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Abstract

Transformer-based self-attention mechanism
serves as the core of modern language models,
yet it often suffers from localization, where at-
tentions collapse onto a limited subset of tokens
and fail to capture long-range dependencies. To
address this issue, we propose Self-Attention
One-step Belief Propagation (SAOBP), a re-

finement framework that injects multi-hop rela-

tionships through a belief propagation process'.

To interpret and quantify these interactions, we
introduce Global Token Dependency (GTD)
that captures the relative contribution of multi-
hop connections within the attention graph.
Empirical results indicate that SAOBP helps
prevent entropy collapse in deeper layers and
adaptively maintains GTD at task-appropriate
levels, thereby supporting improvements in
model performance. Importantly, we observe
competitive gains in small-scale models, high-
lighting its potential for improving inference
quality in resource-constrained scenarios.

1 Introduction

Transformer architecture (Vaswani et al., 2017)
forms the backbone of modern large language
models (LLMs), demonstrating remarkable perfor-
mance across diverse natural language processing
tasks. At the core of these models lies the self-
attention mechanism, which enables dynamic mod-
eling of contextual relationships between tokens.
Despite its empirical success, several studies
have identified limitations associated with atten-
tion localization, a phenomenon in which attention
distributions collapse onto a limited subset of to-
kens. Such localized attention tends to have low
entropy (Dong et al., 2024), low-rank sparsity (Bao
et al., 2024) and sparsed attention (Fig. 6 in the
appendix), which negatively affect the represen-
tational power, training stability, and downstream
model performance (Zhai et al., 2023). This prob-
lem is particularly pronounced in small-scale Trans-
former variants. Their limited depth and width
inherently restrict the ability to propagate informa-

'The code is released at nakyungLee20/SAOBP

tion across layers, making them more susceptible
to localized attention than larger models.

In standard self-attention mechanisms, each
query token primarily attends to a few highly
salient keys (Shi et al., 2021), thus modeling pre-
dominantly one-hop* dependencies. To address
this limitation, we hypothesize that explicitly incor-
porating global context—defined here as multi-hop
information flow—could mitigate the localization
issue, particularly in compact architectures. To test
this hypothesis, we propose Self-Attention One-
step Belief Propagation (SAOBP), a method that
integrates global interactions by leveraging belief
propagation (BP) principles combined with a repul-
sive Potts prior (Fig. 1). Our empirical evaluations
show that SAOBP effectively alleviates attention
collapse and consistently enhances performance
across downstream tasks.

To systematically investigate how SAOBP mit-
igates localization through multi-hop information
flow and interpret its impact on model performance,
we introduce Global Token Dependency (GTD).
GTD quantifies the relative attention mass con-
tributed by intermediate, multi-hop transitions (> 2
hops) within the stochastic attention graph. Our
empirical analysis illustrated in Fig. 3 and Fig. 4
demonstrates that GTD serves as a principled di-
agnostic tool, capable of detecting specific layers
and heads where attention collapses into overly
localized patterns.

Contributions

* We propose SAOBP, a self-attention regular-
ization framework that suppresses entropy col-
lapse and promotes diverse, globally-aware
attention distributions.

* We introduce Global Token Dependency
(GTD), a novel diagnostic concept that quan-
tifies the extent of multi-hop information flow
in attention graphs. This value offers a princi-
pled measure of intermediate context model-
ing and attention localization.

%In this paper, we consider "local" as one-hop token de-
pendencies, and "global" as multi-hop token dependencies.
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Figure 1: Comparison between original self-attention (left) and proposed SAOBP algorithm (right): The standard self-
attention formulation relies on direct (one-hop) token interactions, which often yield sparse attention distributions
and entropy collapse, as illustrated in the heatmaps. In contrast, SAOBP utilizes a structured message-passing step
that propagates multi-hop dependency signals via belief updates governed by a repulsive Potts prior. This enhances
global context modeling and redistributes attention mass more broadly, mitigating localization and improving

representational diversity in deeper layers.

* We empirically demonstrate that SAOBP im-
proves model performance across a variety
of downstream tasks. The benefits are more
pronounced in small-scale settings, providing
practical guidance for the design of efficient
and expressive compact language models.

2 Related works

Small-scale models in NLP Some recent studies
have emphasized the practical advantages of small-
scale language models, including cost-efficiency,
rapid customization, and deployment feasibility in
resource-constrained environments (Wang et al.,
2024). Liu et al. (2024) and Thawakar et al.
(2024) propose sub-billion parameter models op-
timized for mobile and edge applications. Simi-
larly, Jiao et al. (2020) and Turc et al. (2019) have
demonstrated that small transformer models can
achieve competitive performance through effec-
tive knowledge distillation and optimized archi-
tectures. Nonetheless, compact models typically
underperform compared to larger-scale alternatives,
and bridging this performance gap through targeted
architectural enhancements remains an important
open challenge. In this work, we introduce a frame-
work that improves the expressiveness of compact
models (with < 50M parameters), enhancing their
utility in constrained settings.

Localization of Self-Attention Self-attention
mechanisms often exhibit localization, where atten-
tion mass concentrates on a few tokens, leading to
entropy collapse (where attention entropy skewed
to zero) and representational degradation (Zhang
et al., 2024; Qi et al., 2025). Prior works attribute
this to low-rank eigen-spectra of query-key ma-
trices (Bao et al., 2024) and the exponential na-
ture of the softmax function (Dong et al., 2024).
While several regularization strategies have been
proposed (Jha and Reagen, 2025; Zhai et al., 2023),
these approaches do not explicitly quantify the ex-
tent of attention localization, making their effec-
tiveness difficult to interpret. To overcome this
limitation, we introduce GTD, a metric enabling in-
terpretable, layer-wise analysis of attention spread.

Belief Propagation for Marginalization Belief
propagation (BP) is a classical inference algorithm
that enables efficient marginalization in structured
graphical models (Pearl, 1988; Yedidia et al., 2001;
Koller and Friedman, 2009). Recent studies have
explored integrating BP into neural architectures
for structured prediction (Kim et al., 2017; Kuck
et al., 2020; Dai et al., 2016). However, few studies
have directly leveraged BP to refine attention pat-
terns. Since each row of the attention matrix can be
interpreted as a categorical probability distribution
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over tokens, BP can offer a theoretically grounded
mechanism to reshape probability distributions un-
der higher-order structural constraints. Our pro-
posed SAOBP represents a distinct application of
BP, utilizing its message-passing mechanism to
inject multi-hop dependencies into attention and
thereby mitigate localization effects.

3 Preliminaries

Self-Attention and Attention Entropy Self-
attention is mathematically defined by Eq. (1),
where @), K, and V represent learnable weight
matrices, and B, H, and L denote the batch size,
number of attention heads, and sequence length:

T

Q
A = softmax
(7

The internal dynamics of self-attention can be ana-
lyzed using the concept of attention entropy (Zhang
et al., 2024), defined formally in Eq. (2). Attention
entropy quantifies the uncertainty in attention dis-
tributions, offering insight into how information is
structured within models. We leverage this metric
to investigate attention entropy collapse.

) c RBXHXLXL' (1)
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Constructing Belief Propagation A belief prop-
agation algorithm can be constructed with the fol-
lowing four components (Mézard and Montanari,
2009). Let ¢ and 5 be variable nodes connected by
a factor node f;;.

1. Messages: Messages represent probabilis-
tic information passed between variable and factor
nodes during the inference process. Formally, mes-
sages are denoted by 1y, i, mi—f,; € M, where
M is the message space.

2. Update functions (Factor functions): Mes-
sage updates are governed by predefined functions,
which determine the dynamics and convergence
properties of the algorithm. Common variants of
belief propagation include the sum-product and
min-sum algorithms. Let f;;(r, k) denote the pair-
wise potential between labels r and k at the factor
node connecting variables 7 and j. At iteration ¢,
the variable-to-factor and factor-to-variable mes-

sages are updated according to Eq. (3) and Eq. (4):
t+1
m) k) o« ]

neN(@\{s}

k) 3)
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) k) o Y vy k)ym () @

where N (i) represents the set of factor nodes adja-
cent to variable node 1.

3. Initialization: Messages and node states are
initialized based on predefined criteria or heuris-
tics, which affect the algorithm’s dynamics and
convergence. Initial messages may be uniform
or informed by external evidences, such as priors
¢;(k) associated with node 1.

4. Decision rule: After a finite number of
message-passing iterations, each node computes
its belief over the label space by aggregating the
incoming messages. This marginalization process
is formally expressed as Eq. (5), where Z; is a nor-
malization constant and 97 denotes the set of factor
nodes connected to node i.

1
bi(w;) = 7 H g, () )

v f]'iGBi

Repulsive Potts Model Originally introduced in
statistical mechanics (Potts, 1952), the g-state re-
pulsive Potts model (Boykov and Jolly, 2001) pe-
nalizes identical neighboring states, thereby pro-
moting diverse label assignments and encouraging
representational differentiation. This is formalized
in Eq. (6), where 3 controls the strength of repul-
sion and ¢, is the Kronecker delta.

Vij(zr, Tx) = exp(B - 6rk) (6)

In SAOBP, we adopt this repulsive potential as a
pairwise factor function within the belief propa-
gation step to regulate information flow between
tokens, promoting attention patterns to diversify
rather than localized.

4 Self-Attention One-step Belief
Propagation

To address the issue of localization observed in
standard self-attention mechanisms, we propose
SAOBP, an algorithm designed to explicitly incor-
porate multi-hop dependencies into the attention
updates. Specifically, we interpret the self-attention
score matrix as a factor graph, where each pair of
variable nodes is connected via a distinct factor
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node, as illustrated in Fig. 1. Instead of performing
iterative updates, our experiments suggest that a
single-step message passing, when executed along-
side the standard parameter update, is sufficient to
introduce global contextual information. SAOBP
consists of three stages: (1) Initialization, (2) One-
step Message Passing, and (3) Final belief update.

4.1 Notations and Definitions

Node. Let each row 4;, A; € RL of the self-
attention weight matrix represent nodes ¢, j, where
the vector components (x;1, Z;2, . - ., Z;1,) denote
the attention label over all L tokens, respectively.
Each components x;, is interpreted as a discrete la-
bel reflecting the similarity between token ¢ and in-
direct token (label) k. This representation allows us
to apply belief propagation within the self-attention
framework by treating each node as a probabilistic
variable over token-level assignments.

Messages. In the factor graph formulation, two
types of messages are exchanged: m;_y,, (from
variable node i to the factor node f;;), and m fii—i
(from the factor node f;; back to variable node j).
As illustrated in Fig. 1, when updating the atten-
tion probability for token A;, messages originating
from all other tokens A,, (m € [1,L],m # j)
pass through their respective pairwise factor nodes
before reaching A;.

Pairwise Factor Function. We adapt Eq. (6)
as a pairwise factor function to effectively encode
global token interactions. The pairwise factor func-
tion v;j(x,, xj) characterizes how indirect tokens
dynamically influence the attention score refine-
ment. A tunable parameter A(> 0) explicitly con-
trols the strength of repulsive interactions, allowing
fine-grained adjustments in attention diversifica-
tion. We propose BP-High model, which assign
higher compatibility scores to dissimilar token (la-
bel) pairs (x;, # x1). This encourages the attention
mechanism to capture a diverse range of global
interactions, rather than collapsing onto a limited
subset of tokens.

T/Jij(llfr,l’k) _ {exp()‘)a Ty 7é Tk (7)

1, Ty = Tk
4.2 Initialization

We reuse the result of conventional transformer’s
trained output weight values as a initializer to pre-
serve normalization and numerical stability. The
initializer function (prior) for node 7 is defined as:

¢i(rr) = exp(logp(zix)) = p(zir) = A (8)

4.3 One step Message Passing

Building on the standard message-passing rules de-
fined in Eq.(3), we derive update equations tailored
to the self-attention factor graph in Fig.1. Since
each variable node pair is connected via a single
factor node, the product over multiple factors re-
duces to a single term. Accordingly, the message
from factor node f;; to variable node j is computed
as shown in Eq. (9).

L

k)= i (r,k)ei(r
Z Azr - 'Lk

= A+ e (1— Aix)

1
mfij"j(

©
= Ak +exp(A

The belief estimates of node j after aggregating the
incoming messages is approximated as (10).

HOE | =

neN (i)

~ ¢j(k) - mj,, (k) (10)

Air + exp(A (Z A — >

4.4 Final Belief Update

The final belief at node j is computed by collecting
all messages from other variable nodes, following
the belief update rule in Eq. (5). The normalization
constant Z; is given by Z; = ij b;(x), ensur-
ing the belief distribution forms a valid probability
distribution. The final belief assigned to label & for
node j is expressed as:

A L L
- 7 ST Ak + exp(n) (Z Aa — Aik)
=1 =1

1D

Overview A detailed algorithm of SAOBP is pro-
vided in Algorithm 1, which follows the corre-
sponding notations introduced in Fig. 1. The outer
loop iterates over each attention row A; to perform
the final belief update, while the inner loop aggre-
gates messages from all other tokens A; through
Arp, each connected to A; via a distinct factor node.
The algorithm is implemented using vectorized ma-
trix operations to ensure computational efficiency
and scalability.

5 Global Token Dependency

To quantify the extent of multi-hop dependencies—
intermediate and indirect interactions typically un-
derrepresented by standard self-attention—we in-
troduce the Global Token Dependency (GTD).
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Algorithm 1 SAOBP Algorithm (BP-High)

Require: Attention A € REXE )
1: forj =1to Ldo
2: fori=1to L do
Si 25:1 Aik
M; + 6’\52' + (1 — eA)Ai
P Hlizl My,
end for
UP; +~ Aj O MP
9: UP; < UP;/ > UP;
10: end for

// Initialization

/I Message passing

/I Exclude self-message

® >R

// Final belief update
// Normalization

GTD allows us to analyze how effectively models
leverage multi-hop relationships across different
tasks during inference. It also enables the detection
of attention collapse, where distributions concen-
trate on only a few dominant tokens. Inspired by
graph-theoretic diffusion, where information prop-
agation is modeled by summing powers of an ad-
jacency matrix, we reinterpret this concept in the
context of language models. Formally, let A(-")
represent the attention matrix of the [-th layer and
h-th head. Treating A(-") as a transition probability
matrix, we define cumulative indirect interactions
as the discounted sum of attention paths of length
t > 2 between tokens ¢ and j:

G@(;,h) _ iﬁt—l (A(z,h)>
t=2

where 8 € (0,1) is a discount factor that down-
weights longer paths, and K denotes the maximum
multi-hop step. Using this global matrix G*"), we
define the GTD as:

(12)

t

)

GTD(AM) = |G
AR + 1GEME

13)

where ||-||7 denotes the Frobenius norm. Intu-
itively, GTD quantifies the relative strength of
multi-hop interactions compared to the total atten-
tion mass. Maintaining GTD within a moderate
range is crucial: excessively low values suggest
entropy collapse and insufficient global context,
whereas excessively high values might indicate
noisy or overly diffuse attention patterns detrimen-
tal to inference quality.

To further analyze the quality of attention, we
introduce the Indirect Entropy, which quantifies
the internal uncertainty induced by intermediate

token transitions.

L L
Hing = *%ZZG@ logGiy - (14)
i=1 j=1

~ G
Gij - Zﬁ:fGik
bility of transitioning from token ¢ to token j via
indirect paths. A low H;,q indicates that multi-hop
attention remains deterministic, signaling residual
localization. Higher values of Hj,q reflect more
uniformly distributed global interactions, suggest-
ing that the model integrates diverse contextual

information beyond direct attention.

denotes the normalized proba-

6 Experimental Settings

Since our method modifies the self-attention com-
putation mechanism, it is necessary to pretrain
models from scratch. We conduct experiments
using three BERT-style Transformer architectures
that vary in model size: BERT-Mini, BERT-
Small, and BERT-Medium (Table 4 for specifica-
tions). Pretraining is performed on a composite
corpus comprising WikiText (Merity et al., 2016),
BookCorpus (Zhu et al., 2015), and OpenWeb-
Text (Gokaslan and Cohen, 2019) to ensure cov-
erage of diverse linguistic patterns. Detailed hy-
perparameter configurations are provided in Ta-
ble 5. Following pretraining, each model is fine-
tuned on on a diverse set of benchmarks, including
GLUE (Wang et al., 2018), SQuAD (Rajpurkar
et al., 2016), HellaSwag (Zellers et al., 2019), and
RACE-Middle (Lai et al., 2017). These bench-
marks are selected to span a range of contextual
demands: from tasks requiring local, short-term
understanding (e.g., GLUE) to those necessitating
long-range reasoning across broader contexts (e.g.,
RACE-Middle). This diversity allows us to exam-
ine how GTD interacts with model inference across
varying levels of contextual complexity. We com-
pute GTD using a discount factor of 5 = 0.9 and
multi-hop paths up to length K = 4.

Model Variants and Baselines To examine the
role of repulsive Potts-based compatibility of BP-
High, we design multiple factor function variants
within the SAOBP framework. As a non-Potts base-
line, we introduce the BP-ElemMul, which does
not employ the repulsion term in Eq. (6). Instead,
token compatibility is computed via element-wise
inner product between attention rows. The normal-
ization term Z; ensures stability during training.
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This formulation allows us to isolate the contri-
bution of the repulsive Potts factor in enhancing
attention diversity.

L
1

To validate the impact of global interaction di-
versity, we construct BP-Low, which suppresses

attention diversity by penalizing dissimilar label
pairs with negative weights. This formulation in-
tentionally reduces attention spread by reinforcing
token similarity, providing a contrastive counter-
part to BP-High.
s z) = {exp( Noowda o
1, Ty = Tk
To further validate our SAOBP algorithm, we di-
rectly implemented two previously proposed meth-
ods that aim to address attention entropy collapse,
using them as comparative baselines in our study.
Jha and Reagen (2025) introduce an auxiliary loss
function that penalizes low-entropy attention heads
(referred to in our experiments as Entropy-Reg),
while Bao et al. (2024) propose a strategy to pre-
vent rank collapse by controlling the trace and vari-
ance of the query and key weight matrices (referred
to as Eigen-Reg).

Scaling Repulsive Strength Parameter To
promote stable training and prevent over-
regularization, we scale the repulsive strength
hyperparameter A proportionally to model size.
For BERT-Mini, we fix A = 0.2 due to its relatively
small number of layers and attention heads. Based
on the ratio of total parameters, we assign A = 0.08
for BERT-Small and A = 0.05 for BERT-Medium.
This scheduling strategy is motivated by prior
empirical findings, such as DistilBERT (Sanh et al.,
2019) and label smoothing in TS5 (Raffel et al.,
2020), which suggest that aggressive regularization
may be detrimental in higher-capacity models.

7 Results and Analysis

We hypothesize that explicitly modeling multi-hop
token dependencies within the self-attention mech-
anism can alleviate attention localization and im-
prove model performance. To empirically validate
this hypothesis, we address the following three re-
search questions. The main analysis is illustrated
in Fig. 4.
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Figure 2: Correlation between GTD and graph-theoretic
indices CC (left), BC (right) during pretraining. For each
sample-head pair in the RACE-Middle dev set, we compute
average GTD and project the corresponding attention matrix
to a token graph (7 = 10™*) and measure CC, BC on a 40-
node subgraph. Histograms on the margins show the empirical
density of each variable, with the pearson coefficient rcc =
0.70, rsc = —0.43 under p < 0.01.

Does GTD effectively capture the locality of at-
tention? Before analyzing our proposed algo-
rithm, we first evaluate whether GTD reliably cap-
tures indirect, global token interactions and serves
as a meaningful indicator correlated with model
performance.

Given that few prior studies explicitly quan-
tify intermediate relationships in self-attention, we
compare GTD against established graph-theoretic
metrics widely utilized in network analysis (Barrat
et al., 2004; Freeman, 1977) to assess its reliability.
Clustering Coefficient (CC) quantifies the mean
normalized triangle density in the graph, indicating
the extent of local token clustering. Higher CC
values implies that tokens are organized into clus-
ters with dense interconnections whereas lower CC
corresponds to sparser connectivity (Barrat et al.,
2004). Betweenness Centrality (BC) measures the
average unnormalized centrality of nodes based
on their presence on shortest paths, highlighting
whether attention is concentrated through a small
number of intermediate tokens. Lower BC val-
ues suggest more evenly distributed information
flow (Freeman, 1977).

Fig. 2 shows that GTD exhibits a positive cor-
relation with CC (r = 0.70) and a moderate neg-
ative correlation with BC (r &~ —0.43). This find-
ing aligns with our intended definition of GTD,
as higher GTD values indicate globally intercon-
nected attention graphs: multi-hop transitions lead
to shorter token-to-token distances (higher CC) and
reduce over-reliance on specific bridging tokens
(lower BC). However, as shown in Table 1, we
also observe cases where CC remains relatively
low despite improved accuracy and higher GTD
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GTD 1 Graph metrics

Model  Algorithm Acc. T
GTD ILE. CcCl BCJ
Mini Original 075 220 2848 0.25 6.82
High 0.78 2.56 29.53 0.16 5.97
Low 078 14 2333 0.28 8.03
ElemMul 077 243 29.89 0.24 5.88
Small Original 0.79 218 2939 024 7.14
High 080 251 3134 0.21 6.02
Low 080 1.8 2876 0.1 6.97
ElemMul 0.78 2.41 3148 0.26 5.48
Medium  Original 075 217 3134 0.30 6.53

High 0.79 2.52
Low 0.84 245
ElemMul 0.78 1.87

33.77 0.25 6.98
2528 0.77 2.60
3315  0.24 5.83

Table 1: Relationship between GTD, Indirect Entropy (LE.),
accuracy on RACE-Middle, and graph-theoretic metrics (CC
and BC) across different algorithms and model sizes. All
values are computed as the average over 1,024 samples from
the RACE dataset. Models that achieve higher accuracy (bold)
generally exhibit elevated GTD and L.E. values, alongside
reduced BC scores.

scores. This discrepancy stems from the prevalence
of numerous low-weight, long-range edges intro-
duced by SAOBP refinement, which are not fully
captured by CC since it focuses solely on dense
local clustering. As a result, CC underestimates
global connectivity when attention flow becomes
more distributed through weaker links, limiting its
ability to reflect nuanced token-level interactions.

Unlike CC and BC, which rely on thresholded or
binarized representations of the attention graph and
risk losing valuable magnitude information, GTD
directly calculates on the fully weighted attention
matrix. This approach enables GTD to sensitively
detect subtle structural variations in attention flow.
Detailed example is reported in Appendix B. GTD
provides a robust and differentiable measure, reli-
ably capturing nuanced global dependency patterns
that significantly impact model dynamics. These
correlations with traditional metrics CC and BC
empirically support GTD as an interpretable indi-
cator of global attention distribution.

To examine GTD’s practical utility in interpret-
ing model performance, we analyze its correlations
with the model performance across various tasks
and checkpoints, as illustrated in Fig.3. We consis-
tently observe significant correlations (|r| > 0.5,
p < 0.02), showing that while the extent to which
models utilize global contextual information may
vary by task, GTD remains a meaningful and inter-
pretable indicator of overall model effectiveness.

Does SAOBP mitigate entropy collapse? Fig. 4
presents comprehensive experiments examining the

18 WIKITEXT: Perplexity vs GTD (r=-0.97) SST2: Accuracy vs GTD (r=0.92)

175 H— 0.80 S
i ors 2
>~ >
3100 b i €5 § 0.70
0.60

0.00 LA 055 L®
072 074 076 078 080 082 084 068 069 070 071 072 073 074 075
Mean GTD Mean GTD

HELLASWAG: Accuracy vs GTD (r=0.72) RACE: Accuracy vs GTD (r=0.74)

0.6400 0.6425 0.6450 0.6475 0.6500 0.6525 0.6550 0.6575
Mean GTD

0591 0592 0593 0504 0595 0596 0.597 0.598
Mean GTD

Figure 3: Correlation between GTD and model performance
in BERT-Mini. We report Pearson correlation coefficients com-
puted over 10-20 checkpoints sampled from the pretraining
or finetuning stages (p < 0.02). Higher GTD values correlate
positively with accuracy on SST2, HellaSwag, RACE tasks,
and negatively with perplexity in WikiText.

Model Algorithm  Glue Hellaswag RACE-Middle SQuAD
Original 53.37 28.06 28.48 19.22
Mini High 54.66 29.55 29.53 24.07
Low 51.89 25.59 23.33 3.99
ElemMul 54.65 29.07 29.89 23.03
Original 54.03 30.30 29.39 30.08
Small High 57.61 30.79 31.34 29.65
ma Low 51.89 2634 28.76 14.15
ElemMul 54.83 30.74 31.48 31.23
Original 69.29 33.27 31.34 49.14
Medium High 69.89 33.66 33.77 50.35
Low 40.96 26.48 25.28 0.12
ElemMul 67.40 33.40 33.15 49.26

Table 2: Accuracy on multiple evaluation tasks.

effectiveness of SAOBP algorithms in regulating
attention entropy and GTD values. The BP-High
variant consistently maintains or enhances both
indirect entropy and overall mean entropy, partic-
ularly in deeper layers across model sizes. These
results confirm that the repulsive Potts factor em-
ployed in BP-High effectively counters the entropy
collapse commonly observed in Transformer layers.
In terms of GTD, BP-High achieves the highest or
second-highest values across layers, demonstrating
that message passing mechanism effectively incor-
porates multi-hop contextual information. Overall,
we observed that heads with GTD values around
0.670.8 tended to achieve better performance on
downstream tasks, whereas heads falling below
~0.5 or above ~0.85 were often associated with
degraded performance or unstable training.

Among other SAOBP variants, BP-ElemMul ex-
hibits moderate multi-hop dependency, closely fol-
lowing baseline GTD values in earlier layers but
aligning progressively with BP-High in deeper lay-
ers, leading to stable entropy levels. This behavior
aligns with performance outcomes shown in Ta-
ble 2, indicating that similarity-based compatibil-
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D
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Figure 4: Layer-wise GTD and Entropy under Different Factor Functions on 1024 samples of RACE-Middle. Each row
corresponds to a model size (top = BERT-Mini, middle = BERT-Small, bottom = BERT-Medium). Columns report, from left
to right: (1) GTD ratio per layer, (2) indirect entropy per layer, (3) mean positional entropy across layers, and (4) mean head
entropy in the final layer. Curves compare four factor functions—Original (blue), ElemMul (orange), High (green), and Low
(red). The x-axis is the Transformer layer (or head index in the last column); the y-axis is the corresponding metric value. Higher
GTD and entropy indicate stronger and more evenly distributed multi-hop interactions.

ity functions may be better suited for tasks requir-
ing less aggressive token alignment (e.g., SQuUAD,
SST2). Conversely, strongly repulsive factors are
more effective in facilitating broad, global context
reasoning (e.g., RACE-Middle, MNLI). Although
BP-Low yields high GTD scores, it significantly
reduces (or elevates) entropy, resulting in skewed
entropy distributions. This result demonstrates that
excessive suppression of repulsive interactions can
overly regularize the model and limit representa-
tional capacity. More extensive analysis is reported
in Appendix F.

Collectively, these findings substantiate our
claim that BP-High effectively mitigates entropy
collapse and modulates GTD within a beneficial
range, ensuring stable and expressive attention dy-
namics across various downstream tasks. Our re-
sults also highlight design trade-offs, motivating
future exploration of adaptive factor functions.

Does SAOBP improve downstream perfor-
mance? As summarized in Table 2, we compare
the original algorithm with SAOBP variants to as-
sess their impact on model performance in down-
stream tasks. The BP-High consistently achieves
enhanced performance along with higher GTD
values, suggesting that SAOBP facilitates more
globally coherent and evenly distributed attention
patterns during inference. Table 3 further shows
that, compared to other entropy-regulated methods,

Baseline PPL (WikiText) QNLI (Acc) SQuAD (Acc)
BP-High 21.86 71.63 29.65
Entropy-Reg 26.35 70.30 26.76
Eigen-Reg 23.85 71.07 26.15

Table 3: Comparison of attention-entropy regularization base-
lines on WikiText perplexity and accuracy (QNLI, SQuAD).

SAOBP achieves higher accuracy. Performance
improvements are particularly evident in tasks that
require long-range reasoning or cross-sentence in-
ference, such as QNLI and RACE-Middle. Specifi-
cally, BP-High applied to BERT-Mini yields accu-
racy comparable to, or even surpassing, that of the
larger BERT-Small model on some benchmarks,
including MNLI and QQP. Furthermore, the accu-
racy gap between the baseline and SAOBP narrow
as model size increases, implying that larger mod-
els inherently capture global structures through in-
creased depth, while smaller models particularly
benefit from explicit multi-hop regularization pro-
vided by SAOBP. These findings underscore the
efficacy of SAOBP in enabling compact models to
approximate global reasoning capabilities typically
observed only in deeper architectures.

8 Conclusion

We propose SAOBP, a novel self-attention refine-
ment framework that leverages structured message
passing to explicitly capture intermediate token re-
lationships frequently overlooked by standard atten-
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tion mechanisms. To rigorously analyze the impact
of our proposed approach, we introduce the GTD, a
metric designed to quantify the extent of multi-hop
information flow and interpretably assess attention
patterns in terms of entropy dynamics. Through
empirical analyses, we demonstrate that SAOBP
effectively alleviates entropy collapse, promotes
globally coherent attention distributions, and en-
hances performance across a diverse range of NLP
tasks. Notably, performance improvements from
SAOBP are particularly significant in small-scale
models, where architectural constraints inherently
limit the emergence of global context. Our find-
ings suggest that explicit multi-hop regularization
through BP can effectively compensate for reduced
depth, enhancing expressivity and generalization
in compact Transformers. These insights under-
score the broader potential of integrating graph-
based inference methodologies with attention ar-
chitectures to develop lightweight, interpretable,
and high-performing small-scale language models.

Limitations

While our proposed SAOBP framework shows
promising results, several limitations remain. The
current SAOBP implementation performs only a
single-step belief propagation update. While this
approach effectively introduces multi-hop interac-
tions, exploring multi-step message passing may
further enhance—or potentially degrade—model
representational quality.

We used fixed values for the repulsive strength
parameter A, but variations could be introduced
through layer-wise or head-wise scaling. In ad-
dition to repulsive functions as factor functions,
other functions that satisfy the property, which is
the ability to enhance token interactions, could also
be applied as factor functions.
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A Experimental Setup

Table 4 and Table 5 summarize the architectural
specifications and training configurations of the
models used in our experiments. We report details
such as model size, number of training steps, learn-
ing rate schedules, and other relevant hyperparam-
eters to ensure reproducibility and fair comparison
across model variants. All reported accuracy met-
rics and plotted results are obtained using a fixed
random seed of 42.

Model Layers Hidden Heads FFN # Params
BERT-Mini 4 256 4 1024 ~11M
BERT-Small 4 512 8 2048 ~29M
BERT-Medium 8 512 8 2048 ~41M

Table 4: Transformer structure of models

Hyperparameters BERT-Mini BERT-Small BERT-Medium
max steps 60000 150000 245000
learning rate 5¢7° 3e4 3¢~

Ir scheduler type cosine cosine cosine
warmup steps 3000 7500 12000
seed 42 42 42

Table 5: Hyperparameters used during pretraining

B Additional Results of GTD

Correlation Between GTD and Model Perfor-
mance We additionally report Pearson correla-
tion between mean GTD and task performance
across additional model sizes to assess the utility of
GTD as a diagnostic metric for multi-hop attention
interactions. Fig. 9 shows that, for every dataset ex-
cept HELLASWAG on the BERT-Small architecture,
the absolute correlation exceeds 0.5 with statistical
significance (p < 0.02). The sign reversal observed
for HELLASWAG on BERT-Small can be attributed
to the model’s limited depth: with only four lay-
ers, the network is unable to integrate the richer
indirect flow captured by high-GTD heads, causing
information diffusion that obscures the local stylis-
tic cues critical for this task. These results demon-
strate that GTD not only tracks overall performance
but also offers insight into architecture—task inter-
actions that govern a model’s internal reasoning
dynamics.

Correlation Between GTD and CC/BC metrics
Fig. 5 plots CC and BC against GTD, highlighting
their behaviour under varying attention—graph den-
sities. When the attention graph becomes nearly
fully connected——as frequently occurs for tasks
that promote widespread token interactions——the

BCvs GTD: 1 = —0,40

0014

CCvs GID: 7 = NaN

040

cc
BC

065 070 065 070
GTD GTD

Figure 5: Correlation between GTD and graph-theoretic
indices CC (left), BC (right) of RACE-Middle finetun-
ing checkpoints-3116.

variance of CC collapses, often yielding ill-defined
(NaN) values and exposing the metric’s fragility
in this regime. BC exhibits a similarly skewed
distribution. By contrast, GTD remains well be-
haved across the full connectivity range, providing
a more stable and informative indicator of interme-
diate, multi-hop dependencies within the attention
structure.

GTD Wikitext SST2 Hellaswag Race-middle
(PPL) (Acc) (Acc) (Acc)

Single GTD -0.97 0.92 0.72 0.74

Cross GTD -0.87 0.87 0.74 0.61

Table 6: Comparison of single vs cross GTD correla-
tions on Wikitext perplexity and downstream task accu-
racy (SST2, Hellaswag, Race-middle).

Comparison of single versus cross layers GTD
To better understand the mechanisms through
which SAOBP alleviates entropy collapse, we de-
fined token dependency—captured via our pro-
posed GTD measure—at the same unit level as
attention entropy, namely within a single attention
matrix (i.e., head). Attention entropy is typically
computed at the level of a single head, as defined
in Eq. (2) of the paper. This allowed us to con-
duct a parallel analysis based on the information
flow in the attention matrix, focusing on token-
level interactions at the single-layer, single-head
granularity. However, since tokens actually inter-
act within the multi-head Transformer, we addi-
tionally compute the Pearson correlation between
model performance and cross-layer GTD values
(Table 6). All reported correlation coefficients r sat-
isfy p < 0.015. As our experimental results demon-
strate, although token-level interdependencies may
be influenced by various components of the Trans-
former across layers, the single-layer GTD still
captures a meaningful aspect of the model’s inter-
nal dynamics. It can be effectively used to interpret
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layer-wise behavior by isolating the influence of
each layer’s dynamics on model performance or
attention entropy.

C SAOBP for Decoder-Only
Architectures

Since decoder-only architectures employ masked
self-attention, which differs from the bidirectional
attention used in encoder-based models, we made
a slight modification to the SAOBP mechanism.
Specifically, we blocked message passing from
masked (i.e., future) tokens to prevent the prop-
agation of — inf or noisy values that could interfere
with meaningful message computation. Aside from
this adjustment, the core logic of SAOBP remains
unchanged.

We pretrained three model sizes (GPT-2 Mini,
Small, and Medium) from scratch and evaluated
their performance using both perplexity and zero-
shot accuracy on downstream tasks. Table 7 shows
that SAOBP yields strong baselines (with lower
perplexity) and suggests that incorporating SAOBP
during pretraining can enhance the model’s gener-
alization capabilities, even in decoder-style archi-
tectures.

Model Algorithm Race-middle BoolQ PPL (WikiText)
G gEe e wa o w
T
e e

Table 7: Comparison of decoder-only models using SAOBP
and the original baseline on Race-middle, BoolQ, and Wiki-
Text perplexity.

D Detailed Model Performance on Glue

Detailed results for the individual GLUE bench-
marks are presented in Table 8. While the best-
performing variant differs slightly by task, BP-
High delivers consistent, moderate improvements
across the majority of benchmarks.

E Attention Sparsity Profile

Excessive localization in self-attention can induce
attention collapse, which is indirectly observable
through increased sparsity in the attention maps.
To investigate this, we visualize representative at-
tention distributions from deeper layers of each
model size, as illustrated in Fig. 6. In the BERT-
Mini model, the original attention exhibits a mean

sparsity of 0.906, whereas the SAOBP-High variant
reduces this to 0.895. A similar trend is observed in
BERT-Small (0.891 — 0.883) and BERT-Medium
(0.918 — 0.868), suggesting that the proposed algo-
rithm consistently promotes denser and potentially
more expressive attention patterns across different
model scales.

F Attention Entropy Profile

We extend the entropy analysis to additional
SQuAD (Fig. 7) and GLUE (Fig. 8) tasks. Across
both corpora, SAOBP consistently alleviates the
entropy collapse phenomenon that is most pro-
nounced in smaller models, while preserving high
head-level entropy in larger configurations. Ad-
ditionally, the optimal GTD level appears to be
task-dependent: for SQuAD, the best-performing
variant exhibits a lower GTD, whereas for SST2
a higher GTD correlates with superior accuracy.
By jointly examining GTD, indirect entropy and
layer/head-wise total entropy, we can trace how in-
dividual layers and attention heads modulate multi-
hop information flow, offering a finer-grained view
of each model’s internal reasoning strategy.

G Computational Cost of SAOBP

As SAOBP performs an additional refinement over
the original self-attention values, it incurs a slight
increase in per-step runtime (Table 9). However, it
achieves faster loss convergence than the baseline,
particularly in smaller models.
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Figure 6: Comparison of attention map sparsity between the original model (top) and BP-High (bottom). Attention
maps are visualized using input examples from the SQuAD dataset with a maximum token length of 120. The results
indicate that the BP-High algorithm consistently reduces attention sparsity, suggesting enhanced representational
capacity through denser attention patterns.
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Model  Algorithm CoLA MRPC RTE SST2 STS-B WNLI QNLI MNLI QQP Avg.
Original 1595 6593 5199 81.88 1820 4648 6150 60.14 7831 53.37

Mini High 13.57 6593 53.07 79.70 2027 45.07 6152 69.99 82779 54.66
Low 8.17 6544 47.65 7993 1841 47.89 63.04 6255 7396 51.89
ElemMul 1202 6593 5523 79.24 20.06 43.66 63.08 6996 82.68 54.65
Original 28.63  68.14 5090 87.04 2343 2394 71.68 70.73 85.18 56.63
Small High 3238  69.12 5451 8635 2390 2676 71.63 7243 8481 57.99
Low 29.65 69.12 53.07 8544 2228 3099 7159 69.47 85.03 57.52
ElemMul 3140 69.12 5126 85.67 22.83 2394 72.05 70.78 8494 56.89
Original 28.77 7549 5379 87.27 7813 53,52 8246 7565 8824 69.29
Medium High 2998 7598 5632 8739 80.84 50.70 83.80 75.84 88.13 69.89
Low 0 68.38  47.29 50.92 0.3 56.34 49.46 3274 63.18 40.96

ElemMul 25.87 7647 53.07 86.58 7528 45.07 8250 7448 8729 67.40

Table 8: BERT-Mini, BERT-Small, Bert-Medium Accuracy on GLUE
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Figure 7: GTD value, indirect entropy, layer-wise and head-wise entropy distriutions on SQuAD datasets.
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four benchmarks. All plotted points represent at least 20 sampled checkpoints per run.
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step_per_s tok_per_s FLOPs Latency/batch Throughput FIOPs
Model (ms) (tokls)  (GFLOPs) |nference (ms) samples/s (Mtok/s) (GFLOPs)
Mini  Original  28.03 4567.34 1.41 Original 7.4 4353.7 (0.56) 0.40
High 37.40 3422.20 1.45 High 10.4 3085.8 (0.39) 0.44
Low 48.54 2637.02 1.45 Low 9.8 3260.0 (0.42) 0.44
Elemul 52.88 2420.48 1.48 Elemul 10.8 2963.2 (0.38) 0.47
Small  Original  42.15 3036.74 3.65 Original 8.7 3679.7 (0.47) 1.61
High 59.64 214632 372 High 14.3 2241.3 (0.29) 1.68
Low 45.06 2840.56 3.72 Low 14.1 2272.6 (0.29) 1.68
Elemul 48.30 2649.87 3.78 Elemul 11.6 2752.0 (0.35) 175
Medium Original  55.41 2309.89 5.26 Original 17.2 1859.5 (0.24) 3.23
High 63.40 2018.91 5.40 High 24.5 1308.3 (0.17) 3.36
Low 58.75 2178.76 5.40 Low 24.3 1314.3 (0.17) 3.36
Elemul 61.40 2084.54 5.53 Elemul 232 1376.4 (0.18) 3.56

Table 9: The average computational cost over 200 steps during pretraining and inference.
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