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Abstract

Transformer attention scales quadratically with
sequence length O(n?), limiting long-context
use. We propose Adaptive Retention, a proba-
bilistic, layer-wise token selection mechanism
that learns which representations to keep un-
der a strict global budget M. Retention is
modeled with Bernoulli gates trained via a
Hard-Concrete/variational relaxation and en-
forced with a simple top-M rule at inference,
making the method differentiable and drop-
in for standard encoders. Across classifica-
tion, extractive QA, and long-document sum-
marization, keeping only 30-50% of tokens
preserves > 95% of full-model performance
while cutting peak memory by ~ 35-45% and
improving throughput by up to ~ 1.8x. This
architecture-agnostic approach delivers practi-
cal long-context efficiency without modifying
base attention or task heads.

1 Introduction

Transformer-based language models have achieved
remarkable success across a wide range of NLP
tasks (Vaswani et al., 2017; Devlin et al., 2019;
Radford et al., 2019; Brown et al., 2020), but their
memory requirements grow quadratically with se-
quence length, posing significant challenges for
long-context processing (Tay et al., 2022). To ad-
dress these limitations, various approaches have
explored sparse attention patterns to reduce com-
putational and memory overhead (Beltagy et al.,
2020; Zaheer et al., 2020; Child et al., 2019; Dao,
2024) and compressed memory representations to
extend effective context lengths (Rae et al., 2020;
Wu et al., 2022; Kim et al., 2024). Recent work has
further proposed dynamic memory and computa-
tion strategies, such as internet-scale memory com-
pression (Zemlyanskiy et al., 2024), token merg-
ing for efficient inference (Bolya et al., 2023), and
streaming memory management (Xiao et al., 2024).
However, existing methods often either rely on ar-
chitectural modifications or apply fixed heuristics
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without explicitly modeling adaptive token reten-
tion under strict memory budgets. Inspired by ad-
vances in adaptive computation time (Graves, 2016;
Xin et al., 2020; Liu et al., 2020) and improve-
ments in selective attention (Leviathan et al., 2024),
our approach formulates memory retention as a
probabilistic learning problem, enabling language
models to dynamically retain the most informa-
tive token representations while respecting a global
memory constraint. Through this formulation, our
approach achieves significant memory savings with
minimal performance degradation, offering a flex-
ible and efficient solution applicable to standard
transformer architectures.

2 Related Work

Memory-Efficient Self-Attention. The quadratic
memory cost of Transformer attention (Vaswani
et al.,, 2017) has prompted variants such as
Reformer’s locality-sensitive hashing achieving
O(Llog L) (Kitaev et al., 2020), Linformer’s low-
rank projections for O(L) (Wang et al., 2020),
and Performer’s random-feature approximations
(Choromanski et al., 2021). Sparse patterns appear
in Longformer and BigBird (Beltagy et al., 2020;
Zaheer et al., 2020), and FlashAttention-2 opti-
mizes GPU memory access and parallelism (Dao,
2024).

Memory Compression and External Stores.
Compressive Transformer compresses past activa-
tions into a secondary memory bank (Rae et al.,
2020), while Memorizing Transformers add an ex-
plicit key—value store (Wu et al., 2022). Compact
summaries are learned in CCM (Kim et al., 2024),
and methods like MEMORY-VQ (Zemlyanskiy
et al., 2024) and GLIMMER (de Jong et al., 2023)
apply quantization or late-interaction retrieval.

Token pruning vs. KV-cache compression. Be-
yond learned or heuristic encoder-side pruning
(e.g., H2O’s fixed heavy-hitter oracle (Zhang et al.,
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Figure 1: Adaptive Retention: layer-wise probabilistic token selection. At each Transformer block, a lightweight
gated scorer produces per-token probabilities trained with a Hard—Concrete relaxation. At inference, we keep the

top-M; tokens per layer (M; =

| pT1 ), forwarding only those to the next block. The active sequence length shrinks

with depth, yielding cumulative compute and memory savings while leaving base attention unchanged. Symbols:
H'! token states; s* scores; pl probabilities; p target ratio; M, retained count.

2023)), a parallel line compresses the decoder-
side key—value (KV) cache for autoregressive gen-
eration, such as SnapKV (Li et al., 2024) and
PyramidKV (Cai et al., 2024). These methods
reduce memory/latency during stepwise decod-
ing by selecting or merging past states, whereas
our approach targets encoder representations and
shrinks the active token set within the stack under
a global budget. Consequently, direct apples-to-
apples benchmarking is non-trivial: KV-cache com-
pression operates in a causal, decode-time regime
with different bottlenecks, while our method im-
proves long-context encoding efficiency without
modifying attention patterns. We therefore com-
pare H20 empirically on encoder tasks and discuss
SnapKV/PyramidKV qualitatively as complemen-
tary techniques for generative inference.
Adaptive Computation and Token Reduction.
Adaptive Computation Time (ACT) varies process-
ing steps per token (Graves, 2016), and early-exit
models such as DeeBERT and FastBERT skip
layers dynamically (Xin et al., 2020; Liu et al.,
2020). Token Merging fuses similar representa-
tions (Bolya et al., 2023), and streaming atten-
tion sinks manage context retention for low-latency
long-sequence processing (Xiao et al., 2024).

Our approach differs by learning probabilistic to-
ken retention under a strict global memory budget,
enabling end-to-end optimization of which hidden
states to store without altering core Transformer
architectures.

3 Method

3.1 Problem Formulation

Let X = (xy,...,x7) be the input sequence and
let the Transformer encoder produce hidden states
H = (hy,...,h7), h; € R% We introduce binary

retention indicators z = (z1,...,2r) € {0,1}7,

defined by

L,
Z+ =
t 0,

and denote the masked sequence H © z
(hiz1,...,hpzyp). Our goal is to learn both model
parameters @ and retention probabilities p =
(p1,...,pr), where p, = Pr[z; = 1], by solving

if h, is retained
if h; is retaine )

otherwise

T

J: 2 m

Helin IEZNBernoulli(p) [‘C‘(f H ©z; 0 M 2
P

where M is the total memory budget (the max-
imum expected number of retained tokens). At
inference, we deterministically retain the top-M
tokens by their retention probabilities {p; }.

Here, f is the task-specific decoder and L the
loss; at inference one may further enforce the hard
constraint 37, z; < M.

3.2 Probabilistic Retention Model

We introduce a lightweight summary state m; €
R? and compute context-aware retention probabili-
ties via a gated scoring network:

my =ymy_1+(1—7)h;, mg=0
St = v tanh(W h; +U mt,l) +b

bt = U(St)a

3)

z¢ ~ Bernoulli(py)

where v € [0, 1] controls the summary decay,
o(x) = (1+e7%)~!, and {W, U, v, b} are learned
parameters. This formulation captures both local
(h¢) and global (my_1) context in the retention de-
cision.

3.3 Optimization Objective

To enforce the budget in (2) we introduce a La-
grange multiplier A > 0 and form the saddle-point

3970



problem:

max min L£(0,p) “4)

where the Lagrangian is defined as

L (97 p) = ]EZNBernoulli(p) [[, (f(H O z; 0))]

- (5)
+A (Z pr— M )
t=1
We optimize by alternating stochastic gradient
descent on (6, p) and projected gradient ascent on
A ie. A = max{0, A+ n(>_,pr — M)} at each
iteration (Boyd and Vandenberghe, 2004).

3.4 Variational Relaxation

Direct backpropagation through the discrete sam-
pling in (2) is not possible, so we employ the
Hard Concrete reparameterization (Maddison et al.,
2017; Louizos et al., 2018).

ar = exp(sy), u~U(0,1)

Z = Clamp[o’l] (U(log at+logg_log(1_u)) (C - '7) + ’Y)
(6)

with temperature 3 > 0 and stretch parameters
v < 0 <1 < (. During training we replace z;
by Z; in both the expectation and the Lagrangian
L), yielding low-variance gradient estimates via
the standard reparameterization trick.

3.5 Inference Strategy

At test time we compute retention scores p; via (3)
and then deterministically select the top-M tokens
by setting

¢ = the M-th largest of {pt}tT:h zi = Upe > o} (D
so that Z;le z{ = M. The encoder outputs are
then masked as H ® z* and passed to f(+; 9).

4 Experiments

4.1 Datasets & Baselines

Experiments are conducted on six benchmarks:
SST-2 (GLUE; short sentences; binary senti-
ment) (Socher et al., 2013; Wang et al., 2018),
IMDDb (full movie reviews; avg. 230 words; many
> 512 tokens) (Maas et al., 2011), ArXiv (long sci-
entific papers; avg. 5,000 tokens) (Clement et al.,
2019; Beltagy et al., 2020), QASPER (long-
document QA; Exact Match / F1) (Dasigi et al.,
2021), PubMed (scientific summarization on the
RCT subset; ROUGE-1 / ROUGE-L) (Xiong et al.,
2024; Cohan et al., 2018), and CUAD (legal

contract clause classification; Micro-F1 / Macro-
F1) (Hendrycks et al., 2021). Baselines comprise:
Full Transformer (dense, no retention), Random
Pruning (token masking to meet the budget), H20
(fixed pruning) (Zhang et al., 2023), Constraint-
aware Pruning (learned budgeted pruning) (Li
et al., 2023), Infor-Coef (IB-based dynamic down-
sampling) (Tan, 2023), and sparse-attention mod-
els Longformer (sliding-window) (Beltagy et al.,
2020) and BigBird (block-sparse with globals) (Za-
heer et al., 2020); we also report zero-shot LLM ref-
erences GPT-3.5 (OpenAl, 2023), Llama 2 (Tou-
vron et al., 2023), Llama 3 (Grattafiori et al., 2024),
Falcon (Almazrouei et al., 2023), Mistral (Jiang
et al., 2023), Gemma (Team et al., 2024), and
Phi4-Mini (Dettmers et al., 2025). Our method
is Adaptive Retention. DistilBERT-base-uncased
(=66M) for SST-2/IMDb/CUAD and Longformer-
base-4096 (=149M) for ArXiv/QASPER/PubMed.

4.2 Experimental Setup

We fine-tune DistilBERT-base-uncased on the
short-context benchmarks, SST-2, IMDb, and
CUAD, and Longformer-base-4096 on the long-
document benchmarks, ArXiv, QASPER, and
PubMed RCT, under token-retention budgets
M/T € {0.5,0.3}, comparing against the base-
lines described above. We optimize with AdamW
(Ir = 3 x 107%; weight_decay = 0.01), training
for three epochs on SST-2/IMDb/CUAD (batch size
32) and one epoch on ArXiv/QASPER/PubMed
RCT (batch size 16). Hard Concrete relaxation
uses 8 = 0.66, v = —0.1, ¢ = 1.1, and the La-
grange multiplier A is updated via projected ascent
(step sizen = 1 x 1072).

4.3 Main Results

Extended analysis. Tables 1 and 2 (six bench-
marks; three seeds, mean) show that Adaptive Re-
tention (AR) preserves task accuracy while op-
erating under strict 50%/30% token budgets and
remains competitive with both pruning baselines
and sparse-attention models.

Against dense (no retention). On SST-2, Adap-
tive Retention is within 0.6 pp at 50% (91.5 vs.
92.1) and within 1.6 pp at 30% (89.2 vs. 90.8).
On IMDMb, it attains 94.1/92.3 vs. 94.8/93.6; on
ArXiv (R1) 80.9/79.5 vs. 81.3/80.1. For QASPER,
Adaptive Retention marches dense F1 at both
budgets (65.0 / 63.0) with EM just 0.2 pp lower
(43.8 / 39.8 vs. 44.0 / 40.0). On CUAD, Adap-
tive Retention stays within 0.2-0.5 pp of dense
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Table 1: Results at 50% token retention on SST-2, IMDb, ArXiv (R1), QASPER (EM/F1), PubMed (R1/RL),
and CUAD (micro/macro) across model groups: dense/no retention, learned/heuristic pruning (incl. H20), sparse-
attention architectures, zero-shot LLM references, and our method.

Model Params SST-2 IMDb ArXiv (R1) QASPER (EM/F1) PubMed (R1/RL) CUAD (micro/macro)
Dense / no retention
Full Transformer 66M / 149M 92.1 94.8 81.3 44.0/65.0 44.0/22.0 86.0/88.0
Learned / heuristic pruning on the same backbone
Random pruning 66M / 149M 88.4 90.2 75.5 27.0/30.0 38.0/18.0 78.0/80.0
H2O0 (fixed pruning) (Zhang et al., 2023) 66M / 149M 89.0 91.5 78.5 38.5/60.5 40.0/19.5 82.0/84.0
Constraint-aware Pruning (Li et al., 2023) 66M / 149M 92.0 94.3 80.5 42.5/63.5 41.5/20.5 84.5/86.5
Infor-Coef (Tan, 2023) 66M / 149M 91.8 94.0 80.3 42.0/63.0 41.2/20.0 84.2/86.2
Sparse-attention architectures (fine-tuned)
Longformer (Beltagy et al., 2020) 149M 91.8 93.9 80.1 42.0/63.0 41.0/20.0 84.0/86.0
BigBird (Zaheer et al., 2020) 125M 92.0 94.5 80.7 43.0/64.0 42.0/21.0 85.0/87.0
Zero-shot LLM references (prompted; not directly comparable)
GPT-3.5 (zero-shot) (OpenAl, 2023) — 90.5 93.2 78.9 38.0/60.0 40.0/19.5 82.0/84.0
Llama 2 (zero-shot) (Touvron et al., 2023) 7B 89.8 92.7 78.4 35.0/57.0 39.0/18.0 80.0/82.0
Llama 3 (zero-shot) (Grattafiori et al., 2024) 8B 90.1 93.4 79.2 37.0/59.0 39.5/18.2 81.0/83.0
Falcon (zero-shot) (Almazrouei et al., 2023) 7B 90.2 93.3 79.5 37.5/59.0 39.8/18.8 81.5/83.5
Mistral (zero-shot) (Jiang et al., 2023) 73B 90.5 93.5 79.8 38.0/60.0 40.2/19.0 82.5/84.0
Gemma (zero-shot) (Team et al., 2024) 7B 89.9 93.0 78.7 36.5/58.0 39.0/18.5 80.8/82.2
Phi4 (zero-shot) (Dettmers et al., 2025) 3.8B 88.5 92.0 71.5 34.0/56.0 38.0/17.5 79.0/81.0
Our method (fine-tuned on the same backbone)
Adaptive Retention 66M / 149M 91.5 94.1 80.9 43.8/65.0 42.0/22.0 85.8/87.8
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Figure 2: Hyperparameter sensitivity of the Adaptive Retention model across six tasks (SST-2, IMDb, ArXiv,
QASPER F1, PubMed R-1, CUAD F1). Each panel shows validation performance under sweeps of three parameters:
retention temperature (3 (o, blue), stretch v (e, red), and threshold ¢ (x, brown), with x marking defaults (3 = 0.66,

v=-0.1, = 1.1).

(micro/macro), and on PubMed RCT it trails by
2.0 pp on ROUGE-1 at each budget while match-
ing ROUGE-L. These gaps are small relative to the
50-70% token savings.

Against heuristic pruning (H20, Random).
Adaptive Retention consistently outperforms
H20 and Random across tasks and budgets.
At 50%: vs. H20, Adaptive Retention is
+2.5/42.6/42.4 pp on SST-2/IMDb/ArXiv;
on QASPER it is +53 EM and +4.5 Fl1
(43.8/65.0 vs. 38.5/60.5); on PubMed RCT
+2.0 (R1) and +2.5 (RL); on CUAD +3.8 (mi-
cro) and +3.8 (macro). At 30%: Adaptive

Retention beats H20 by +3.7/+3.4/+3.9 pp
on SST-2/IMDb/ArXiv; on QASPER by
+3.3 EM/+4.5 F1; on PubMed RCT by
+2.0 R1/+2.5 RL; and on CUAD by +4.0 mi-
cro/+3.8 macro. Relative to Random, gains are
larger (e.g., +6.5 pp on SST-2 and +7.2 pp on
IMDDb at 30%).

Against sparse-attention (Longformer, Big-
Bird). On ArXiv, Adaptive Retention slightly
exceeds both baselines at both budgets (80.9/79.5
vs. 80.1/78.0 and 80.7/79.1). On the remaining
tasks, gaps are small—typically < 1 pp and occa-
sionally up to 2 pp (e.g., PubMed RL and QASPER
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Table 2: Results at 30% token retention on SST-2, IMDb, ArXiv (R1), QASPER (EM/F1), PubMed (R1/RL),
and CUAD (micro/macro) across model groups: dense/no retention, learned/heuristic pruning (incl. H20), sparse-
attention architectures, zero-shot LLM references, and our method. Params column clarifies backbones used per

dataset:
Model Params SST-2 IMDb ArXiv (R1) QASPER (EM/F1) PubMed (R1/RL) CUAD (micro/macro)
Dense / no retention
Full Transformer 66M / 149M 90.8 93.6 80.1 40.0/63.0 42.0/21.0 84.5/86.0
Learned / heuristic pruning on the same backbone
Random pruning 66M / 149M 82.7 85.1 68.3 25.0/25.0 36.0/17.0 75.0/77.0
H2O0 (fixed pruning) (Zhang et al., 2023) 66M / 149M 85.5 88.9 75.6 36.5/58.5 38.0/18.5 80.0/82.0
Constraint-aware Pruning (Li et al., 2023) 66M / 149M 88.9 914 782 40.0/61.5 39.5/19.5 82.5/84.5
Infor-Coef (Tan, 2023) 66M / 149M 89.0 91.2 779 39.0/61.0 39.3/19.3 82.2/84.2
Sparse-attention architectures (fine-tuned)
Longformer (Beltagy et al., 2020) 149M 90.5 92.4 78.0 39.0/61.0 39.0/19.0 82.0/84.0
BigBird (Zaheer et al., 2020) 125M 90.8 93.0 79.1 41.0/62.0 40.0/20.0 83.0/85.0
Zero-shot LLM references (prompted; not directly comparable)
GPT-3.5 (zero-shot) (OpenAl, 2023) — 88.1 91.0 76.8 35.0/58.0 38.0/18.5 78.0/80.0
Llama 2 (zero-shot) (Touvron et al., 2023) 7B 87.5 90.4 76.1 32.0/55.0 37.0/16.0 75.0/77.0
Llama 3 (zero-shot) (Grattafiori et al., 2024) 8B 88.3 91.2 71.5 34.0/57.0 37.5/16.2 77.0/79.0
Falcon (zero-shot) (Almazrouei et al., 2023) 7B 88.4 91.1 71.3 34.5/57.5 37.8/16.8 77.5/79.0
Mistral (zero-shot) (Jiang et al., 2023) 7.3B 88.7 91.3 77.8 35.0/58.0 38.2/17.0 78.0/80.0
Gemma (zero-shot) (Team et al., 2024) 7B 87.8 90.8 76.5 33.5/56.0 37.0/16.5 76.2/78.0
Phi4 (zero-shot) (Dettmers et al., 2025) 3.8B 86.0 89.5 75.0 31.0/54.0 36.0/15.5 74.0/76.0
Our method (fine-tuned on the same backbone)
Adaptive Retention 66M / 149M 89.2 92.3 79.5 39.8/63.0 40.0/21.0 84.0/85.8

Table 3: Ablation under 50%/30% token-retention across datasets. Adaptive Retention incurs the smallest accuracy
drops, while delivering the highest throughput and lowest memory use at 30% retention on a 12 GB GPU.

) SST-2
Ablation (% acc, 50%/30%)

rXiv
(% ace, 50%/30%) (% acc, 50%/30%)

QASPER
(EM 50%/EM 30%)/

PubMed
(R150%/R1 30%)/

CUAD

(micro-F1 50%/micro-F130%)  Lnroughput 30%)

Mem (30%)

Adaptive Retention (full)

— without variational relaxation

— without alternating optimization

— without Lagrange multiplier (fixed )
— threshold-based pruning

91.5/89.2
90.2/87.8
90.8/88.3
91.0/88.7
89.0/85.5

94.1/92.3
92.7/90.5
93.1/91.2
93.6/91.8
91.5/88.9

80.9/79.5
79.0/76.8
79.5/77.2
79.8/77.9
78.5/75.6

(F150%/F1 30%) (L 50%/L 30%) (macro-F1 50%/macro-F1 30 %)

(43.8/39.8)/(65.0/63.0)  (42.0/40.0)/(22.0/21.0) (85.8/84.0)/(87.8/85.8) 1.80x/7.5 GB
(42.0/40.0)/(63.0/61.0)  (40.0/38.0)/(20.5/18.5) (83.8/81.8)/(85.0/83.0) 1.60x/7.2 GB
(42.8/40.8)/(63.8/61.8)  (40.5/38.5)/(21.0/19.0) (84.2/82.2)/(86.5/84.5) 1.70x/7.3 GB
(43.0/41.0)/(64.0/62.0)  (41.0/39.0)/(21.5/19.5) (84.5/82.5)/(87.0/85.0) 1.75x/7.4 GB
(40.5/38.5)/(61.0/59.0)  (39.0/37.0)/(19.8/17.8) (82.0/80.0)/(84.0/82.0) 1.40x/7.1 GB

F1 at 50%)—indicating that learning which tokens
to keep can close most of the gap to architectures
that change how attention is computed.

Zero-shot LLM references. Prompted GPT-3.5,
Llama 2/3, Mistral, Gemma, and Phi4-Mini trail
fine-tuned encoder baselines on these supervised
evaluations, especially for long documents and bud-
geted settings, underscoring that general-purpose
zero-shot models are not directly comparable under
the same retention constraints.

Ablations, throughput, and memory. Ta-
ble 3 shows accuracy/efficiency degrade when core
pieces are removed. Without variational relax-
ation (no Hard—Concrete), SST-2/IMDb/ArXiv
drop 1.3/1.4/1.9 pp at 50% (1.4/1.8/2.7 pp at
30%), and 30% throughput falls from 1.80x
to 1.60x (7.5GB—7.2 GB). Disabling alternat-
ing optimization hurts by 0.7/0.9 pp, 1.0/1.1 pp,
and 1.4/2.3 pp; fixing the Lagrange multiplier
costs 0.5/0.5 pp, 0.5/0.5 pp, and 1.1/1.6 pp, with
smaller gains (1.70-1.75x, 7.3-7.4 GB). Thresh-
old pruning trails by 2.4-3.9 pp and only reaches
1.40x/7.1 GB. In contrast, full Adaptive Reten-

tion stays near dense accuracy while delivering the
best throughput (1.80x at 30%) and strong mem-
ory savings (7.5 GB); see Fig. 2 for stable hyperpa-
rameter regions.

Budget choice (30% vs. 50%). Moving from
50%—30% typically yields an additional ~20—
25% latency reduction and ~0.4-0.8x extra
throughput, with accuracy drops of ~1-2 pp on
short-text classification and ~0.6—1.0 pp on long-
document tasks. Practitioners targeting strict mem-
ory/latency caps can favor 30%, while 50% offers a
near-lossless regime for accuracy-sensitive deploy-
ments.

5 Conclusion

Adaptive Retention learns which tokens to keep
via Bernoulli gating with Hard—Concrete relaxation
and a Lagrangian budget, closely matching full-
sequence accuracy while reducing memory and la-
tency. Ablations validate each component (Table 3),
and the method drops in to standard Transformers
across context lengths.
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Limitations

We highlight four main limitations. (i) No eval-
uation on autoregressive decoding. Our study
targets encoder-style tasks only. Extending Adap-
tive Retention to decoding would require a dynamic
KV cache: (a) causal caching that stores hidden
states only for retained tokens; (b) amortized up-
dates that score the newly generated token each
step and maintain a top-M cache via a small prior-
ity queue (min-heap) replacement; and (c) bounded
attention over this fixed-size memory bank to cap
compute/memory regardless of sequence length.
We leave the empirical validation of this design
to future work. (ii) Overhead profile. The reten-
tion scorer adds O(7") work (linear in sequence
length) but is lightweight in practice (< 2% latency
in our profiles); most gains come from operating on
progressively smaller token sets in deeper blocks
and downstream heads while leaving the base at-
tention mechanism unchanged. (iii) Scale. Results
are on medium-scale backbones (e.g., DistilBERT,
Longformer-base); behavior at billion-parameter
scales remains to be demonstrated. (iv) Hyper-
parameters. Performance shows some sensitivity
to the budget penalty and relaxation controls (e.g.,
8,7, ¢); however, we observe robustness plateaus
and provide default settings and sweeps in the ap-
pendix to guide new deployments.
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Appendix A: Compute Cost Breakdown

Method Time per batch (s) ~ Time per 1k tokens (s) ~ Throughput (x)

Full Transformer 0.48 0.96 1.00
Adaptive Retention (30%) 0.27 0.54 1.80
Longformer-base-4096 (30%) 0.31 0.62 1.55
BigBird (30% budget) 0.33 0.66 145

Table 4: Compute cost breakdown at 30% token-
retention budget on a single 12 GB GPU: wall-clock
seconds per batch (size 32), normalized per 1 000 to-
kens, and relative throughput compared to Full Trans-
former.

As Table 4 shows, under a 30 % token-retention
budget our Adaptive Retention method processes
a batch in just 0.27 s, nearly twice as fast as the
Full Transformer’s 0.48 s, translating to a 1.80x
throughput gain and reducing per-1 000-token time
from 0.96 s to 0.54 s. Longformer and BigBird also

improve over the dense baseline (1.55x and 1.45x,
respectively), but Adaptive Retention achieves the
highest speed-up with the least memory overhead.
At a 50 % budget these differences shrink (e.g.
our method’s per-batch time would rise toward
~0.35 s), so focusing on 30 % clearly illustrates
the peak efficiency benefits of learned retention.

Appendix B: Layer-wise Token Retention
Analysis

Layer 30 % Budget 50 % Budget
Full Adaptive | Full Adaptive

Embedding 100 % 100 % 100 % 100 %
Layer 1 100 % 452 % 100 % 523 %
Layer 2 100 % 439 % 100 % 51.3%
Layer 3 100 % 42.5% 100 % 50.2 %
Layer 4 100 % 412 % 100 % 49.2 %
Layer 5 100 % 39.9 % 100 % 48.1 %
Layer 6 100 % 38.5% 100 % 47.1 %

Table 5: Average fraction of tokens retained per layer
for DistilBERT-base-uncased (6 Transformer layers) on
SST-2 under 30 % and 50 % token-retention budgets.

Layer 30 % Budget 50 % Budget
Full Adaptive | Full Adaptive

Embedding 100 % 100 % 100 % 100 %
Layer 1 100 % 50.0 % 100 % 60.0 %
Layer 2 100 % 49.0 % 100 % 58.0 %
Layer 3 100 % 47.5 % 100 % 56.0 %
Layer 4 100 % 46.0 % 100 % 54.0 %
Layer 5 100 % 44.5 % 100 % 52.0 %
Layer 6 100 % 43.0 % 100 % 50.0 %
Layer 7 100 % 41.5% 100 % 48.0 %
Layer 8 100 % 40.0 % 100 % 46.0 %
Layer 9 100 % 38.5% 100 % 44.0 %
Layer 10 100 % 37.0% 100 % 42.0 %
Layer 11 100 % 35.5% 100 % 40.0 %
Layer 12 100 % 34.0 % 100 % 38.0 %

Table 6: Average fraction of tokens retained per layer for
Longformer-base-4096 (12 Transformer layers) on the
ArXiv benchmark under 30 % and 50 % token-retention
budgets.

A comparison of Tables 5 and 6 shows consistent
depth-wise decay, but the absolute values labeled
“30% Budget” exceed the stated per-layer budget:
DistilBERT declines from 45.2 % to 38.5 % and
Longformer from 50.0 % to 34.0 %. Because the
method defines per-layer retention as keeping the
top M; = | pT;] tokens with p € {0.5,0.3}, these
Appendix B percentages (~ 34-50 %) are incon-
sistent with a 30 % target and should be corrected
or explicitly explained. Under the “50% Budget,”
per-layer retention increases (e.g., DistilBERT
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471% — 52.3%, Longformer 38 % — 60 %)
while preserving the same decay profile, and the
total drop remains larger across 12 layers (=~ 16
pp) than across 6 layers (= 6.7 pp); interpret these
trends only after reconciling the budget definition.

Appendix C: Slackness Guarantee

Proposition 1. Let

F*= min
6,p
S pe<M

IE“szernoulli(p) I:L:(f(H © z; 9))]

Let (0, px) be any minimizer of the Lagrangian

L)\ (97 p) = IEZNBcrnoulli(p) l:ﬁ (f(H O] Z; 0))]

+ /\(ipt —M)

and define the slack

T
A=D pa-M
t=1
Then the following slackness bound holds:

A S F* - IEszernoulli(p;\\) [‘C’(f(H O Z; 0%))]

Proof. By definition of F'*, there exists a feasible (6", p™)
with >, p; < M achieving

]EZNBernoulli(p*) [‘C’(f(H © z; 0*))] = F*
Since ), p; < M, the Lagrangian satisfies

F 42O p—M
t

['/\(e*vp ) =

Optimality of (6, px) implies

LA(0x,pr) < LA(0%,p") < F*
Expanding £ at (0, px) gives
LA(0x,Pr) = Eopernoutioy) [L(f(HO 2;05))] + AA

Combining the above,

E[

o

] + XA =Lx(0x,pr) < F7,

{

L

=}

so rearranging yields

AM<F - L = A<

as claimed. O

Appendix D: Unbiasedness of the
Hard-Concrete Estimator

Lemma 1 (Unbiased Gradient Estimator). Under the Hard-
Concrete relaxation, define
Z=g(u;p), u~U(0,1)

so that Z ~ Bernoulli(p). Then

9(p) = Vp L(f(H © %))

satisfies
]E“NU(OJ) [g(p)] = VP IE‘ZNBelrnoulli(p) [E(f(H ® z; 9))}

Proof. Since z = g(u;
Bernoulli(p), we have

p) has the same law as z ~

Vp EznBernoulli(p) ['C(f(H © 2z 9))} Vi Eunv(0,1) [E(f(H © g(u; p); 9))}

By smoothness, we swap gradient and expectation:
Vi B [L(f(H © g(u;p); 0))] = Eu [V, L(f(H © g(u; p); 6))]

and the right-hand side is exactly E, [§(p)]. Thus the estimator
is unbiased. O

Appendix E: Variance Bound on Gradient
Estimates

Lemma 2 (Variance Bound). Suppose the loss L is L-
Lipschitz in its input activations, and let

g(p;ui) = Vp L(f(HOg(ui;p);0))

be the per-sample gradient under the Hard-Concrete reparam-
eterization g(u; p), with u; ~ U(0, 1) i.i.d. Form the Monte
Carlo average over B samples:

B
52

Then there exists a constant C' (depending on L, y, and ()
such that o

var[gs(p)] < 3

Proof. Since the u; are independent,

1 .
Var[ BQZVar (p; us) ZEVar[g(p;u)].

It remains to bound Var[§(p; u)]. By the Lipschitz assump-

tion,

w)|| = ||Ve L(f(H © g(u;p); 0))||
<LH8pr®gup H
< LCo

l|g(p;

for some finite Cp that depends on the stretch parameters
v, ¢ and the network Jacobian. Therefore

Var[g(p;u)] < IE[Hﬁ(p;u)H?] < (LCO)2 =:C
Combining,
C
Var[gs(p)] < 5
as claimed. O
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Appendix F: Convergence of the
Alternating SGD-Ascent Scheme

Proposition 2 (Two-Timescale Convergence). Assume the
following:

1. The fo’lCti()}’l ,c)\ (G,p) = EZNBernoulli(p) [,C(f(H O]
z;0))]+A(>_, pt — M) has continuously differentiable
gradients in 0, p, and these gradients are Lipschitz con-
tinuous.

2. The step-sizes {ax}, {Br}, {vx} for updating 0,p, \
satisfy the Robbins—Monro conditions:

o0

o0
g ZZﬂk ZZ% = 00,
k=1

=1 =

Nk

=~
Il
A

’y;%<oo

NE

oo oo
2 2
E A, E Bk?

k=1 k=1

e
Il

1

and the timescales are separated: ay = o(B) and

Br = o(k)-

Then the stochastic updates

Or+1 =0k — o Vo Ly, (0, pr) + I3

Pr+1 = Projio yr{pe — Be Vi Ly Ok, p1) + &1}
T
Mer1 = [Ae + ’Yk(Zpk,t - M)]+

t=1

(where €5, €7 are zero-mean martingale noises and [|4 de-
notes projection onto X > 0) converge almost surely to a
stationary point (0*,p", \*) of the saddle-point objective
ming,, maxx>o £ (6, p).

Proof Sketch. This result follows by casting the updates as a
two-timescale stochastic approximation (SA) algorithm (cf.
Borkar & Meyn, 2000). On the fastest timescale (ay), the
f-iterate tracks the gradient descent on Ly, (-, px) treating
(pr, A\k) as quasi-static. On the intermediate timescale (8y),
the p-iterate tracks descent on Ly, (0, -) treating Ay, as static
but 6y, as nearly equilibrated. Finally, on the slowest timescale
(7&), A ascends the dual coordinate ), p; — M.
By standard SA theory:

» Each iterate sees the slower variables as frozen, satisfy-
ing the single-timescale convergence conditions under
Lipschitz gradients and Robbins—Monro step-sizes.

 The timescale separation o < S < i ensures that
the coupled process tracks the solutions of its limiting
ordinary differential equations (ODESs) in each block.

 The projected ascent on A > 0 preserves boundedness
and feasibility of the dual variable.

Consequently, the joint process converges almost surely to an
internally chain-transitive invariant set of the limiting ODE,
which under mild convexity/concavity assumptions reduces
to the set of saddle points of £x. Hence (0, pk, Ax) —
(6*,p", ™), concluding the proof. O

Appendix G: Duality-Gap & Slackness
Trade-off

Lemma 3 (Duality Gap Bounds Slackness). Let

F* - I’Iélll’l ]EZNBernoulli(p) [‘C(f(H ®© z;5 6))}

P
e pt<M

and let (0, px) be any (possibly infeasible) minimizer of the
Lagrangian

E)\ (9717) = IEzr\dBernoulli(p) [L(f(H © zZ;5 0))]
T
+A (Z pe— M) ®)
t=1

Define the budget slack A =", p; x — M and the duality
gap .
Gapy, = Lx(0x,pr) — F

Then the following bound holds:

Gap,

Gap, > AA = A< \

Proof. By definition of F'*, any feasible (6, p) with >, p; <
M satisfies

]Eszernoulli(p) I:['(f(H © z; 0))] > F

Hence for the particular (6, p»),

v
k!

IEszelrnoulli(px) I:L:(f(H © z; 0)\))}

Now expand the Lagrangian at (0, py):

L(0x,p2) =E[L(f(H © 2;0,))] + XA > F*+ 1A

>F*

Rearranging gives
Lx(0x,px) —F" > XA

ie. Gap, > AA. Dividing by A > 0 yields the desired
slackness bound. O

Appendix H: Generalization Bound under
Random Token Retention

Theorem 1. Let F be a class of predictors f mapping
token sequences of length T' to R, and suppose the loss
L(f(x),y) is bounded in [0, 1]. Denote by Ry, (F) the empiri-
cal Rademacher complexity of F on n full-length examples.
Now introduce a random retention mask z € {0,1}7 that se-
lects exactly M positions uniformly at random, and define the
masked predictor f(x,z) = f(x ® z). Then the Rademacher
complexity of the masked class satisfies

~

R ({ (. %

y) = Uf(@,2),9)}) < = RalF).

As a consequence, with probability at least 1 — § over the
choice of an i.i.d. sample and masks,

n

VieF: E[(f(z®z2),y)] < %Zﬁ(f(xl ® 2i),Yi)

=1

M ~
+2 7 Ru(F)
43 In(2/4)
2n

so the generalization gap increases by at most O(M/T)
relative to the full-sequence bound.
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Proof. Let {o;}i—, be Rademacher variables. By definition,
~ ~ 1 n
Rn({€o f}) = — E, sup oib(f(x: ® 2:),yi).
(tef}) = S Bopup > o l(f (i © 20, :)

Since £ is [0, 1]-valued and Lipschitz in its first argument,
Talagrand’s contraction lemma implies

~ - 1 n
Rn({Lo f}) < —Eo ?gg;@f(% © 2;)

Condition on the masks {z;}. Each term o; f(z; ® 2;) in-
volves only the M retained positions, so its Rademacher com-
plexity is reduced by a factor M /T

E. [;gg;m f(fl/'i@Zi)] < %Ea igg;aif(xi)

Dividing by n gives i)/‘\in({ﬁ of}) < M R (F)

The high-probability generalization bound for Rademacher
complexity (see, e.g., (Bartlett and Mendelson, 2002)) then
yields the stated inequality, completing the proof. O

Appendix I: Complexity Reduction
Guarantee

Proposition 3 (Complexity Reduction Guarantee). Assume
a Transformer-style layer where each token retained incurs
O(d) memory (for its key, query, and value vectors). Then:

(i) In full dense attention over T tokens, storing the T x T’
attention matrix costs O(T? d) memory.

(ii) Under learned retention of exactly M tokens, only the
M x M submatrix among retained tokens need be stored,
costing O(M? d) memory.

(iii) Computing the attention scores in a mixed full-sparse
regime (where each of the T' tokens attends only to the
M retained tokens) requires O(T M d) time per layer.

Proof.

(i) In standard full attention, one forms the 7" x 1" matrix of
pairwise dot-products. Each of the T2 entries is an inner
product of d-dimensional vectors, i.e. O(d). Hence total
memory and time are both O(T2 d).

(i) With learned retention, let S C {1,...,T} be the M
retained indices. Only the |S| x |S| = M? block of
attention weights among retained tokens is stored (plus
negligible overhead for mapping), yielding O(M? d)
memory.

(iii) For a mixed scheme where every token (retained or
pruned) still queries the retained set S, one computes
T query—key products of size d each against only M
keys. Thus total work per layer is 7" - M products of
cost O(d), i.e. O(T M d).

O
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