure.

We will now consider the effect of including unary rules on the control structure of
the algorithm. Let ((i1,d1), (i2,d2)) < ((i3,d3) , (is,ds)) if and only if (1) (i1, d1) < (i3,d3)
or (2) (i, dq) = (i3,d3) and (iz,ds) < (ig, ds). The simplicity of the loop structure in the
algorithms seen thus far stems from the fact that for any parsing rule if the entry in the
consequent is to be added to P[i3, d3] [i4,d4] based on the existence of an antecedent
entry in Pli,d1] [i2,d2], then ((i1,d1) , (i, d2)) < ((i3,d3) , (is,ds)). This no longer holds
when we consider Rule 5.u.L or Rule 5.ps.L when the secondary constituent derives the
empty string. Consider the following derivation (and the presence of the productions
assumed) for a sufficiently long 3:

A(B) = A1 (B1) = Ar (i) = A3 (By) == a;.. 41341

Consider the addition of an entry e; to P[i,d][t,d;] (for some (t,d;)) to record the
derivation from Aj (87). Closure (e3, i,d, t,dt) is invoked, resulting in the addition of
ey (corresponding to Az (6v172)) to P[i,d][i,d]. From Rule 5.u.L and the presence of
entry e, and e; we would add e; (corresponding to Ay (8v1) to P[i,d] [t,d;]). This could
result in the need to add more entries to P[i, d] [i, d], which in turn could cause new
entries being added back to P[i,d] [t,d;], and so on. Thus we have a situation where
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initialization phase

for loops for d,i,d’ as before
begin
consider closure of Rules in Rule set I
ford;:=d —1to1do
fort:=itoi+d —d: do
repeat
consider closure of Rules in Rule set IT
ford,:=di—1to1do
forr:=ttot+d: —d, do
consider closure of Rules 5.ps.L and Rule 5.u.L

until no new entries are added to P [i, d] [t, dt]

Figure 8
Control structure with unary productions.

an antecedent entry in P[i,d|[t,d;] ((t,d;) < (i,d)) causes an entry to be added to
P[i,d] [i,d], which, acting as an antecedent entry, causes a new entry to be added to
Pli,d] [t,d)].

A simple strategy to take care of this situation would be to add another loop
within the t loop (as shown in the partial control structure given in Figure 8) that is
repeated until no new entries are added to P[i,d] [t,d;]. It is straightforward to prove
the correctness of the algorithm with this additional loop and also that the asymptotic
complexity remains the same. The latter is the case because only a bounded number
of entries can belong to P[i,d][t,d;] for any fixed value of i, d, t, d;, and hence the
repeat loop can be iterated only a bounded number of times (as determined by the
grammar). In the partially specified control structure given in Figure 8, we have not
considered the sp rules. Also we only consider the changes that need to be made to
Algorithm 1; the changes to Algorithm 2 can be made in a similar fashion. Finally, for
purposes of abbreviation, we have grouped Rules 2.ps.L, 6.ps.L, 9.ps.L, and 10.ps.L
together and called it the Rule set I, and Rules 3.ps.L, 4.ps.L, 7.ps.L, and 8.ps.L the
Rule set II.

The repeat loop shown in Figure 8 is not needed in some situations. Consider
the derivation and the sequence of addition of entries, e3,e;,¢;, as discussed above.
Viewing this derivation as a bottom-up recognizer would, we have a “prediction” from
entry ez followed by a “completion” that results in the entry e;. In this case the two
entries both encode objects with the same stack length. We generalize this situation
and call such derivations auxiliary derivations (named after auxiliary trees in TAG).

AB1) = T141 Byima) To == T1uA; (By) WYy == wudy (By) wiwy

where A; (37;) is the 2-terminator of A; (8v;7,). We will say that this auxiliary deriva-
tion spans at least one terminal if len (ujuwuw) > 1. Notice that if for a particular gram-
mar every auxiliary derivation spans at least one terminal, then the extra repeat loop
added becomes unnecessary. This is because now, with this assumption, for every pars-
ing rule if the entry in the consequent is to be added to P[i3, d3] [is, ds] based on the exis-
tence of an antecedent entry in P{iy,d1] [i2,d>] then ((i1,d1), (i2, d2)) < ({is,ds3) , (is, ds)).
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We end this section by noting that in the case of a lexicalized TAG, we can verify
that every auxiliary derivation spans at least one terminal, and hence in the TAG
algorithm we do not have to include this additional repeat loop.

5.2 Tree Adjoining Grammars

Tree Adjoining Grammars (TAG) is a tree generating formalism introduced by Joshi,
Levy, and Takahashi (1975). A TAG is defined by a finite set of trees composed by
means of the operation of tree adjunction.

Definition 5.1

A TAG, G, is denoted by (Vn, Vr,5,1,A) where
Vn is a finite set of nonterminals symbols,

Vr is a finite set of terminal symbols,

S € Vy is the start symbol,

I is a finite set of initial trees,

A is a finite set of auxiliary trees.

An initial tree is a tree with root labeled by S and internal nodes and leaf nodes
labeled by nonterminal and terminal symbols, respectively. An auxiliary tree is a tree
that has a leaf node (the foot node) that is labeled by the same nonterminal that labels
the root node. The remaining leaf nodes are labeled by terminals and all internal nodes
labeled by nonterminals. The path from the root node to the foot node of an auxiliary
tree is called the spine of the auxiliary tree. An elementary tree is either an initial
tree or an auxiliary tree. We will use o to refer to an initial tree, and f to refer to
an auxiliary tree. ¥ may be used to refer to either an elementary tree or a tree that is
derived from an elementary tree.

We will call a node in an elementary tree an elementary node. We can give a
unique name to each elementary node by using an elementary node address. An
elementary node address is a pair composed of the name of the elementary tree to
which the node belongs and the address of the node within that tree. We will assume
the standard addressing scheme where the root node has an address e. If a node
addressed p has k children then the k children (in left to right order) have addresses
w-1,...,u-k Thus, if N is the set of natural numbers then y € N*. In this section
we will use u to refer to addresses and 7 to refer to elementary node addresses. In
general, we can write 7 = (v, u) where v is an elementary tree and x € Domain (v).
We will use Domain () for the set of addresses of the nodes in 7.

Definition 5.2

Let v be a tree with internal node labeled by a nonterminal A. Let § be an auxiliary
tree with root and foot node labeled by the same nonterminal A. The tree, ', that
results from the adjunction of 3 at the node in v labeled A (as shown in Figure 9) is
formed by removing the subtree of vy rooted at this node, inserting 3 in its place, and
substituting it at the foot node of 3.

Each elementary node is associated with a selective adjoining (SA) constraint that
determines the set of auxiliary trees that can be adjoined at that node. In addition,
when adjunction is mandatory at a node it is said to have an obligatory adjoining
(OA) constraint. Figure 9 shows how constraints are associated with nodes in trees
derived from adjunctions. Whether 5 can be adjoined at the node (labeled by A) in v
is determined by ¢, the SA constraint of the node. In +' the nodes contributed by g
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Ac2

Figure 9
The operation of adjoining.

have the same constraints as those associated with the corresponding nodes in 3. The
remaining nodes in 4’ have the constraints of the corresponding nodes in 7.

Given p € Domain (), by LABEL(~, 1) we refer to the label of the node addressed
p in ~. If the tree in question is clear from context, we will simply use LABEL(y).
Similarly, we will use SA (v, 1} (or SA{u)) and OA(y, 1) (or OA (1)) to refer to the SA
and OA constraints of a node addressed p in a tree . Finally, we will use ft(3) to
refer to the address of the foot node of an auxiliary tree (.

To be precise, we define the adjunction of § at a node in v with address p as
follows. This operation is defined when § is included in the SA constraints of node
addressed p in v. If the operation is defined, we will use ADJ (v, i, 5) to refer to the tree
that results. Let ' = ADJ (v, 1, 8). Then the nodes in 4’ and their labels and adjoining
constraints are defined as follows.

e Domain (y') = {p1 | p1 € Domain (), p1 # p - p2, for some pp € N*} U
{-p | 1 € Domain (B} U{p-ft (8)-pu | -1 € Domain (7), and py # €}
e When p; € Domain (y) such that u; # p - u; for some p; € N*}, ie., the
node in v with address p; is not equal to or dominated by the node
addressed p in ~:
—  LABEL(v, 1) = LABEL{y, 1),
- SA(VI; N1> = SA<’77'U,1>,
—  OA(Y, 1) = OA(y, ),
o when p -y € Domain (v') such that y; € Domain (8):

— LABEL(Y', p - 1) = LABEL(G, 1),
—  SA{Y,p- 1) =SA(B, ),
—  OA(,p- ) = OA(B, 1),

e when p-ft(8) - u € Domain (7’) such that p -y € Domain (y) and p # e
—  LABEL(y, - ft(8) ) = LABEL(y, s - ),
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Bl S ¢ b2 20
o S {BLP2} /\ /\

b

S 0 a So b

Figure 10
Example of a TAG G.

—  SA{Y,p-ft(B) - ) = SA{y, - ),
—  OA{Y,p-ft(B)- 1) = OA{y, - i),

In general, if 4 is the address of a node in v then by (v, 1) we refer to the elementary
node address of the node that contributes to its presence, and hence its label and
constraints.

The tree language, T(G), generated by a TAG, G, is the set of trees derived starting
from an initial tree such that no node in the resulting tree has an OA constraint. The
(string) language, L(G), generated by a TAG, G, is the set of strings that appear on the
frontier of trees in T(G).

Example 5.1

Figure 10 gives a TAG, G, which generates the language {wcw | w € {a,b}*}. The
constraints associated with the root and foot of 3 specify that no auxiliary trees can
be adjoined at these nodes. This is indicated in Figure 10 by associating the empty set,
¢, with these nodes. An example derivation of the strings aca and abcab is shown in
Figure 11.

5.3 TAG and LIG

In this section, we examine bottom-up recognition of a TAG. In doing so, we construct
a LIG that simulates the derivations of the TAG. Based on this construction, we derive
a recognizer for TAG from the algorithms given earlier.

Consider bottom-up TAG recognition. Having recognized the substring dominated
by an elementary node there are two possible actions: (1) move up the tree by combin-
ing this node with its siblings; or (2) consider adjunction at that node. In bottom-up
recognition, the second action (i.e., adjunction) must be considered before the first.
Therefore, there are two phases involved in the consideration of each node. On enter-
ing the bottom phase of a node, having just combined the derivations of its children,
we predict an adjunction. On entering the top phase, having just finished adjunction
at that node, we must now combine with any siblings in order to move up the tree.
Note that in the bottom phase we may also predict that there is no adjunction at the
node (if there is no QA constraint on that node) and hence move to its top phase
directly.

Figure 12 shows why, because of the nature of the adjoining operation, TAG can be
seen to involve stacking. Suppose, during recognition, the bottom phase of a node, 7,
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Figure 11

Sample derivations in G.

AN T,
A

Figure 12
Stacking in a TAG.

has been reached. When adjunction by the auxiliary tree § is predicted, control shifts
to the bottom phase of 3’s foot node. As we move up the spine of (3 it is necessary to
remember that § was adjoined at 7. On reaching the top phase of 4’s root we must
return to (the top phase of) 7. Therefore, the adjunction point, 7, must be propagated
up the spine of 3. In general, we may need to propagate a stack of adjunction points
as we move up the spine as shown in Figure 12 where v, is obtained by adjoining £
at a node 7; on the spine of 3. From this figure, it can be seen that the information
about the adjunction points (that must be propagated along the spine of an auxiliary
tree) follows the stack (last-in first-out) discipline. Notice also that only the nodes on
the spine participate in the propagation of adjunction points.

Consider how a LIG that simulates this process can be constructed. The details of
the equivalence between LIG and TAG can be found in Vijay-Shanker (1987). In the
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LIG, we use two nonterminals, t and b to capture the differences between the top and
bottom phases associated with a node. The stack holds an appropriate sequence of
adjunction points in the form of elementary node addresses. The top of the stack is
the elementary node address of the node that is currently being visited (thus all objects
have at least one element on the stack). Nodes that are not on the spine, or belong to
an initial tree, do not participate in the propagation of adjunction points. Therefore, the
objects for such nodes will have stacks that contain only their elementary node address.

The set of LIG productions is determined as follows. We assume that internal
elementary nodes have either a single child labeled by a terminal symbol (or ¢), or
exactly two children labeled by nonterminals. In this discussion below, we will use 7
for a node and its elementary node address interchangeably.

1. If n is a node that is labeled ¢ where € € V| J{¢} then we will include
tm) —e.

2. If n, and 75 are the children of a node 7 such that the left sibling 7, (and
hence 7) is on the spine then the following holds: (1) the object
corresponding to 7, can have an unboundedly large stack, whereas the
object for n; will have a stack of size one; (2) the top of the stack in these
objects will be 7, and 7,; (3) combination of these two sibling nodes is
possible only after the top parts of these nodes are reached; (4) the stack
in the object for 7, must be propagated to object for 7, except that the
top symbol 7, is replaced by 7; (5) when the two sibling nodes are
combined we reach the bottom part of 7. Hence, we include the
production b (--n) — t (- n,) t ().

3. If my, ns are children of 7 as in the previous case except that 7, is the
right sibling and is on the spine, then we include the production
b(m) — () t (- 73p).

4. If ny,, 05, and 7 are as before except that neither sibling is on the spine of
an auxiliary tree then we include the production b(--n) — t ( ,,]p) t(ns).

5. If n, is the only child of n we have b(--n) — t (- 7,).

6. If nis a node where § can be adjoined and we are at the bottom of 7,
then, by predicting adjunction by £, control moves to the bottom part of
m (the foot node of ). This is illustrated in Figure 13. In this case we
add the production b (--7m) — b(--n). When there is no OA constraint at
n then we can predict that no adjunction takes place. This is captured
with the production t (--n) — b (-- ).

7. Suppose we have reached the top part of the root node, 7, of the
auxiliary tree 3. The corresponding object has the nonterminal t with »,
on top of the stack and the node at which § was adjoined is immediately
below 7. Having reached the top of the root node of 5 we must return
to the top of the node where § was adjoined. This is accomplished with
the production t(--) — t(--7,) (see Figure 13).

Figure 13 captures the essence of the connection between TAG and LIG—in par-
ticular the way the adjoining operation in TAG can be simulated in LIG. This figure
is also useful in order to understand the notion of terminators. As in the case of CCG,
the construction of the LIG equivalent of the given grammar is unnecessary. However,
as in the case of CCG, this discussion of the connection between TAG and LIG can be
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Figure 13
TAG/LIG relationship.

used to motivate the choices we make in the form of entries in TAG parser as well as
the rules in the algorithm.

5.4 Recognition of TAG

We now give a CKY-style recognition algorithm for TAG. But first we shall consider
the LIG constructed from a given TAG as described in Section 5.3. Given this LIG
grammar, consider the objects derived and the form of entries that will be used by the
LIG algorithm.

e If 5 is an elementary node address of a node on the spine of an auxiliary
tree, say 3, then any object that has 7 as the top symbol of its stack must
be of the form A (11 ... mmm) where k > 0, A € {t,b}, and 7, is the
elementary node address of a node where 3 can be adjoined.
Furthermore, in any derivation, the terminator of A (¢n:m) will be b (¢n).

e For this LIG, MSL = MTL = TTC = 1 and MCL = 2. Hence it follows that
any terminator is a 2-terminator. From the discussion above, an object
A(pn) (where A € {t,b} and len (¢) > 0) has a terminator if and only if 7
is an elementary node address of a node on the spine of an auxiliary tree.

e Consider the forms of entries for a LIG in this form. First, the length of
the middle in a terminator-type entry will be one always, since any
terminator is a 2-terminator. Note that the terminator of A (¢n:n) will be
b (n:). Thus, a terminator type entry in a parsing array entry, say P|[i,d|
will have the form ((A,n) (m:, ((b,m), [t,d:]))) where A € {t,b} and
(t,d;) < (i,d). Note that (b,7;) in the terminator-pointer is redundant.

e From the discussion above, a non—terminator-type entry will be used to
record derivations from A () where A € {t,b} and 7 is the elementary
node address of a node that belongs to an initial tree or of a node that is
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not on the spine of an auxiliary tree. To record this object the entry
((A,n) ,nil) would have been used.

From the above discussion it makes sense that terminator-type entries in the TAG
parser have the form ((A,7) (m,t,d:)) where A € {t,b}, n is an elementary node
address of a node on the spine of an auxiliary tree, say £, and n; is the elementary
node address of a node where 3 can be adjoined in. A non-terminator-type entry has
the form ((A,n) ,nil) where A € {t,b}, and 7 is an elementary node address of a node
that is not on the spine of an auxiliary tree.

Finally, consider an auxiliary derivation in the LIG obtained from a TAG as de-
scribed in Section 5.3. Recall that an auxiliary derivation has the form

Alpm) = Y141 (p1) Ta
= TuA (e wY,

In this case we would have:

b Y=Y
) A:Al:tr
o A;=b,and

® 7, is the root of an auxiliary tree that can be adjoined at the node whose
elementary node address is given by ;.

Since every auxiliary tree in a lexicalized TAG has at least one terminal node in its
frontier, every auxiliary derivation spans at least one terminal in the LIG we have
constructed.

5.5 Recognition Algorithm
We begin with a description of the cases involved in TAG recognition algorithm.

o Predicting adjunction: During the recognition phase, on reaching the
bottom part of a node 7, we predict adjunction by each auxiliary tree, 8
that can be adjoined at 7 as determined by its SA constraints. As given
in Case 6 of the construction in Section 5.3, this prediction is captured
with the LIG production b (--nm) — b(-- 1) where n; is the foot node of
the auxiliary tree, 3. Depending on whether 7 is on the spine of an
auxiliary tree or not, we have the following counterparts of Rule 8.u.L
and Rule 10.u.L:

Rule 8.u.T

m=(8,ft(B) BeSA(n) ({b,n) (mtd))ePlid]
((b,m) (n,i,d)) € P[i,d]

Rule 10.u.T

m = (B,ft(8) B€SA(n) ((b,n),nil) € P[i,d]
((b,m) (n,i,d)) € P[i,d]
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As in the second part of Case 6 of the LIG construction (i.e., when there
is no OA constraint at the node 7)) we have the following counterparts of
Rule 6.u.L and Rule 7.u.L:

Rule 6.i.u.T
OA(n) = false  ({b,n) (m,t,d¢)) € Pi,d]

((t,n) (m,t,d)) € P[i,d]

Rule 7.i.u.T
OA(n) = false ((b,n),nil) € P[i,d)
((t,m) ,nil) € P[i,d]
o Left sibling on the spine: This corresponds to Case 2 of the LIG

construction. The following rule that captures this situation corresponds
to Rule 7.ps.L.

Rule 7.ps.T
7p is left child of 5
7p is on the spine of an auxiliary tree 7)p is right child of 5
((t,np) (me,t,d:)) € Pli, ) ((t,ns) ,nil) € P[i+dp,d — dp]

((b,m) (m, t,d:)) € P[i,d]

The following covers Case 4 of LIG construction where the two siblings
are not on the spine or belong to an initial tree and corresponds to
Rule 6.ps.L (or Rule 6.sp.L).

Rule 6.ps.T
np is left child of 5
71 is not on the spine of any auxiliary tree 7p is right child of 5
((t,mp) ,nil) € Pli,d) ((t,ms) ,mil) € Pli +dp,d — |

((b,m) ,nil) € P[i,d]

o Right sibling on the spine: Corresponding to Case 3 of LIG construction
and Rule 7.sp.L. we have

Rule 7.sp.T

7y is right child of n
735 is left child of n 7)p is on the spine of an auxiliary tree

(¢, n),mil) € Pli,d]  ((t,mp) (mt,de)) € Pli+ds,d — di]
((b,m) (m,t,d:)) € P[i,d]

o Single child case: Corresponding to Case 5 of LIG construction,
Rule 7.u.L and Rule 6.u.L.

Rule 7.iiu.T

7p is only child of 5
7p is on the spine of some auxiliary tree ((t, Mp) (nt, t, d,)) epP [i, d]

((b,m) (m.t,d:)) € P[i,d]
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Rule 6.ii.u.T

np is only child of 7
7 is not on the spine of any auxiliary tree  ((t,n,),nil) € P[i,d]

((b,m) ,nil) € P[i, d]

e Completing an adjunction: Corresponding to Case 7 of the construction
and depending on whether the node of adjunction is on the spine of an
auxiliary tree, we have the following counterparts of Rule 4.u.L,

Rule 5.u.L.

Rule 4.u.T

7 is not on the spine of any auxiliary tree
(<t’ np> (77[7 t’ dt)) € P[Z’ d] ((b’ 77t> ’ nll) € P[tv dt]
({t,m) ,mil) € P[i,d]

Rule 5.u.T

7y is on the spine of an auxiliary tree
(<t’ 77p> (nt’ t’dt)) € P[i’ d] (<b7 ) (77r, r, dr)) € P[t, dt]

((t,m) (nr,7,dy)) € P[i,d]

From the nature of entries being created it will follow that if 7, = (3, ¢),
for some auxiliary tree f3, then 3 is adjoinable at 7;. Similarly, if
ne = (B', ) for some auxiliary tree ', then §’ is adjoinable at 7,.

e Scanning a terminal symbol: If 7 is a node labeled by a terminal
matching the i input symbol, 4;, then we have (corresponding to
Rule 1.L):

Rule 1.T
LABEL(n)=a; 1<i<mn
((t, ) ,nil) € P[i,1]

e Scanning empty string: If 7 is a node labeled by ¢, then we have
(corresponding to Rule 1.c.L):

Rule 1.e.T
LABEL(n) = ¢

((t,n) ,nil) € P[i,0]

This concludes our discussion of the parsing rules for TAG. With the correspon-
dences with the LIG parsing rules given (via the numbering of rules), these rules may
be placed in the control structure as suggested in Section 5.1. As noted earlier, in the
case of a lexicalized TAG, since every auxiliary derivation spans at least one terminal
we do not require the repeat loop discussed in Section 5.1.
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6. Conclusion

In this paper we have presented a general scheme for parsing a set of grammar for-
malisms whose derivation process is controlled by (explicit or implicit) stacking ma-
chinery. We have shown how this scheme can be instantiated to give polynomial
time algorithms for LIG, CCG, and TAG. In the case of CCG, this provides the only
polynomial parsing algorithm (apart from a slight variant of this scheme given in
Vijay-Shanker and Weir (1990)) we are aware of.

The main contribution of this paper is the general recognition scheme and defi-
nitions of some notions (e.g., terminators, data structures sharing of stacks) crucial to
this scheme. We believe that these ideas can be suitably adapted in order to produce
parsing schemes based on other CFG parsing algorithms (such as Earley’s algorithm).
For instance, the definition of terminator given here was tailored for pure bottom-up
parsing. In the case of Earley’s algorithm, a bottom-up parser with top-down predic-
tion, an additional notion of terminator for the top-down prediction component can
be obtained in a straightforward manner.

We have also introduced a new method of representing derivations in a TAG, one
that we believe is appropriate in capturing the stacking that occurs during a TAG
derivation. The derivations themselves represented can be in another TAG that we
call the derivation grammar (see Vijay-Shanker and Weir (1993)).

We have not discussed the extraction of parses after the recognition is complete
because of space considerations. However, an algorithm to extract the parses and build
a shared forest representation of all parses for CCG was proposed in Vijay-Shanker
and Weir (1990). This scheme was based on the approach we have taken in our general
scheme. The method of extracting parses and representing them using a shared forest
given in Vijay-Shanker and Weir (1990) can be generalized in a straightforward manner
to be compatible with the generalized recognition scheme given here.
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We will now prove the correctness of Algorithm 1. In doing so, we will start by
observing some properties of the rules and the control structure used.

Firstly, given an input is 4; ...a,, we can note that every entry added by a rule
(i.e., consequents of rules) satisfies the requirements for the terminator-type and non-
terminator-type entries; viz., if ((A,7) (8, ((As, ), [t,d:]))) is added to an array ele-

ment P[i,d] then

e A A €Vy,
e y,mEV,

e (€ V; wherel<len(8) < MCL —1 and

o (t,d:) < (i,d) <(1,n) whered > 2.

We can also note that if ((A,~) (8,nil)) is added to P[i,d] then

o AcVy,
o ~eV,

o (e Vi where0<len(8) < TTC+MCL -1 and

o d>1.

These can be verified from noting the form of the rules and by simple induction on

(i,d). We can also observe from the control structure given that entries to P[i1,d1] [iz, d2]
are added before entries are added to P[is,ds] [is,ds] if and only if (i1,d1) < (i3,d3) or
(i1,d1) = (i3,d3) and (ip,d>) > {is,d4). This observation can be used to show that when
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a rule is considered for the purposes of adding an entry to P[i1,d;][i2,d,] then the
array elements specified in the antecedent of that rule would have already been filled.
Verifying these properties of the algorithm enables us to establish the correctness of
the algorithm more easily.

Theorem A.1

((A"}') (a’ ((Aty’)’t): [tadt]))) S P[i, d]
if and only if

ABay) == a;i...a;1A (B a;.. . a4
= di...0i441

for some [ such that A; (37v;) is the len (ay)-terminator of A (Savy) in this
derivation and len (3+;) > TTC.

((A,7> (a,nil)) S P[i, d]
if and only if
A (CM")/) :*> Ai ... Aiyd1

where A (ary) does not have the TC—property, i.e., A (ay) has no
terminator in this derivation or the terminator, say A; (87v:), is such that
len (8y) < TTC.

Proof of Soundness:

We prove the soundness by inducting on d. The base case corresponds to d = 1. We
have to consider only entries of the form ({A4,v) (e, nil)) in P[4, 1]. Such entries are
added only by the application of Rule 1. Therefore, we have A(ay) — a and a = a;.
Hence A (ay) == a; as required.

Now, for the inductive step, let d > 2. Any entry ((A,7) (o, tp)) added to P[i,d]
where d > 2 must be due to a rule other than Rule 1.L. This means that we have either
a production A (-1 ...7m) = Ap () As (@) O AC-71 ... Ym) = As (@) Ap (- 7p). Let
us assume that the first production was used. We will discuss the cases for m = 0,
m =1, and m > 2 separately.

e Let m = 0. In this case the production is A(--) — Ay (- V) As (as). Then
the entry ({(4,7) (a,tp)) should have been added by using one of rules
1.ps.L through 5.ps.L. We take Rule 4.ps.L as a representative. If
((A,m) (B, nil)) were to be added as a result of this rule, then we have
to show that A (Bm) == 4a;.. .a;1.4—1 where A (8yv1) does not meet the
TC-property. Since (i,d,) < (i,d), (i +dy,d — ds) < (i,d), and (t,d;) < (i,d)
the inductive hypothesis applies to the three entries in the antecedent.
Thus, we have for some « the following derivations:

*
A (Bry) = .. .Gr14,1
*
As (o) = fitd, - -Biyd—1
*
Ap (()t’}’]’yp) = a;...0i14; (Ol’yt) Aty - - - a,-+dp_1

*

= 4a;.. Bitd,—1
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such that A; (8ry;) does not meet the TC-property. However, A, (av17,)
satisfies the TC-property and furthermore A; (ay) is the 2-terminator of
Ap (a717p). From Observation 2.1, we can also infer the existence of the
following derivation.

*
Ay (Bmp) == @i 81 AL (Beve) Begd, - - - Bigd,—1
*
= .. Aitd,—1

Combining this derivation with the derivation from As (o) we have

ABm) = A, (Bry) As ()
*
= .. 1A (By) Aetd, - - - Bikd,—18itd, - - - Bitd—1
== ... Aiyg—1

From Observation 2.5, we know that the terminator of A; (Gy;) in this
derivation is also the terminator of A (5;v1) (and if A; (5yy;) has no
terminator then neither does A (5;y1)). Since A; (Gry:) does not satisfy the
TC-property (i.e., it does not have a terminator with stack length greater
than or equal to TTC), A (8;v1) does not satisfy the TC-property either.
Thus we have shown the existence of the required derivation.

e Let m = 1. Therefore the production may be written as
A7) — Ay () As (o). This time we will take Rule 6.ps.L as a
representative. Hence, we can assume that the entry added to P[i,d] has
the form ((A, 1) (Bp,nil)). Since (i,d,) < (i,d), and
(i+dp,d — ds) < (i,d), the inductive hypothesis applies to the two entries
in the antecedent. Thus, we have the following derivations:

*
Ap (6}7’)’1)) = bi-.-Oitd,—1
*
As(os) == iy, - - -Bipd—1

Therefore we have the derivation:

A (/B}ﬂ’l) == Ap (ﬂp%i) As (as)
== dj...... a,-+dp_1u,~+dp v Aikd—1
= Gi...0i+d1

Note that any terminator of A, (83,7,) is also the terminator of A (8,71)
(and if Ay (8,7,) has no terminator then neither has A (8,71)). Since
Ap (Byyy) does not meet the TC-property in this derivation (from

inductive hypothesis), neither does A (8,7,). Thus we have shown the
existence of the required derivation.

e Letm > 2. We will consider the application of Rule 10.ps.L as a
representative. Again, applying the inductive hypothesis we have the
following derivations:

*
Ap (ﬂp'}’p) = @i-..8iyd,—1
*
As (o) = Aitd, - - Bitd—1
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where len (ﬂ,ﬂp) > TTC. Combining the two derivations, we have:

A (:Bp'Yl e 'Ym) = Ap (Bp’)’p) As (as)
= fi...... Bitd,—1%itd, - - - Aiyd—1
= 4dj...04+41

Since m > 2, A, (B,7y) is the m-terminator of A (8,71 ...7m) in the above
derivation. Since len (ﬁﬂp) > TTC, we have shown the existence of the
required derivation and that A (3,71 ...vm) satisfies the TC-property.

In a similar manner we can consider other rules (including those that assume a pro-
duction of the form A G-y ... 7m) — As (o) Ay (~-fyp)) as well.

Proof of Completeness:
We will now show the completeness of Algorithm 1. This time we use induction on
the number of steps in a derivation. Suppose A (5) =4 di...a,9_1; we have to show
that there is a corresponding entry (as specified in Theorem A.1) in P[i,d].

The base case corresponds to [ = 1. From the form of the productions being
considered we can assume that d = 1 and that there exists a production A (o) ~ a;.

Rule 1 would apply and thus we have the required entry.

Let A(B) Lo a;...a;44-1 Where I > 1. The first production used in this derivation
must have the form A (-~ 71 ... ym) = Ap () As (@s) OF A ¢+ y1 -+ Ym) — As () Ap ()
We will only assume that the production is A (71 ...ym) — Ap () As (05). Argu-
ments similar to the one given below can be used when the production of the form
ACm ... Ym) — As(as) Ay () is involved as the first step of the derivation.

Case m = 0: We begin by considering the case when m = 0. Since the first production
used in A(B) == a;...a;14-1 18 A() — Ay (- ¥) As (as), we can write the derivation
as

AB) = A, (B) As(as)
= g.. .a,-+dp,1As (as)
= Gj..-%iyd,1%i4d, - - - Gitd—1
for some 1 < d, < dand [,+Is = I. Applying the inductive hypothesis to the derivation

I .
As (a5) = @y, - - - ipq—1, We can assume the existence of the entry

((As, top (as)) (rest (a), nil))

in Pli +d,,d —d,).

In order to show the existence of the appropriate type of entry corresponding to
the derivation of 4; . . . 4;, 41 from A (5), we need to consider whether A (53) satisfies the
TC-property in this derivation. This could depend on whether the primary constituent

Ay (Bryy) does. Since the inductive hypothesis applies for the derivation A, (5+,) N
a;...8iy4,—1- Let us start by assuming that A (8) satisfies the TC-property. This means
that it has a (say) (k+1)-terminator whose stack length is greater than or equal to TTC.
Expressing 3 as Biv1 ..., we can then rewrite the derivation from A (3) as follows.

ABm .= A (B - %) As (as)
= ;.. 1A (B Aiyd, - - - Gigd,—10i4d, - - - Bitd—1

ks
= Aj... M0 .. Oy d—104d, - - -Qipd—1
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where A; (8;y;) is the terminator of A, (ﬁnq e yk'yp). Thus, len (Gyy;) > TTC and k > 1.
Now, A¢ (By) is the terminator of A(Giv1... %) if and only if k > 1 (from Observa-
tion 2.5).

o Letk>1. A (B) is the terminator of A(Gy ...) and len (Gyy) > TTC.
Thus, A (B ... ) satisfies the TC-property. Therefore we must show
that the entry ((A, %) (... %-1, ({4, ), [t,d:]))) belongs to P[i,d]. By
inductive hypothesis we may assume
((Ap, W) (11 -+ ((Ar,m), [t,d:]))) belongs to P[i,d,]. Now all the
conditions in the antecedent of Rule 3.ps.L have been met and thus we
have shown the existence of the appropriate entry to record the
derivation of 4;...a;15_1 from A (5).

o Let k = 1. From Observation 2.5 it follows that the k’-terminator of
As (Bryy) (f it exists) is also the k'-terminator of A (Gv1), and if A (Giyr)
has no terminator then neither does A (5;v1). Therefore A (8) = A (Giy1)
satisfies the TC-property if and only if A; (G;y;) does. Suppose A; (Giv:)
satisfies the TC-property; then all conditions stated in the antecedent of
Rule 5.ps.L are met and the appropriate entry is added to record the
derivation from A (). On the other hand, if A; (5y;) does not satisfy the
TC-property then all conditions stated in the antecedent of Rule 4.ps.L
are met and the appropriate entry is added to record the derivation
from A (5).

Case m = 1: Here we are concerned with the situation where A (- y1) — A, ( 'y,,) A (o)
is the first production used in the derivation of 4;...4;14_1 from A (83). Rewriting 3 as
By we have
A (ﬂp’Yl) = Ap (ﬂp')/p) As (as)
= Gj...... Aigd,~18itd, - - - Bitd—1

Applying the inductive hypothesis we have
((As, top (as)) (rest (aw), nil)) € Pli+dp,d — d,).

Now any k-terminator of A, (8,7,) is also the k-terminator of A (8,71) (and if A, (8,7,)
has no terminator then neither does A (6,71)). That is, A (B,71) satisfies the TC-
property in this derivation if and only if A, (8,7,) does. If A, (8,7,) does not satisfy
the TC-property, then, by inductive hypothesis, we have ((Ay,~,) (8, nil)) € P[i,d,].
Thus the entries corresponding to the antecedents of Rule 6.ps.L exist and the algo-
rithm would have added the entry ((A,m1) (8y,nil)) € P[i,d] as desired. If A, (8,7,)
does satisfy the TC-property then Rule 7.ps.L. would add the required entry to record
the derivation from A (3).

Case m > 2: Finally, consider that case when m > 2. The given derivation may be
expressed as

A (/Bp’Yl .. ~'7m) = Ap (/Bp')’p) As (as)
*
= Gj...... Gitdy—19itd, - - - Aitd—1

= 4j...94+4-1

Applying the inductive hypothesis we have

((As, top (as)) (rest (as), nil)) € Pli+dy,d — d,).
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Since A, (8y7,) is the m-terminator of A (By71---vm), we have to consider its length
in order to know whether A (3,7, .. ~’Ym) satisfies the TC-property, i.e., how it must be
represented. Suppose len (8,v,) < TTC, then by inductive hypothesis we have the en-
try ((Ap, ) (By,nil)) € P[i,d,]. Thus all antecedents of Rule 9.ps.L have been found.
Since the terminator of A (,B,,'yl .. .fym) has a stack of length less than TTC, the required
entry, ((A,ym) (B -+ Ym-1,nil)), is added by the algorithm by the application of
Rule 9.ps.L. Suppose len (f,7,) > TTC, then A, (3,7,) may or may not be represented
as a terminator-type entry. Let us take the case where A, (8,7,) does not satisfy the
TC-property. Again by inductive hypothesis, we have the entry ((Aps ) (Bp,mil)) €
P[i,d,]. Since len (Byvp) = TTC and the antecedents entries of Rule 10.ps.L exist, the al-
gorithm would add ((A,vm) (m - . -m—1, ({4, V) [:dp]))) to P[i,d] as desired. If we
had assumed A, (8,7,) satisfies the TC-property, then by applying the inductive hy-
pothesis we can guarantee the existence of the entries corresponding to the antecedent
of Rule 8.ps.L, and therefore the algorithm would have added

(A ) (-1, (CAp e [1:0p])))

to P[i,d| as desired.
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