
M U L T I - I N D E X  S Y N T A C T I C A L  C A L C U L U S  

H a n s  K a r l g r e n  

I n t r o d u c t i o n  

In  o u r  w o r k  o n  a n a l y z i n g  S w e d i s h  n o m i n a l  p h r a s e s  a s  t h e y  

a p p e a r  a s  d o c u m e n t  t i t l e s  - p a r t i c u l a r l y  t i t l e s  o f  a r t i c l e s  i n  p e r i -  

o d i c a l s  - w e  h a v e  p r i m a r i l y  u t i l i z e d  c o n t e x t - f r e e  r u l e s .  In  a n  

e n d e a v o u r  t o  r e d u c e  t h e  c u m b e r s o m e n e s s  o f  s u c h  r u l e s ,  w e  

h a v e  u s e d  t h e  n o t a t i o n :  

(1)  a b ~ c f o r  x = p ,  q,  r a n d  y = u ,  v 
x y  x y  x y  

a s  a s h o r t h a n d  f o r  s i x  s u b s t a n t i a l l y  s i m i l a r  r u l e s .  T h e  g a i n  i s  

n o t  m e r e l y  t h a t  o f  a v o i d i n g  s c r i v e n e r ' s  p a l s y  - a n d  p u n c h e r ' s  

i m p a t i e n c e ,  s i n c e  t h e  a n a l y s i s  p r o g r a m  a l s o  a c c e p t s  t h i s  s h o r t -  

h a n d  - b u t  a l s o  t h a t  o f  c l a r i f y i n g  t h e  p a r a l l e l i s m  b e t w e e n  t h e  r u l e s .  

T h e  r u l e  s c h e m a  r e a d s  Ha s y n t a g m  of  t y p e  a c o m b i n e s  w i t h  o n e  o f  

t y p e  b t o  f o r m  o n e  o f  t y p e  c ,  e a c h  b e i n g  r e s p e c t i v e l y  o f  s u b c l a s s  

p ,  q o r  r a n d  u o r  v '~. I f  t h e  s u b s c r i p t s  a r e  i n t e r p r e t a b l e  a s  

l i n g u i s t i c  c a t e g o r i e s ,  t h i s  n o t a t i o n  s e e m s  q u i t e  n a t u r a l .  W e  m i g h t  

w r i t e  a f u n d a m e n t a l  r u l e  o f  L a t i n  g r a m m a r ,  b y  w a y  o f  i l l u s t r a t i o n ,  

t h u s  

a d J n g  c n ° m n g  c ~ n O m n g  c 

w h i c h  w o u l d  m e a n  t h a t  t o  a n o m i n a l  g r o u p  m a y  b e  j o i n e d  a n  a d -  

j e c t i v e  o f  t h e  r e s p e c t i v e  n u m b e r  g e n d e r ,  a n d  c a s e  w i t h o u t  c h a n g -  

i n g  t h e  s y n t a c t i c a l  c a t e g o r y  o f  t h e  g r o u p .  

K V A L ,  F a c k ,  S t o c k h o l m  4 0 .  
T h e  w o r k  r e p o r t e d  i n  t h i s  p a p e r  h a s  b e e n  s p o n s o r e d  b y  
T h e  B a n k  o f  S w e d e n  T e r c e n t e n a r y  F u n d  a n d  
T h e  S w e d i s h  H u m a n i s t i c  R e s e a r c h  C o u n c i l  



T h i s  n o t a t i o n a l  l i t t l e  d e v i c e  a c t u a l l y  o f t e n  r e d u c e s  t h e  

i n t u i t i v e  n e e d  f o r - c o n t e x t - s e n s i t i v e  r h l e s ,  s i n c e  i t  p e r f o r m s  

w h a t  t h e s e  r u l e s  a r e  r e q u i r e d  t o  d o  i n  t h e  d o m a i n  w h e r e  w e  

h a v e  a c h o i c e ,  n a m e l y  t o  b r i n g  o u t  t h e  c o m m o n  p a t t e r n  a n d  

l e a v e  a s i d e  f o r  l a t e r  c o n s i d e r a t i o n  t h e  m i n o r  a d j u s t m e n t s .  

N o w ,  i n  p r a c t i c e ,  w e  h a v e  f o r  e a c h  w o r d  o r  s y n t a g m  n o t  

o n e  s u b s c r i p t  b u t  a s e t  o f  a l t e r n a t i v e  s u b s c r i p t s .  O n  t h e  i n i t i a -  

t i v e  o f  G u n n a r  E h r l i n g ,  w h o  w r o t e  t h e  a n a l y z e r ,  w e  f u r t h e r  r e -  

d u c e  t h e  n o t a t i o n  b y  g i v i n g  a n a m e  t o  a l l  s u c h  s e t s  o f  a l t e r n a -  

t i v e s  a n d  b y  s p e c i f y i n g  i n  a " m u l t i p l i c a t i o n  t a b l e ' t h e  n a m e  o f  

t h e  s e t  o f  a l t e r n a t i v e s  f o r m i n g  t h e  i n t e r s e c t i o n  b e t w e e n  a n y  p a i r  

o f  s u c h  s e t s .  T h u s ,  i n  p l a c e  o f  (1)  o u r  r u l e s  a c t u a l l y  r e a d  

--4/c . (Z) a i k  b j l  i A j  , k n l  

w h e r e  t h e  v a l u e s  o f  i f l j  a n d  kN1 a r e  t a k e n  f r o m  t h e  " m u l t i p l i -  

c a t i o n  t a b l e ' . '  

W e  n o w  a s k  w h a t  w i l l  h a p p e n  i f  w e  g e n e r a l i z e  t h i s  i n d e x  

" m u l t i p l i c a t i o n "  s o  t h a t  i t  w i l l  r e p r e s e n t  n o t  i n t e r s e c t i o n  o f  i n -  

d e x  s e t s  b u t  a n  a r b i t r a r y  b i n a r y  o p e r a t i o n  o n  t h e  s e t  o f  i n d e x  

s y m b o l s .  P a r t i c u l a r l y ,  w e  a r e  i n t e r e s t e d  i n  t h e  c a s e  w h e r e  

t h i s  m u l t i p l i c a t i o n  i s  n o n - a s s o c i a t i v e  a n d  t h e  s e t  o f  i n d e x  s y m -  

b o l s  i s  n o t  c l o s e d  u n d e r  m u l t i p l i c a t i o n .  T h i s  w o u l d  m e a n  t h a t  

t h e  r e s t r i c t i o n s  i m p o s e d  b y  t h e  i n d e x e s  o n  t h e  s e n t e n c e  o r  p a r t  

t h e r e o f  c o u l d ,  i n  t h e i r  t u r n ,  b e  w r i t t e n  a s  a c o n t e x t - f r e e  - n o t  

a f i n i t e - s t a t e  - g r a m m a r  o v e r  t h e  i n d e x  s y m b o l s .  

W h e n  t h e  s u b s c r i p t  m u l t i p l i c a t i o n  r u l e s  a r e  g e n e r a l i z e d  

s o  f a r ,  t h e y  a r e  o f  t h e  s a m e  k i n d  a s  t h e  " " ' o n  m u l t l p h c a t i o n "  t h e  

m a i n  l e v e l ,  a n d  w e  p r e f e r  t o  w r i t e  a f i l k  f o r  a i k  a n d  w e  d e f i n e  

I K V A L ,  I n t e r i m  R e p o r t  N o  13,  
P r o g r a m  f S r  g r a m m a t i s k  a n a l y s  a v  t e x t e r  
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multiplication of such i n d e x  vectors as "inner" multiplication, 

that is, the corresponding elements are multiplied: 

alilk bljfl - ablijTkl 

W e  n o t e  t h a t ,  i n  g e n e r a l ,  t h e s e  r u l e s  c a n n o t  b e  r e d u c e d  

t o  a f i n i t e  l i s t  o f  c o m m o n  c o n t e x t - f r e e  r u l e s ,  a s  c o u l d  r u l e s  

l i k e  ( i )  a n d  (Z) .  F o r  i f  w e  c a n  r e p l a c e  a b  b y  c ,  w e  m a y  w e l l  

b e  u n a b l e  t o  r e p l a c e  i j  b y  a n y t h i n g  s h o r t e r  t h a n  i j ,  t h e  m u l t i -  

p l i c a t i o n  t a b l e  b e i n g  b l a n k  f o r  i j  o r  e v e n  h a v i n g  n o  r o w  i o r  

c o l u m n  j ,  s i n c e  i a n d  j m a y ,  i n  t u r n ,  b e  s t r i n g s  a n d  n o t  e l e -  

m e n t s  i n  t h e  i n d e x  s e t .  A n d  i f  t h e  w e l l - f o r m e d  s e q u e n c e s  o f  

i n d e x e s  a r e  d e f i n e d  b y  a g e n e r a l  c o n t e x t - f r e e  g r a m m a r  a n d  

n o t  b y  a f i n i t e - s t a t e  o n e ,  w e  c a n n o t  r e m e d y  t h i s  b y  a d d i n g  m o r e  

s y m b o l s  t o  t h e  i n d e x  s e t :  t h e  s e t  o f  t r i p l e s  i ,  j ,  i j  m a y  t h e n  

b e  i n f i n i t e .  

T h i s  p a p e r  i s  a n  a t t e m p t  t o  i n v e s t i g a t e  t h i s  p r o b l e m ,  

e l a b o r a t i n g  s u c h  a m u l t i - i n d e x  c a l c u l u s  a l i t t l e .  F i r s t ,  h o w e v e r ,  

we may be excused for making a summary of the background 

of the recognition grarnrnar problems for which such a calculus 

may be useful. The reader who expects tD be bored by such a 

survey should turn directly to page 10 below. 

R e d u c t i o n  

W e  i n t r o d u c e  s o m e  d e f i n i t i o n s .  T h e  t e r m s  e m p l o y e d  

l a r g e l y  c o i n c i d e  w i t h  t h o s e  o f  c u r r e n t  g e n e r a t i v e  l i n g u i s t i c s ,  

b u t  s o m e  m i n o r  a d a p t i o n s  h a v e  b e e n  m a d e  t o  m a k e  t h e  t e r m s  

a d e q u a t e  f o r  d e s c r i b i n g  t h e  k i n d  o f  r e c o g n i t i o n  g r a m m a r s  w i t h  

w h i c h  w e  a r e  c o n c e r n e d .  
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We c o n s i d e r  ~ o v e r  a n  a_~phabet  S = [ a ,  b, c ,  . . ] .  

W e  w r i t e  a b  f o r  t h e  s t r i n g  f o r m e d  b y  c o n c a t e n a t i o n  of  t w o  l e t t e r s  

a a n d  b, a n d  o~[3 f o r  t h e  c o n c a t @ n a t i o n  of  t w o  s t r i n g s  c~ a n d  [3. 

C o n c a t e n a t i o n  i s  c o n s i d e r e d  a r e f l e x i v e ,  a s s o c i a t i v e  b u t  n o t  

c o m m u t a t i v e  r e l a t i o n .  

W e  w r i t e  M f o r  t h e  s e t  of  a l l  c o n c a t e n a t i o n s  of  s t r i n g s  

i n  a s e t  M :  

A r e w r i t i n g  rule......_, ex -~ [3 i s  a r u l e  w h i c h  p e r m i t s  u s  to  

r e p l a c e  t h e  s t r i n g  ~ i n  a n y  s t r i n g  w h e r e  i t  m a y  o c c u r  b y  t h e  

s t r i n g  [3. A r e d u c t i o n  r u l e  i s  a r e w r i t i n g  r u l e  w h i c h  d o e s  n o t  

i n c r e a s e  t h e  n u m b e r  of  w o r d s  i n  t h e  s t r i n g .  A r e d u c t i o n  s ] ~ s t e m  

i s  a s e t  o f  r e d u c t i o n  r u l e s :  

R = ~ ~ B [ ~ c  a l a Z . . . a  n, [ 3 ~ b l b z . . . b  n, a i~S,  bj~S,m_<n] 

B y  m e a n s  of  R w e  c a n  d e f i n e  a d e r i ' v a b i l i t y  r e l a t i o n  o v e r  

S ~ .  W e  s a y  t h a t  c~ i s  r e d u c i b l e  to  6, ~ -~ [3, a c c o r d i n g  to  K, 

i f  t h e r e  i s  a s u c c e s s i o n  of  a p p l i c a t i o n s  of  r u l e s  i n  K b y  w h i c h  

c~ c a n  b e  r e w r i t t e n  a s  [3. W e  i n c l u d e  t h e  c a s e  w h e r e  no  r u l e  i s  

a p p l i e d  s o  ce ~ ~ f o r  a l l ~  . T h u s ,  " ~ "  i s  a ~ e f l e x i v e  a n d  t r a n s -  

i t i v e  r e l a t i o n .  

W e  n o w  d e f i n e  a r e d u c t i o n  g r a m m a r  G = ,~ S, K,  I ,  T > 

a s  a s p e c i f i c a t i o n  of  a s e t  of  s t r i n g s ,  a ~ o v e r  a n  i n p u t  

a l p h a b e t  I c  S : 

L = L ( < S ,  R, I, T > ) = { o I . E I ~ ,  o ~ . ~  ~_ T c S "  ] 

w h e r e  T i s  a s e t  of  - t e r m i n a l  o r ,  t o  a v o i d  d i a m e t r i c a l l y  o p p o s i t e  

a s s o c i a t i o n s  - t a r g e t  s y m b o l s ,  W e  s a y  ~ i s  a n  R - r e d u c t i o n  of  or. 



F i n i t e  R e w r i t i n g  S y s t e m s  

C o n s t i t u e n t  s t r u c t u r e  ~ r a m r n a r s  an__~d ~ r a m m a r  c o m p o n e n t s  

W e  f i r s t  c o n s i d e r  g r a m m a r s  w h e r e  S i s  a f i n i t e  s e t .  

W e  c a l l  t h e s e  g r a m m a r s  c o n s t i t u e n t  s t r u c t u r e  g r a m m a r s .  

I f  T c o n t a i n s  o n e  s i n g l e  e l e m e n t ,  s a y  s f o r  s e n t e n c e ,  

t h e  g r a m m a r  i s  a d e c i s i o n  g r a m m a r ,  w h i c h  s p e c i f i e s  f o r  

e a c h  i n p u t  s t r i n g  w h e t h e r  o r  n o t  i t  i s  g r a m m a t i c a l .  

T r i v i a l l y ,  T c a n  b e  e x t e n d e d  t o  i n c l u d e  a f e w  e l e m e n t s ,  

s a y  s f o r  s t a t e m e n t ,  q ~ o r  q u e s t i o n ,  a n d  s o  o n .  N a t u r a l l y ,  w e  

c a n  r e f o r m u l a t e  a g r a m m a r  w i t h  T = ~t 1 . . . . .  t n ] ,  w h e r e  n i s  

f i n i t e ,  i n t o  a g r a m m a r  w i t h  a u n i q u e  t a r g e t  e l e m e n t ,  m e r e l y  

b y  a d d i n g  o n e  e l e m e n t ,  s a y  s ,  t o  S a n d  i n c o r p o r a t i n g  a f e w  

r u l e s  { t  i -* s l i  = II . . . . .  n } t o  1K. 

H o w e v e r ,  a l l o w i n g  T t o  b e  a n  i n f i n i t e  s e t  i s  n o t  n e c e s -  

s a r i l y  a t r i v i a l  e x t e n s i o n .  

T r i v i a l  b u t  o c c a s i o n a l l y  p r a c t i c a l  i s  t o  d e f i n e  a l a n g u a g e  

L (S,  K ,  I ,  A~ w h e r e  t h e  t a r g e t s  a r e  a l l  t h e  s t r i n g s  o v e r  a n  o u t -  

p u t  a l p h a b e t  A c S .  

I f  T i s  s o m e  n o n - t r i v i a l l y  d e f i n e d  s u b s e t  s e t ,  L'  o f  

s t r i n g s  o v e r  a s u b s e t  A of  S, w e  h a v e  

L = L ( S ,  R ,  I,  L '  ) 

w h e r e  L '  m u s t  b e  d e f i n e d  b y  s o m e  g r a m m a r  G I = < S ~ I ~ k , T >  

W e  s a y  t h a t  G "  = < S ,  R ,  I,  A >  i s  a ~ r a m m a r  c o m p o n e n t  a n d  

n o t e  t h a t  G "  a n d  G I t o g e t h e r  c o m p l e t e l y  s p e c i f y  L .  W e  s h a l l  

c o m e  b a c k  t o  t h i s  c o n c e p t  l a t e r  w h e n  w e  d e s c r i b e  m o r e  c o m -  

p l e x  g r a m m a r s  a s  c o m b i n a t i o n s  o f  s i m p l e  o n e s .  

W i t h  t h e  r e s t r i c t i o n  i m p o s e d  o n  t h e  r u l e s  o f  R t h a t  t h e  

r i g h t  h a n d  s i d e  s h o u l d  n e v e r  b e  l o n g e r  t h a n  t h e  l e f t  h a n d  s i d e ,  

i t  i s  o b v i o u s l y  a l w a y s  p o s s i b l e  i n  a f i n i t e  n u m b e r  o f  s t e p s  t o  

d e c i d e  w h e t h e r  o r  n o t  a g i v e n  f i n i t e  s t r i n g  i s  r e d u c i b l e  t o  s o m e  



e l e m e n t  in  T,  i . e . ,  w h e t h e r  o r  n o t  i t  i s  a n  e l e m e n t  in  t h e  

s e t  L .  F o r  i f  t h e  g i v e n  s t r i n g  o c o n t a i n s  m s y m b o l s  a n d  $ 

c o n t a i n s  n d i f f e r e n t  s y m b o l s ,  a c a n  b e  s h o r t e n e d  a t  m o s t  ( m -  1) 

t i m e s  a n d  a f t e r  t he  i ' - th t i m e  i t  h a s  b e e n  s h o r t e n e d ,  

(i = O, 1, . . . .  m - 1 ) ,  i t  c a n  be  r e w r i t t e n  w i t h o u t  s h o r t e n i n g  

a t  m o s t  (n m -  i _  l )  t i m e s  w i t h o u t  b e i n g  r e w r i t t e n  a s  a ,  

w h i c h  c a n  a l w a y s  b e  a v o i d e d  b y  k e e p i n g  a f i n i t e  r e c o r d  of  

h i s t o r i c a l  i n f o r m a t i o n .  

D i s j o i n t  c o n s t i t u e n t  ~ r a m m a r s  

1. A r e d u c t i o n  r u l e  w h e r e  t h e  r i g h t  h a n d  s i d e  c o n t a i n s  e x -  

a c t l y  o n e  s y m b o l  i s  c a l l e d  a c o n t e x t - f r e e  r u l e .  I f  a l l  t h e  r u l e s  

a r e  c o n t e x t - f r e e  w e  s a y  t h e  g r a m m a r  a n d  t h e  l a n g u a g e  i s  c o n -  

t e x t - f r e e .  

I f  t h e  g r a m m a r  i s  c o n t e x t - f r e e  w e  m a y  g i v e  i t  t h e  f o l -  

l o w i n g  i n t e r p r e t a t i o n .  L e t  t h e  l e t t e r s  o f  I b e  s e t s ,  " c a t e g o r i e s " ,  

of  s t r i n g s  of  l i n g u i s t i c  s i g n s .  L e t  a._.bb m e a n  t h e  s e t  of  s t r i n g s  

c o n s i s t i n g  of  o n e  s t r i n g  c o n t a i n e d  i n  c a t e g o r y  a f o l t o w e d  b y  o n e  

c o n t a i n e d  in  b . L e t  t h e  r e d u c t i o n  r u l e s  m e a n  i n c l u s i o n  s o  t h a t ,  

e . g . ,  a b  c c m e a n s  t h a t  t h e  s e t  a~b i s  i n c l u d e d  in  t h e  s e t  c .  

A s t r i n g  o o v e r  I t h e n  r e p r e s e n t s  a g r a m m a t i c a l  s e n t e n c e  

of  t y p e  t , i f  a n d  o n l y  i f ,  R m ( y c  t s T .  

2.  A c o n t e x t - f r e e  c o n s t i t u e n t  g r a m m a r ,  t h e n ,  c a n  be  a d e -  

q u a t e l y  d e s c r i b e d  a s  a c l a s s i f i c a t i o n a l  s y s t e m  w i t h  f i n e r  a n d  

b r o a d e r  t e r m s  w h e r e  a l l  c l a s s e s  c a n  be  w r i t t e n  a s  c d n c a t e n a -  

t i o n s  - i n t e r p r e t e d  a s  t h e  s e t  of  c o n c a t e n a t i o n s  of  t h e  c a r t e s i a n  

p r o d u c t s  - of  a f i n i t e  s e t  S of  c a t e g o r i e s .  T h e  p r o c e s s  of  a n a -  

l y z i n g  s e n t e n c e s  of  s u c h  a l a n g u a g e  c a n  b e  p e r f o r m e d  a s  a c l a s -  

s i f i c a t i o n a l  p r o c e d u r e  a n d  t h e  r e s u l t  i s  a d e q u a t e l y  a n d  e x h a u s t i v e l y  



s t a t a b l e  a s  the c l a s s  a d h e r e n c e  of s e t s  of s u c c e s s i v e  s u b s t r i n g s ,  

r e p r e s e n t a b l e ,  e . g . ,  by  a t r e e  w i t h  no c r o s s i n g  b r a n c h e s .  

One m a y  no te  t h a t  the  c h a r a c t e r  of a c o n t e x t - f r e e  l a n g u a g e  

w e l l  c o n f o r m s  w i t h  w h a t  u s e d  to  be d e f i n e d  a s  a g g l u t i n a t i v e  l a n -  

g u a g e s ,  t h a t  i s  w i t h  the  a g g l u t i n a t i v e  l a n g u a g e s  a s  t h e y  w e r e  

c o m m o n l y  d e f i n e d ,  not  a s  a n y  e x i s t i n g  n a t u r a l  l a n g u a g e  of a n y  

p a r t i c u l a r  g r o u p .  

The  a s s u m p t i o n s  b e h i n d  an a t t e m p t  to  d e s c r i b e  a r e a l  

l a n g u a g e  b y  a c o n t e x t - f r e e  g r a m m a r ,  t h e r e f o r e ,  a r e  v e r y  

s t r o n g .  I t  i s  not  a s t o n i s h i n g  t h a t  t h e s e  a t t e m p t s  p a r t i a l l y  f a i l ;  

i t  i s  a s t o n i s h i n g  t h a t  t h e y  h a v e  c a r r i e d  a s  f a r  a s  t h e y  h a v e .  F o r  

i n s t a n c e ,  t h e r e  i s  no c o n v i n c i n g  e m p i r i c a l  e v i d e n c e  t h a t  a d e c i -  

s i o n  g r a m m a r  f o r  a n a t u r a l  l a n g u a g e  c a n n o t  be w r i t t e n  a s  a 

c o n t e x t - f r e e  g r a m m a r ,  t h o u g h  t h e r e  a r e  a m p l e  t h e o r e t i c a l  r e a -  

s o n s  no t  to  s t a k e  too  m u c h  on the  p r e d i c t i o n  t h a t  no  p r a c t i c a l  

c o u n t e r - e x a m p l e s  w i l l  t u r n  up  in  the  f u t u r e .  

3.  If  we  a dd  to  ou r  c o n t e x t - f r e e  g r a m m a r  r u l e s  of the  t y p e  

ab .-* bc 

or ,  g e n e r a l l y ,  p e r m u t a t i o n  r u l e s  w h e r e  the  s a m e  e l e m e n t s  r e c u r  

on the  r i g h t ,  t hough  in  d i f f e r e n t  o r d e r ,  we  b r o a d e n s  of c o u r s e ,  

the  f a m i l y  of l a n g u a g e s  u n d e r  c o n s i d e r a t i o n s  and  the  i n t e r p r e t a -  

t i o n  a b o v e  u n d e r  2. no m o r e  h o l d s  t r u e .  Bu t  a l l  w h a t  w a s  s a i d  

a b o u t  the  h i g h l y  s p e c i a l i z e d  c h a r a c t e r  of the  l a n g u a g e s  r e m a i n s  

t r u e ,  e x c e p t  t h a t  c l a s s  a d h e r e n c e  i s  now no t  c o n f i n e d  to s e t s  

of s u c c e s s i v e  s u b s t r i n g s ;  the  l a n g u a g e  i s  c h a r a c t e r i z e d  by  the 

e x i s t e n c e  of d i s c o n t i n u o u s  c o n s t i t u e n t s ~  and  e x c e p t  t h a t  the  t r e e  

d r a w n  w i l l  h a v e  c r o s s i n g  b r a n c h e s  h e r e  and  t h e r e .  Bu t  i t  i s  s t i l l  

p o s s i b l e  to  a s s i g n  e a c h  s u b s t r i n g  to  e x a c t l y  one i m m e d i a t e l y  



h i g h e r  o r d e r  c o n s t i t u e n t  a n d  i t  i s  s t i l l  p o s s i b l e  t o  d r a w  a t r e e .  

W e  m a y  s u m m a r i z e  t h e  c o n s t i t u e n t  

s o  f a r  m e n t i o n e d  u n d e r  t h e  n a m e  ~ - c o n s t i t u e n t  g r a m m a r s ,  

i . e . ,  g r a m m a r s  w h e r e  e a c h  c o n s t i t u e n t  i s  e i t h e r  d i s j o i n t  f r o m  

o r  i n c l u d e d  i n  a n o t h e r  a n d  w h e r e ,  a c c o r d i n g l y ,  t h e  c o n s t i t u e n t s  

c a n  b e  d e f i n e d  a s  a h i e r a r c h i a l  s e t  o f  e q u i v a l e n c e  c l a s s e s  o v e r  

t h e  s u b s t r i n g s  o f  t h e  g i v e n  i n p u t  s t r i n g .  

S u c h  a c l a s s i f i c a t i o n  o f  s u b s t r i n g s  i s  c a l l e d  a p - m a r k e r .  

T h e  h o p e  o f  e x p r e s s i n g  t h e  e s s e n c e  o f  t h e  s y n t a c t i c a l  s t r u c t u r e  

o f  a s e n t e n c e  b y  o n e  p - m a r k e r  t h e r e f o r e  i m p l i e s  s t r o n g  a s s u m p -  

t i o n s  a b o u t  t h e  l a n g u a g e .  

O v e r l a p p i n g  c o n s t i t u e n t  g r a m m a r  

I f  t h e  r u l e s  o f  R d o  n o t  o b e y  t h e  r e s t r i c t i o n s  m e n t i o n e d  

f o r  d i s j o i n t - c o n s t i t u e n t  s t r u c t u r e  g r a m m a r s ,  t h a t  i s ,  i f  r u l e s  

o c c u r  o f  t h e  t y p e  

a b c  ~ d e  

o r  

a b c  -'* d c  

n o  e q u i v a l e n c e  c l a s s i f i c a t i o n  o f  s u b s t r i n ~  i s  o b v i o u s  a n d  n o  t r e e  

c a n  b e  d r a w n  w i t h o u t  f u r t h e r  a s s u m p t i o n s .  

T h e  m o s t  n a t u r a l  w o u l d  b e  t o  d r a w  a g r a p h  o f  t h e  f o l -  

l o w i n g  k i n d :  



U n l i k e  p - m a r k e r s ,  t h i s  g r a p h  a t t r i b u t e s  o n e  a n d  t h e  s a m e  

s u b s t r i n g  o f  t h e  i n p u t  s t r i n g  t o  m o r e  t h a n  o n e  h i g h e r  c o n s t i t u -  

e n t  a l s o  w h e n  t h e s e  h i g h e r  c o n s t i t u e n t s  a r e  d i s j o i n t .  H e r e  a b c  

b e l o n g s  t o  d a n d  t o  e ,  t o  k a n d  t o  i .  

I t  i s  b y  n o  m e a n s  a n  u n n a t u r a l  d e s c r i p t i o n  o f  a s e n t e n c e  

t o  l e t  o n e  s e g m e n t  h a v e  m o r e  t h a n  o n e  f u n c t i o n ,  n o r  i s  i t  i m -  

p r a c t i c a l  t o  r e p r e s e n t  s u c h  s t r u c t u r e s  a s  g r a p h s .  O n  t h e  c o n t -  

r a r y ,  t h a t  i s  w h a t  g r a p h s  a r e  f o r ,  a n d  i n  t h e  s p e c i a l  c a s e  w h e r e  

n o  t w o  b r a n c h e s  e v e r  c o a l e s c e ,  t h e  g r a p h  s e e m s  t o  b e  s o  u t t e r l y  

s i m p l e  t h a t  i t  i s ,  a t  a n y  r a t e ,  r a t h e r  a w a s t e  o f  p a p e r  t o  p r i n t  

d r a w i n g s  o f  i t .  

F o r  a s u b s e t  o f  t h e  g r a m m a r s  n o w  u n d e r  d i s c u s s i o n  w e  

c a n ,  w i t h  s o m e  g o o d  w i l l ,  c o n s t r u c t  p - m a r k e r s ,  a l t h o u g h  t h e  

s a m e  r u l e s  c o n t a i n  m o r e  t h a n  a s i n g l e  r i g h t  h a n d e d  e l e m e n t .  

I f  t h e  r u l e s  a r e  o f  t h e  t y p e  

a b c  -~ d c  

o r ,  g e n e r a l l y ,  o n l y  o n e  s y m b o l  o n  t h e  r i g h t  i s  d i f f e r e n t  f r o m  

t h e  c o r r e s p o n d i n g  s y m b o l  t o  t h e  l e f t ,  w e  m a y ,  b y  c o n v e n t i o n ;  

c o n s i d e r  a b  t o  b e  a c o n s t i t u e n t  o f  t y p e  d ,  w h e r e a s  c o n l y  f u n c -  

t i o n s  a s  a c o n t e x t .  F o r  t h e s e  c o n t e x t - s e n s l t i v e  c a s e s  w e  t h e r e -  

f o r e  c a n  a g r e e  t o  r e p r e s e n t  o u r  r e d u c t i o n  a s  f o l l o w s :  

a /b c i n s t e a d  o f  a ~ c  

I 
d c 

d c 

I t  m i g h t  s e e m  a s  n a t u r a l  t o  d r a w  

a b c 

d c 

s a y i n g  t h a t  d i s  a r e p r e s e n t a t i o n  o f  C a s  w e l l  a s  o f  a b ,  s i n c e  

d c o u l d  n o t  h a v e  b e e n  r e n d e r e d  a s  a b  u n l e s s  c h a d  b e e n  p r e s e n t .  
m 
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C h o m s k y  (1963) p .  2 9 4 ,  H a n d b o o k  o f  M a t h e m a t i c a l  
P s y c h o l o g y ,  e d i t e d  b y  L u c e ,  B u s h ,  a n d  G a l a n t e r .  



One w o u l d  t h e n  h a v e  o v e r l a p p i n g  c o n s t i t u e n t s  i n  c a s e s  s u c h  a s  

S w e d i s h  got t ,  r e d u c i b l e  to  god t :  

g o t t 

ad j  f l e x i o n a l  e l e m e n t  

N o b o d y  s e e m s  to be o v e r - h a p p y  w i t h  t h i s  a t t e m p t  to  

"add conditions to guarantee that a p-marker for a terminal 

string can be recovered uniquely from its derivation" and for 

this and more serious reasons linguists turn away from these 

types of constituent grammars altogether. But it is character- 

istic that one attempts to find "unique" equivalence classifica- 

tions, i.e., tree graphs of the simple kind described. "We 

assume that such a tree graph must be a part of the structu- 

ral description of any sentence; we refer to it as a phrase- 

marker p-marker. A grammar must for adequacy provide a 

p-marker for each sentence". ~ In other words, rather than 

modify the kind of graph employed, one replaces it, in trans- 

formational grammar, by an ordered set of such simple graphs. 

The multi-index notation permits an alternative mode of 

presentation, as will appear in the next few paragraphs. 

I n f i n i t e  R e w r i t i n g  Systems 

We now consider the case where a grammar G = < S, i~, I, T> 

contains an infinite alphabet S. 

In particular, We consider the set S of vectors over a 

finite set S t of indexes: 

S = S' U [si'szf... [SnlSi6Sl ] 

Chomsky,  op. cit .  p. ~ .  

I0 



F o r  S w e  i n t r o d u c e  t h e  g e n e r a l  m u l t i - i n d e x  m u l t i p l i c a -  

t i o n  s c h e m a :  

i I I I 
( l )  ( S l  Sz I  " ' "  S n )  ( t l  t2  " ' ' l t m ) - *  

. . .  J. ' t i f  n < m ( S l t | ) º  ( s z t 2 )  I ! ( S n t n ) !  t n ÷  1 . . . .  m 

( s  I t l ) ,  ( s z t 2 ) ,  . . . I  ( S n t n )  i f  n = m 

. . .  i i i f n > m  I s | t | )  I ( S z t z )  I I ( s m t m ) '  S m +  | ' ' '  "S  n 

t h a t  i s ,  f o r  i > n a n d  j > m w e  c o n s i d e r  s .  = t .  : e ,  w h e r e  e 
I j 

i s  a u n i t  e l e m e n t  s u c h  t h a t  a e  = e a  = e f o r  a l l  a .  

I~ l c o n t a i n s ,  e x c e p t  t h e  g e n e r a l  m u l t i - i n d e x  s c h e m a  ( | ) ,  

a f i n i t e  s e t  i~ I o f  r u l e s  o r  r u l e  s c h e m a t a  o v e r  $ 

{Z) R '  = [ o r  "* S let - a l a g . . -  a n , B = b l b z . . ,  b m ,  n ~ m 

w h e r e  a .  a n d  b .  a r e  e l e m e n t s  i n  S o r  v a r i a b l e s  o v e r  $ o r  o v e r  x j 

s p e c i f i e d  s u b s e t s  t h e r e o f .  

T i s  g i v e n  e i t h e r  e x p l i c i t l y  o r  a s  a n  i n f i n i t e  s u b s e t  o f  S 

T = [ t ' x l t  E AcS, xE S} 

i . e . ,  a s  t h o s e  e l e m e n t s  i n  S w h i c h  c o n s i s t  o f  a n  e l e m e n t  i n  a 

f i n i t e  s e t  A ,  a r b i t r a r i l y  s u b s c r i p t e d .  

W e  n o t e  t h a t  e v e r y  e l e m e n t  s i n  S d e f i n e s  a n  i n f i n i t e  

c l a s s  o f  e l e m e n t s  b e g i n n i n g  w i t h  t h e  v e c t o r  s ,  j u s t  a s  a d e c i m a l  

n u m b e r  d e f i n e s  a c l a s s  o f  n u m b e r  w i t h  t h e  s a m e  o r  a g r e a t e r  

n u m b e r  o f  d i g i t s .  

T h e  r u l e s  o f  R a r e  s u c h  a s  

i a b - ~  c 

Z a l x  b l y  --~ c l z  

3 a ' . x  -.* b 

4 a -* b ' x  

+ 



a n d  s o  o n .  T o  m a k e  a l a n g u a g e  d e c i d a b l e  i t  i s  o b v i o u s l y  s u f -  

f i c i e n t  - b y  w a y  o f  a n a l o g y  w i t h  t h e  r e a s o n i n g  a b o v e  - t o  r e -  

q u i r e  t h a t  t h e  r i g h t - h a n d  s i d e  s h o u l d  n e v e r  c o n t a i n  m o r e  l e t -  

J 
t e r s  o u t  o f  t h e  a l p h a b e t  S I t h a n  t h e  l e f t - h a n d  s i d e ,  t h u s  e x -  

c l u d i n g  r u l e s  l i k e  r u l e  4 a b o v e .  T h e  f a c t  t h a t  t h e  l e t t e r s  a r e  

h e r e  d i s t r i b u t e d  o v e r  d i f f e r e n t  l e v e l s ,  s o  c o n s t i t u t i n g  o n e  o r  

m o r e  s y m b o l s  o f  S,  c a n n o t  i n v a l i d a t e  t h a t  a r g u m e n t .  

T h e  c o n c l u s i o n  o b v i o u s l y  a l s o  r e m a i n s  i n t a c t  i f  w e  a c c e p t  

r u l e s  w i t h  a l o n g e r  r i g h t - h a n d  s i d e  f o r  r e w r i t i n g  s y m b o l s  w h i c h  

n e v e r  o c c u r  o n  t h e  r i g h t - h a n d  s i d e  o f  a n y  r u l e ,  t h a t  i s ,  i f  w e  

m a k e  a l l o w a n c e  f o r  a s s i g n m e n t  r u l e s .  

I n  t h e  f o l l o w i n g  w e  s h a l l  r e s t r i c t  o u r s e l v e s  t o  c o n t e x t -  

f r e e  m u l t i - i n d e x  r u l e s ,  t h a t  i s ,  t h e  r u l e s  s h a l l  

a) c o n t a i n  o n e  e l e m e n t  o f ~ S  o n  t h e  r i g h t - h a n d  s i d e  
a n d  w h e r e v e r  p r a c t i c a l  t h e  r u l e s  s h a l l  a l s o  

b)  c o n t a i n  a t  m o s t  a s  m a n y  e l e m e n t s  o f  S i o n  t h e  r i g h t - h a n d  

s i d e  a s  o n  t h e  l e f t - h a n d  s i d e ,  e x c e p t  w h e r e  t h e  l e f t - h a n d  

s i d e  c o n s i s t s  e x c l u s i v e l y  o f  e l e m e n t s  w h i c h  o c c u r  o n  t h e  

r i g h t - h a n d  s i d e  o f  n o  r u l e .  

T h o u g h  e a c h  r u l e  i s  a c o n t e x t - f r e e  r u l e ,  s u c h  a m u l t i -  

i n d e x  g r a m m a r  i s  n o t  a d i s j o i n t - c o n s t i t u e n t  g r a m m a r ;  c o n s t i -  

t u e n t s  d o  o v e r l a p :  

L e t  u s  c o n s i d e r  a g r a m m a r  w h e r e  

a b  - * d  

dc ~ s 

xy ~ u 

UZ ~ V 

and where slvET. Let us consider the analysis of the string 

a~x bty clz: 

t 2  

T h e  s e c o n d  r e s t r i c t i o n  i s  u n n e c e s s a r i l y  s e v e r e .  O n e  m a y  
w e l l  i n c l u d e ,  e . g . ,  r u l e s  w h i c h  a r e  n o t  r e d u c t i v e  w i t h  r e f -  
e r e n c e  t o  S "  b u t  w h i c h  a r e  s t r i c t l y  r e d u c t i v e  o n  t h e  h i g h e s t  
l e v e l  t h e y  r e f e r  t o  a n d  w h i c h  d o  n o t  i n c r e a s e  t h e  n u m b e r  o f  
l e v e l s  r e f e r r e d  t o  b y  a n y  r u l e .  



o r  g r a p h i c a l l y :  

a l x  b~y cl.z 

d l x y  c l z  

s l x y z  

s l x u  

sly 

We see  that  s e g m e n t a t i o n  is  o v e r l a p p i n g  but  that  each  

level  of: i n d e x e s  r e p r e s e n t s  one e q u i v a l e n c e  c l a s s i f i c a t i o n  and 

one t r e e - s h a p e  g r a p h .  

In  m a n y  c a s e s ,  c o n t e x t - f r e e  m u l t i - i n d e x  r u l e s  a r e  

w eak l y  equ iva l en t  to c o n t e x t - s e n s i t i v e  r u l e s ,  a s  Will a p p e a r  

f r o m  the fo l lowing  few e x a m p l e s  of l a n g u a g e s  wh ich  n o t o r i o u s -  

ly  canno t  be d e s c r i b e d  wi th  o r d i n a r y  c o n t e x t - f r e e  r u l e s .  C r u d e -  

ly, we m a y  s a y  tha t  taking an index  on a n o t h e r  l eve l  in to  ac -  

count  i s  an  i m p l i c i t  w a y  of r e g a r d i n g  con tex t .  

t3 



Example 1. The language "anbncn". 

~I: a ~ xlp 

b ~ ylp 

C ~ zIq 

"xy ~ s 

xsy ~ s 

S Z  ~ S 

ppq ~ e where e is  the unity element.  

I l lus t ra t ion :  

aabbcc 

x ' p  x ' p  y ' p  y ' p  z ' q  z ' q  

x tp  s lpp  y lp  z ' q  zfq 

s ipppp z iq  z lq  

s°pp ziq 

s l e  = S 

T = s 

14 



Example 2. The "reduplication" language, consisting of an 

arbitrary string of a'. s and b'. s followed by the same string ' 

r e p e a t e d .  

R : xy  ~ x ry for x = a,b and y = a,b 

xx ~ s for x = a,b 

sis ~ s 

lllustration: 

abbababbab 

, a ' ( b ' ( b ' ( a l - b ) ) )  a l - i b l ( b [ ( a [ b ) ) )  

s' (s' ( s ' ( s '  s))) 

s 

E x a m p l e  3. The  l anguage  ( a n b n )  m 

R r  : x x l y  ~ x l ( x t y )  fo r  x = a , b  and  fo r  a l l  y E S  

a b - * t  

t l x  t f x  ~ t t x  f o r  a l l  x E S  

t - *  s 

S I S  "* S 

T = {s] 

Illu s tration: 

aaabbbaaabbb 

a ' ( a ' b )  b ' ( b ' b )  a l ( a ' a  

t' (t't') t '  (t't) 

t' (t't) 

s ' (s's) 

$ 

b '  (b'b) 

15 



Example 4. The language ambncmn 

R' : x x'y - x'(bly) for x = b,c and all yES 

a blx clx -- blx for all xE S 

b ~s 

S I s  -~ S 

T : {s] 

I l l u s t r a t i o n :  

a a a b b b b c c c c c c c c c c c c  

a a a b ' ( b i ( b i b ) ) c '  (b '  ( b ' b ) ) c i ( b ' ( b ' b ) ) c '  ( b '  ( b ' b ) )  

aab' (b' (bib))ci(b'.(bib))ci(b' (b'b)) 

b ' ( b  I ( b i b ) )  

s' (~' (s' s)) 

S 

T h u s ,  the  p o s s i b i l i t y  to add f u r t h e r  i n d e x  l e v e l s  a t  

op t ion  p r o v i d e s  a r n e a n s o f  p e r f o r m i n g  a r i t h m e t i c a l  o p e r a t i o n s .  

T h e  c o n t e x t - f r e e  m u l t i - i n d e x  r u l e s  a r e  p o w e r f u l  and  c o v e r  

m a n y  l a n g u a g e s  of  wha t  i s  known  a s  the  c o n t e x t - s e n s i t i v e  t y p e .  

We s h a l l  now t u r n  to  l i n g u i s t i c  i n t e r p r e t a t i o n s  of  s u c h  

a calcuius. 

16 



M u l t i - i n d e x  C a l c u l u s  i n  L i n g u i s t i c s  

T h e  m u l t i - i n d e x  c a l c u l u s  c a n  b e  a p p l i e d  in  l i n g u i s t i c s  

a b o v e  a l l  f o r  t w o  p u r p o s e s :  to  r e p l a c e  c o n t e x t - s e n s i t i v e  r u l e s  

a n d  to  p r o v i d e  a m e a n s  o f  r e p r e s e n t i n g  p - m a r k e r s .  

C o n t e x t - f r e e  m u l t i - i n d e x  r u l e s  d e r i v e d  f r o m  c o n t e x t - s e n s i t i v e  

r u l e s  

I t  i s  p o s s i b l e  to  r e p l a c e  m a n y  - a l l ?  - c o n t e x t - s e n s i -  

t i v e  r u l e s  b y  a n  e q u i v a l e n t  s e t  of  c o n t e x t - f r e e  m u l t i - i n d e x  

r u l e s .  

T h u s ,  t he  r u l e  

a ~ b / ~  c 

c a n  b e  r e p l a c e d  b y  

a ~ b l p ,  c - c I q a n d  p q  ~ e o r ,  m o r e  c a u t i o u s l y  

b y  t h e  a s s i g n m e n t  r u l e s  

a - Alp 

c - C I  q 

a n d  t he  r e d u c t i o n  r u l e s  

A I p ~ A ~ r 

A i r  ~ B i t  

r q  - e 

p ~ e 

q ~ e w h e r e  e i s  t h e  u n i t y  e l e m e n t .  

L e t  u s  c o n s i d e r  t h e  f o l l o w i n g  l i t t l e  g r a m m a r :  

j - i / g - -  

h g "  g h  

i "~ d / h -  

gh-*c 

f - ~  a / - -  c 

c d - ~ b  

a b ' ~  s 
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thu  s 

W i t h  t h i s  g r a m m a r ,  the  s e n t e n c e  ~hgj w i l l  be a n a l y z e d  

I '"d/ c / J \ /  

We h a v e  h e r e  a d o p t e d  a " m i x e d "  t r e e  r e p r e s e n t a t i o n  

f o r  c o n t e x t - s e n s i t i v e  s t r u c t u r e s ,  w i t h  o b v i o u s  s i g n i f i c a n c e .  

We c a n  r e d u c e  the  s a m e  s e n t e n c e  to  s by  the  f o l l o w -  

i n g  s e t  of r u l e s :  

j ~ i l k  

g ~ g l l  

l k - .  e 

h ~ gJ . rn  

g - * g l t  

g - ~ h l n  

r o t - .  rn  

rgln ~ e 
i ~ d l p  

h ~ h l q  

q p - -  e 

g h ~ c  

f ~ a ' - r  

C ~ t i t  

r t  --  e 

cd-~ b 

a b ~  S 

18 
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T h u s ,  

f h g j 

f h g f l  i l k  

f h g i '  ( l k )  

f g l m  hJn i 

f gh  t ( m n )  i 

f g h f q  d t p  

f g h d ' ( q p )  

f c d 

a i r  c l t  d 

a c '  ( r t )  d 

a b 

s 

G r a p h i c a l l y ,  t h i s  m e a n s  t ha t  we h a v e  a s e t  of  i n t e r -  

c o n n e c t e d  t r e e g r a p h s :  

i!1 
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In a transformational grammar, we interpret G" as a 

grammar component, adding to our grammar a component 

G' -- < S l, R I, I i, T'> where 1 I- is the set T" of p-markers, 

T i is a subset thereof and R ! is a set of multi-index re- 

writing rules such as 

alx ~ a'y 

atx bly ~ clx 

a~x alx bly ~ a!x bly alx bty 

atx. bly ~ bly. alx 

for specified sets of values for x, y, etc., that is, substi- 

tution, reduction, expansion and permutation rules for which 

the conditions are not confined to one index level at a time. 

Regarding the analysis as a syntactic tree, we may 

characterize transformational rules as such where the con- 

ditions for some symbol(s) to be rewritten in a specified way 

refer to the "vertical" neighbours (not to the "horizontal" 

neighbours as in context-sensitive rules). We might speak 

about pretext and posttext sensitive rules, or generally 

about "kintext sensitive" rules: Obviously and notoriously, 

"kintext" must play a different role in generative and in 

recognition procedures, since pretext in one case is post- 

text in another. 

Thus, one component may map the input strings on 

T" = [ ti lxl ti 6 T; x 6 S"] and ~a transforma-tion compo- 

nent may map I I. = T" on T' = [tlylt 6A] and 

y ={a!l azla31 ...la i 6B } where B is a subset of S" and 

A___C T .  O r  w e  m a y  d e f i n e  t h e  t a r g e t  s e t  f o r  e a c h  component  

in other ways. 
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M u l t i - i n d e x  c a l c u l u s  in a t r a n s f o r m a t i o n a l  g r a m m a r  

Given  a c o n s t i t u e n t  s t r u c t u r e  g r a m m a r  G = < S, R, I, T >  

we obta in  an  inf in i te  g r a m m a r  G" by  r e p l a c i n g  S by  

S" = SU { s I I s2  t s 3 ,  . . . [  s i E S " ]  and R by 

g "  = [ a , a z . . .  a n ~ b ' ( a , a Z . . ,  a n ) l ( a , a z . - -  a n ~ b )  eR] 

if K i s  c o n t e x t - f r e e  and o t h e r w i s e  

R"= [ a l a z . . . a  n ~ b,' ( a i a z . . . a n ) ' b  z '  ( a i a z . . . a  n ) . . . .  " b m '  

( a l a z . . :  a n )  [ ( a l a 2 . . .  a n ~ b l b z . . ,  b m ) E R }  

and r e p l a c i n g  T = { t 1, t z . . . . .  tk} by  

T" = { t i ' x [ t i E T x E S " ] .  

Tha t  i s ,  we ob ta in  a g r a m m a r *  which  m a p s  g iven  s t r i n g s  on 

an  inf in i te  s e t  wh ich  m a y  be c o n s i d e r e d  as a se t  of p - m a r -  

k e r s  ~. G" i s  then  an i n t e r p r e t a t i o n  g r a m m a r ,  c o r r e s p o n d i n g  

to G. 

j 
\ 

a dec idab le  one,  s ee  p.  i3  above,  foo tno te .  The 
n u m b e r  of l e v e l s  does  i n c r e a s e ,  but  al l  r u l e s  r e f e r  
e x c l u s i v e l y  to the u p p e r m o s t  l eve l .  

@* 
T h e s e  m u l t i - i n d e x  e x p r e s s i o n s  n a t u r a l l y  con ta in  all  
i n f o r m a t i o n  that  t r a n s f o r m a t i o n s  o p e r a t e  upon .  Indeed ,  
t hey  wi l l  of ten con ta in  too m u c h ,  but  s u p e r f l u o u s  in-  
d e x e s  can  e a s i l y  be e l i m i n a t e d  by m u l t i - i n d e x  r u l e s ;  
the po in t  i s  that  no  s ide  cond i t i ons  fo r  p e r m i s s i b l e  
t r a n s f o r m a t i o n a l  r e w r i t i n g s  need  be o b s e r v e d .  E v e r y -  
th ing needed  f o r  the c a l c u l u s  i s  in  the s t r i n g .  
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T h u s ,  one-level reduction rules suffice for a decision 

grammar for a constituent-structure language and multi-index 

reduction rules suffice for an interpretation grammar for such 

languages. Multi-index rules also suffice for a decision gram- 

mar for a transformationally defined language. ~ The question 

remains if they suffice for an interpretation grammar for the 

l a t t e r .  

A structural description of the sentence may be given 

as the sequence of p-markers obtained during the analysis. 

Now, since the relative order of operations is not inherently 

fixed, we would like to find a representation of such sequen- 

ces such that equivalence can easily,be defined. That is, we 

w a n t  to  f i n d  an  a d e q u a t e  i n t e r p r e t a t i v e  g r a m m a r  c o r r e s p o n d -  

i ng  to  G I . C a n  m u l t i - i n d e x  r u l e s  s e r v e  t h o s e  p u r p o s e s  ? 

The  u n i f i e d  f o r m a l i z a t i o n ,  p r o v i d e d  by  the m u l t i - i n d e x  

r e p r e s e n t a t i o n ,  m i g h t  p r o v e  an  a i d  to  f i n d i n g  an  e f f e c t i v e  

interpretative c a l c u l u s  for transformationally defined l a n g u a -  

g e s .  

Conclusion 

The  m u l t i - i n d e x  c a l c u l u s  s e e m s  p r o m i s i n g  fo r  s e v e r a l .  

l i n g u i s t i c  p u r p o s e s ,  e s p e c i a l l y  w h e r e  r e s t r i c t i o n s  c a n  be 

a s s i g n e d  to  s e v e r a l ,  w e a k l y  i n t e r a c t i n g  l e v e l s .  

if this is decidable. They may also, incidentally, 
provide simple decidability criteria for a transform- 
ational grammar. Cf. tile hints above (p. 13). 
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