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Abstract

The inability to utilise future contexts and the
pre-determined left-to-right generation order
are major limitations of unidirectional language
models. Bidirectionality has been introduced
to address those deficiencies. However, a cru-
cial shortcoming of bidirectional language mod-
els is the potential inconsistency of their con-
ditional distributions. This fundamental flaw
greatly diminishes their applicability and hin-
ders their capability of tractable sampling and
likelihood computation. In this work, we intro-
duce a class of bidirectional language models,
called latent language models, that are consis-
tent by definition and can be efficiently used
both for generation and scoring of sequences.
We define latent language models based on
the well-understood formalism of bisequential
decompositions from automata theory. This
formal correspondence allows us to precisely
charaterise the abilities and limitations of a sub-
class of latent language models, called rational
language models. As a result, we obtain that
latent language models are exponentially more
concise and significantly more expressive than
unidirectional language models.

1 Introduction

Recently, language models (Bengio et al., 2003;
Mikolov et al., 2010; Brown et al., 2020) have es-
tablished themselves as the primary approach for
solving natural language processing tasks (Devlin
et al., 2019; Raffel et al., 2020; Brown et al., 2020).
They have also exhibited noteworthy capabilities
in computer programming (Chen et al., 2021; Fried
et al., 2023) and commonsense and mathematical
reasoning (Wei et al., 2022; Zhou et al., 2023).
Language models are traditionally differentiated
based on the contextual conditioning that they use
for token prediction. Unidirectional (or autore-
gressive) language models, such as those based on
recurrent neural networks (RNNs) (Mikolov et al.,
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2010) as well as the Transformer-based GPT mod-
els (Radford et al., 2019; Brown et al., 2020), con-
dition the prediction of a given token only on its
left context. On the other hand, bidirectional (or
masked) language models, such as those based on
bidirectional RNNs (Arisoy et al., 2015; Mousa and
Schuller, 2017) as well as the Transformer-based
BERT (Devlin et al., 2019; Liu et al., 2019) and
T5 (Raffel et al., 2020; Xue et al., 2021), predict
tokens based on both their left and right contexts.
Naturally, because of the access to richer con-
textual information, bidirectional language models
have proven to produce stronger learned represen-
tations (Devlin et al., 2019; Raffel et al., 2020). In
this regard, Brown et al. (2020) speculate that the
inability of GPT-3 to benefit from future contexts
could explain its inferior performance on certain
tasks where bidirectionality is important. Addition-
ally, several studies have brought attention to the
importance of the order in which sequences are pro-
cessed (Vinyals et al., 2015; Ford et al., 2018). To
this end, both empirical (Emelianenko et al., 2019;
Liet al., 2021) and theoretical (Lin et al., 2021) re-
sults have implied that, as opposed to bidirectional
language models, the pre-determined left-to-right
order used by unidirectional language models is
often suboptimal for tasks that require exploration,
planning or strategic lookahead (Yao et al., 2023).
Despite of the aforementioned advantages of
bidirectional language models, it is currently un-
clear how to tractably ensure the consistency of
their conditional distributions.! In other words, it is
non-trivial to guarantee the existence of a joint dis-
tribution whose conditionals coincide with those of
a given bidirectional language model (Goyal et al.,
2022; Torroba Hennigen and Kim, 2023; Young
et al., 2024). Furthermore, even if such a joint
distribution exists, it is often computationally ex-

'On the other hand, for unidirectional language models, Du
et al. (2023) have given sufficient conditions for consistency
that can be easily enforced.
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pensive to access it explicitly. Those fundamental
flaws of bidirectional language models greatly hin-
der their applicability for sampling (Ghazvininejad
et al., 2019) and likelihood computation (Salazar
et al., 2020), and often lead to self-contradictory
behavior during inference (Young et al., 2024).

In this work, we introduce a class of bidirectional
language models that are consistent by definition
and can be efficiently used both for generation and
scoring of sequences. To achieve this, we con-
sider language modelling from the point of view
of automata theory (Eilenberg, 1974; Sakarovitch,
2009; Mihov and Schulz, 2019). Svete and Cot-
terell (2023) have already explored the relations
between unidirectional language models and se-
quential transducers. We extend their work by con-
sidering the bidirectional formalism of bisequential
decompositions (Elgot and Mezei, 1965). By exam-
ining how bisequential decompositions represent
probability distributions, we derive a class of bidi-
rectional language models that we call latent lan-
guage models. This formal correspondence allows
us to precisely charaterise the abilities and limita-
tions of a subclass of latent language models, called
rational language models. As a result, we obtain
that latent language models are exponentially more
concise and significantly more expressive than uni-
directional language models. We argue that such
knowledge about the abilities and limitations of
language models is essential whenever we require
formal guarantees of the correctness and consis-
tency of their outputs.

2 Factorisations of Language Models

Given a finite set X, we shall use X* to denote the
set of finite sequences of elements of 3 and ¢ to
denote the empty sequence. In this case, X is called
an alphabet, the elements of . are called letters and
the elements of X* are called words. Additionally,
given a word «a, we shall write || for the length
of a, o; for the i-th letter of o, a<; (or cvei41) for
the prefix oy - - - o; and a>; (or as;—1) for the
suffix a;cjy1 -+ - @q). Lastly, we shall naturally
extend concatenation of words to sets of words.

Definition 2.1. Let 3 be an alphabet. A language
model over X is a discrete probability distribution
over ¥*; i.e., a function P: ¥* — [0, 1] such that?

Z P(a) = 1. (1)
aex*

2As usual, we assume that P is extended to the power set
PB(X*) of X* by countable additivity.

The support of a real-valued function f is the set

Supp(f) == {a € Dom(f) | f(a) # 0}.

We call a probability distribution IP over X positive
if Supp(P) = X. Naturally, a family of positive
probability distributions is also called positive.

In practice, it is not difficult to model a function
from ¥* to [0, 1] (e.g., with a logistic curve). How-
ever, satisfying the normalisation constraint (1) is
non-trivial due to the infinitarity of ¥*. Conse-
quently, in this section, we consider how language
models can be factorised into families of finite con-
ditional probability distributions that can then be
modelled efficiently (e.g., with a softmax-based
linear prediction head (Bengio et al., 2003)).

2.1 Prefix Factorisations

Unidirectional language models are typically de-
fined in terms of finite local probability distribu-
tions conditioned solely on the left context.

Definition 2.2. Let X be an alphabet. A prefix fac-
torisation over ¥ is a family (¢ )aex+ of discrete
probability distributions over Xg := ¥ U $.3

The value ¢,,(a) is intended to be interpreted as
the probability of the current letter being a given
that « is the word formed by the previous letters.*

Definition 2.3. Let ® = (¢q)aecx+ be a prefix
factorisation over . @ is called consistent if there
exists a language model P over X that is compatible
with ®;ie., fora € ¥*anda € ¥,

P(aaX* | aX*) = ula)
P(o | aX") = ¢a(8)

Now, it is apparent that we can use the distribu-
tions of a consistent prefix factorisation to define,
via the chain rule of probability, its unique compati-
ble language model (see Appendix B.1 for a proof).
Furthermore, the chain rule provides an efficient
method for sampling and scoring of words.

Definition 2.4. Let ® = (¢y)aex+ be a prefix
factorisation over >.. The prefix model generated
by @ is the function M : ¥* — [0, 1] defined as

|a|

M(a) = (T] daci (@) 0a($).
i=1

3We shall use $ to denote a special end-marker letter that
is considered not to be a member of any declared alphabet.

*Similarly, the value ¢ ($) is intended to be interpreted as
the probability of the word ending after a.

SWe note that X" is the set of all words over ¥ that begin
with a. Thus, P(aaX” | aX*) is the probability of a word to
begin with e given that it begins with «, and P« | aX7) is
the probability of a word to be « given that it begins with a.

P(aX*) £0 = {
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Theorem 2.1. A prefix factorisation ® over X is
consistent if and only if the prefix model M gener-
ated by ® is a language model over 3. In this case,
M is the only language model compatible with ®.

In the literature, the term ‘unidirectional lan-
guage model’ is commonly used to mean ‘a pre-
fix model’, which raises some formal issues since
the class of language models and the class of pre-
fix models do not coincide. It is easily observed
that every language model is compatible with a
consistent prefix factorisation and thus is a prefix
model. However, the converse is true only under
certain conditions as described by Du et al. (2023).
Fortunately, those conditions are satisfied in most
practical settings (e.g., when the prefix model
is represented by a Transformer (Vaswani et al.,
2017) or a bounded RNN (Elman, 1990; Hochre-
iter and Schmidhuber, 1997; Cho et al., 2014) with
a softmax-based linear prediction head).

2.2 Confix Factorisations

Bidirectional language models, such as BERT, T5
and their RNN-based alternatives, represent a fam-
ily of finite local probability distributions condi-
tioned both on the left and the right contexts.

Definition 2.5. Let ¥ be an alphabet. A confix®
factorisation over ¥ is a family (¢q 5)a,ges+ of
discrete probability distributions over 3.7-8

Intuitively, the value ¢, g(a) could be inter-
preted as the probability of the current letter being
a given that « and 3 are the words formed by the
previous and the following letters, respectively.

Definition 2.6. Let ® := (¢4 g)a,gex+ be a confix
factorisation over 2. ® is called consistent if there
exists a language model P over X that is compatible
with ®;i.e., fora, 5 € X* and a € 3,

P(axp) #0 = P(aaB [ aXf) = da,p(a).

Next, we consider whether the distributions of
a consistent confix factorisation ¢ can be used to
define a language model that is compatible with
®. A classical result by Besag (1974) shows that
the distributions of a consistent positive confix fac-
torisation can be used to express the quotients of
the probabilities of words of equal length (see Ap-
pendix B.2 for a proof).

®A confix (or a circumfix) is a pair of a prefix and a suffix.

"To be more precise, BERT and T5 actually represent joint
distributions over multiple masked positions in a word by
conditioning on the remaining letters. Here, for the sake of

simplicity, we assume that there is a single masked position.
8See also Remark B.3 in Appendix B.2.

Proposition 2.1. Let P be a language model over 3.
that is compatible with a positive confix factorisa-
tion (¢a.8)a,gex+- Then, for o € ¥* and f € ylel

|a|

¢a<iﬁ>i(ai)
=P =zt o
) ;[[1 ¢04<iﬂ>i (Bi)

Nevertheless, the distributions of a consistent
confix factorisation contain no information about
the distribution of the word lengths. Hence, in
order to define a language model P over X that is
compatible with a given confix factorisation, it is
necessary to additionally specify the probabilities
of the events X" for n € N.

Definition 2.7. A complete confix factorisation
over Y. is a tuple (®,Pr), where ® is a positive
confix factorisation over X and Py, is a probability
distribution over N. (®,Py) is consistent if there
exists a language model PP over X that is compatible
with (®,Pr); i.e., P is compatible with ® and

(¥n € N)(P(Z") = PL(n)).

Now, Proposition 2.1 implies that we can use the
distributions of a consistent complete confix factori-
sation to express its unique compatible language
model (see Appendix B.2 for a proof).

Definition 2.8. Let (®,P) be a complete confix
factorisation over X such that ® := (¢4 8)a gex*-
The confix model generated by (®,Py) is the func-
tion M : ¥* — [0, 00) defined as

) la| ba;ps;(Bi)
Zﬁezla\ [Tizh Bos by (@0

2

Theorem 2.2. Let (9, Pr) be a consistent complete
confix factorisation over X.. Then, the confix model
generated by (®,Py) is the only language model
over X that is compatible with (,Pr,).

Unfortunately, the intractable sum in the denom-
inator makes the expression in (2) inapplicable for
generation and scoring. More importantly, com-
plete confix factorisations lack an easy to enforce
condition that implies their consistency. Thus, it is
unclear how one could guarantee the existence of
an underlying compatible language model.

3 Sequential Language Models

In this section, we consider language modelling
with sequential transducers. We argue that they
provide a meaningful abstraction of unidirectional
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language models. Thus, attaining deeper knowl-
edge of the properties of sequential transducers
could lead to better understanding of the abilities
and limitations of unidirectional language models.

3.1 Transducers

Definition 3.1. A monoid is a tuple (M, o,e),
where M 1is a set, called the carrier, o 1s an as-
sociative binary operation on M and e € M is a
neutral element for o (thatis,aoe =eoa = a).

In this work, we shall consider the free monoid
¥* == (¥*,-,¢€), where - denotes concatenation,
and the probability monoid Ry 1 = ([0,1],-,1),
where - denotes multiplication.

Definition 3.2. A (X, M)-transducer is a tuple
(X, M,Q,L,F,A), where ¥ is an alphabet; M is a
monoid with carrier M ; () is a finite set (of states);
I,F: Q — M are the initial and final output func-
tions; I = Dom(I) and F' := Dom(F) are the sets
of initial and final states; and A C Q x X x M x @
is a finite transition relation.’

Definition 3.3. Let 7 == (3, (M, 0,¢),Q,I,F,A)
be a transducer. The generalised transition relation
A* CQ x X* x M x @ is the set of all tuples

(qo,a1a2 -+ Gp, M1 0OM2 0 0Mp, qp)

such that ((qi_l, a;, m;, Qi))?zl is a finite sequence
of transitions. The behaviour of T is the relation
[T] from ¥* to M that maps « € ¥* to

U {16 omoF(f) | (iom. f) € A%},

(i,f)eIXF

We shall say that T represents (or realises) [T].

Definition 3.4. Two transducers are called equiva-
lent if their behaviours coincide. A function from
3* to M is called rational if it can be realised by a
(3, M)-transducer.'?

3.2 Sequential Transducers

Since we are interested in the efficient representa-
tion of functions and, in particular, language mod-
els, we shall focus primarily on deterministic trans-
ducers (Schiitzenberger, 1977) because they enable
the computation of [7](a) in O(||) time.

Definition 3.5. Let 7 = (X, M,Q,I,F, A) be
a transducer. 7 is called sequential if I = (i,)
and, for every (p,a) € @Q x X, there is at most
one (m,q) € M x @ such that (p,a,m,q) € A.

10gee Appendix C.1 for a justification of the definition.

Thus, if T is sequential, we define the transition
Sfunction §: QQ X ¥ — @ and the transition output
function \: Q x ¥ — M such that §(p,a) == ¢
and A(p,a) = m if and only if (p,a,m,q) € A.
Furthermore, we define the generalised transition
function §*: QQ x X* — @Q and the generalised
transition output function \*: () x ¥* — M such
that 0*(p, ) := ¢ and \*(p, @) := m if and only
if (p, a,m, q) € A*. Lastly, if T is sequential, we
shall also denote it as (E, M, Q, (i,¢),F, 0, )\).
Consequently, the behaviour of a sequential
transducer 7 is a function that can be expressed as

[TT(@) = o X(i,a) o F(6*(i, ).
Definition 3.6. A function from ¥* to M is called
sequential if it can be realised by a sequential
(32, M)-transducer.

Note that unidirectional language models based
on saturated RNNs (Merrill, 2019) or RNNs us-
ing the Heaviside activation (Svete and Cotterell,
2023) are in fact sequential because they transition
between a finite number of states in a deterministic
manner.!! Similarly, unidirectional Transformer-
based language models are sequential functions
because of the boundedness of the lengths of their
contexts (Vaswani et al., 2017) (if N is the maxi-
mum context length, then the number of states is
bounded by |£|"). This connection with language
models that are used in practice motivates the con-
sideration of sequential (3, Ry ])-transducers.'?

3.3 Stochastic Sequential Transducers

Definition 3.7. A sequential (3, R ;))-transducer
T is probabilistic if [T] is a probability distribu-
tion over X*; and stochastic if 1 = 1 and

(va € Q)(F(a) + 3 Alg,a) = 1).
acx
Obviously, probabilistic sequential transducers
represent exactly the class of sequential language
models. Likewise, stochastic sequential transduc-
ers realise a subclass of sequential prefix models.
Indeed, every stochastic sequential transducer 7
defines a prefix factorisation

A6, @),a) ifaex
fala) = {F((s*(zga)) ifa=%

"TA similar argument could be made for any RNN whose
activation function maps onto a finite set. In that sense, all
deployed RNN language models are sequential transducers,
albeit with a very large state space.

""When working with sequential (X, R0 1))-transducers,
we shall implicitly assume that F, 6 and X are total functions.
In this case, it follows that 6", \* and [ 7] are also total.
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that generates [7] (see Appendix C.2). Compared
to probabilistic sequential transducers, the main
advantage of stochastic sequential transducers is
the fact that they are extremely efficient at sam-
pling since each of their states defines a probability
distribution over ¥4.'?

Despite of the fact that stochastic sequential
transducers cannot realise all sequential prefix mod-
els, they can represent the class of sequential lan-
guage models. In fact, when applied to a proba-
bilistic sequential transducer, the classical canon-
isation construction of Mohri et al. (2008) (see
Appendix C.3) produces an equivalent sequential
transducer that is stochastic (see Appendix C.4).

Theorem 3.1. Every probabilistic sequential trans-
ducer is equivalent to a stochastic one.

Hence, in order to represent sequential language
models, it is sufficient to consider only stochastic
sequential transducers and thus work with tractable
and easy to sample from finite distributions. Next,
we show that we can also easily avoid the stochastic
sequential transducers that are not probabilistic.

Theorem 3.2. A stochastic sequential transducer
T is probabilistic if and only if every accessible
state of T is co-accessible.'*

The condition from Theorem 3.2 is a corollary
of a classical result about absorbing Markov chains
(see Appendix C.5). The condition is trivially satis-
fied if the transition and final outputs of every state
define a positive distribution over >g. In practice,
this is true whenever the softmax activation is used
(see Appendix C.6 for further discussion).

3.4 Limitations of Sequential Transducers

Unlike regular languages, which can be recognised
by deterministic automata, not all rational language
models can be represented by sequential transduc-
ers. Thus, in order to obtain better understand-
ing of the representational limitations of sequential
transducers, we characterise the class of language
models that they can realise (see Appendix C.7).

Definition 3.8. Let o, 5 € X*. The prefix distance
between o and (3 is defined as

dp(a, B) = |af +[B] = 2l A B,
where A is the longest common prefix operation.

131n this case, the probability of $ is represented by the final
output of the corresponding state.

“In this setting, a state q is called accessible if there exists
a word « such that §*(z, ) = ¢ and LA (4, ) # 0; and co-
accessible if there exists a word « such that 6* (¢, «) € F and
A" (g, )F(6"(q, @) # 0.

Olp 1]p

1%1—2})

Figure 1: Sequential transducer realising P and P(a").

Theorem 3.3. A rational language model P over
Y. is sequential if and only if

{ﬁé;‘; ) a, § € Supp(P) A dy(a, ) < n}

is finite for all n € N.

Intuitively, since (X, d,,) is a metric space, The-
orem 3.3 states that sequential language models
map bounded sets of words into finite sets of prob-
abilities (see Section 4.1 for a rational language
model that violates this constraint). To alleviate the
above-mentioned limitations of sequential trans-
ducers, we could also consider the class of co-
sequential functions, which can be represented by
a sequential transducer that scans the input from
right to left and then reverses the output.

Definition 3.9. For a word «, we define the reverse
of a as al = Q|+ O, and, for a real number
x, we define the reverse of x as ' = z. We call a
function f from X* to I'* or R[g 1] co-sequential if
f(a) = g(a™)T for some sequential function g.

Co-sequential functions are rational. Moreover,
they are complementary to sequential functions.
Indeed, in a fixed integer base, multiplication by
a given integer can be implemented by a sequen-
tial transducer if and only if it reads from right to
left, while it is the converse that is true for divi-
sion. Nevertheless, sequential and co-sequential
language models do not exhaust the whole class of
rational language models (see Section 4.1).

4 Rational Language Models

In this section, we consider bidirectional language
modelling with a pair of right-to-left and left-to-
right sequential transducers. We show that, com-
pared to single independent sequential transducers,
such bidirectional representations are exponentially
more concise and significantly more expressive be-
cause they can realise any rational language model.

4.1 Motivating Example
Let ¥ = {0,1} and p € (0,0.5). Consider the
language model P over ¥ such that

P(a) = (1 — 2p)pl.
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Figure 2: Sequential transducer representing P(a 7).

It is easy to see that this language model is both
sequential and co-sequential (see Figure 1).

Now, let us consider language models that are
more discriminative with respect to the last letter.
In particular, for « € 3* and 7 € 3, let

Pi(ai) == (1 — 2p¢)pLa|,

where p; € (0,0.5). The language models IP; have
supports >.*¢ and are just as easy to represent as P.
However, this is not the case for their mixture

P(a) = wPy(@) + (1 —w)P1(a),

where w € (0, 1). Indeed, on input i a sequential
transducer 7 that represents P should anticipate
the last letter ¢ in order to distinguish Py from P;.
However, if pg # pi, T would be unable to tell
whether the probability of a is

(1 —w)(1 - 2p1)p}"

until it scans the last letter. It should be intuitively
clear that 7 cannot resolve this uncertainty with
finite memory.!> On the other hand, a sequential
transducer that scans the input in reverse would
begin with the last letter 2 and could immediately

|af

w(l —2pg)p, ' or

determine the correct distribution IP; (see Figure 2).

Thus, P is co-sequential but not sequential. Of

course, one can symmetrically construct a language

model that is sequential but not co-sequential.
Next, we show that there are rational language

models that are neither sequential nor co-sequential.

To achieve this, we make both the first and the last
letter of an input word crucial for determining its
probability. Formally, for o € ¥* and ¢, j € ¥, let
Byj(iag) = (1 - 2py)pi5
where p;; € (0,0.5). Now, consider the mixture
ED(O[) = Z wijPij(a), (3)
1,jEX

5While the presented argument is quite informal, a rigorous
proof, by means of Theorem 3.3, is given in Appendix D.1.

where w;; € (0,1) sum to 1. It should be clear
that, if p;; are pairwise distinct, then P is neither
sequential nor co-sequential (see Appendix D.1).
However, by using two sequential transducers — a
right-to-left and a left-to-right one, we can eas-
ily represent this language model (see Figure 3).
Indeed, suppose that the right-to-left sequential
transducer runs first and scans the input 5 = i
in reverse. The first letter it reads is j and subse-
quently it augments each of the letters of 3 with
the additional feature j; that is, it transforms /3 into
v = (B1,5)(B2,7) - - - (B3, 7). This helps the left-
to-right transducer because it runs on - and once
it reads (31, 7) = (4, j) it can uniquely identify the
language model IP;; that should be simulated.

4.2 Bisequential Decompositions

The example above motivates the study of the well-
established notion of a bisequential decomposition.

Definition 4.1. A bisequential decomposition of
f:¥* = Misatuple (T',n, g), where

(1) I'is an alphabet;
(i) n: ¥* — I'* is a co-sequential function;
(iii) g: I'* — M is a sequential function;

(iv) f=mnog!o

We say that a tuple (I', 7, T,) is a representation
of the bisequential decomposition (I', 7, g) if 7,
and 7, are sequential transducers such that

[Tal(@")" =n(a) and [T,]=g.

In the previous section, we described a bisequen-
tial decomposition of the language model in (3). In
fact, the decomposition had a very particular form;
namely, I' = 3 x ¥ and 7 preserved the input and
augmented it with additional features.

Definition 4.2. A bisequential decomposition
(', n, g) of a function from ¥* to M is called stan-
dard it T = ¥ x IV and n o s = idxs.!”

It is well-known that the class of functions that
admit a bisequential decomposition is exactly the
class of rational functions (Elgot and Mezei, 1965).
Thus, for language models we obtain the following.

Theorem 4.1. A language model is rational if and

only if it admits a bisequential decomposition. In

this case, it also admits a standard decomposition.
"We define (1 o g)() = g(n()).

751+ is the projection function from (£ x I')* to ©* and
idx+ is the identity function on X*.
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One way to think of a bisequential decomposi-
tion (I", n, g) of a language model PP is the follow-
ing: I' is a set of regular features, the co-sequential
function 7 encodes an input word « into a sequence
of features and the function g computes, based on
those features, the probability of a. On the other
hand, given a standard bisequential decomposition
(", n, g) of a language model PP, the function g can
be viewed as a generator. Indeed, since P =nog
and 7) is injective, it follows that g1y, is a lan-
guage model over I'.!® Furthermore, due to the
special form of 7, sampling from PP is equivalent to
sampling from g1y, and projecting onto X*.

Theorem 4.2. Let (T', 1, g) be a standard bisequen-
tial decomposition of P: ¥* — [0, 1]. Then, Pis a
language model over X if and only if g1y is a
sequential language model over 1.

For a formal verification of Theorem 4.2, see Ap-
pendix E.1. Now, Theorem 3.1 implies that, if we
want to represent rational language models, it is suf-
ficient to consider only representations (I, 7, 7)
of standard bisequential decompositions where 7,
is stochastic. Moreover, recalling Theorem 3.2, we
could easily guarantee that the represented function
is a language model by making sure that every ac-
cessible state of the stochastic 7 is co-accessible.

4.3 Conciseness of Decompositions

Next, we note that even in the cases where a lan-
guage model P is (co-)sequential, P might admit
an exponentially more concise representation as
a bisequential decomposition. For example, this
occurs when Supp(P) is difficult to be recognised.

Consider, the class Py ,, of language models [P
over X such that

Supp(P) = U aX"aX*bx"b.
a,bex

Theorem 4.3. Every sequential transducer that
represents (either sequentially of co-sequentially)
a language model from Ps. ,, has § (|E|”) states.

Regardless of the direction, such a sequential
transducer should check that the letters at positions
1and n+2in o and o " match. Intuitively, in order
to do that, it has to maintain the last n + 1 scanned
letters, which requires Q(|X|™) states.

Theorem 4.4. There exist (co-)sequential language
models in P, ,, that admit a bisequential decom-

1811",(7,) is the indicator function of the image Im(n) of 7.
Thus, g1im(y) (o) equals g(e) if @ € Im(#), and 0 otherwise.

position with a representation (I, T,, Ty) such that
T, and Ty have O (n|X]) states.

Intuitively, a representation (I', 7, 7,) of a bise-
quential decomposition of a language model from
Ps..,, could function as follows. The encoder 7,
could co-sequentially verify that the letters at posi-
tions 1 and n+2 of a " coincide. To do so, it needs
to remember the first letter of o' and count to n+1.
This can be achieved with O (n|X|) states. Simi-
larly, the generator 7, could sequentially check
that the letters at positions 1 and n + 2 of a match
with O (n|X]) states. For a formal treatment of the
arguments presented above, see Appendix D.2.

4.4 Expressiveness of Decompositions

The example from Section 4.1 might misleadingly
suggest that rational language models that are not
sequential (or co-sequential) can capture only local
features from the ending (or the beginning) of a
word. This is not true and the following theorem,
whose proof can be found in Appendix D.3, shows
that rational language models are closed under ar-
bitrary mixing and regular conditioning.

Theorem 4.5. Letw € (0,1), L C X* be a regular
language and P, Py be language models over 3.

(i) If Py is (co-)sequential, then Py is rational.

(ii) If Py is rational and Py (L) # O, then the con-
ditional language model Py (+ | L) is rational.

(iii) If Py and Py are rational with disjoint sup-
ports, then so is the mixture wPy + (1 — w)Ps.

Note that regular languages are closed under
union and complement; that is, they form an al-
gebra!®. This is why conditioning on such sets
is both probabilistically sound and algorithmically
tractable. Other natural classes of formal languages,
such as the context-free languages, lack those prop-
erties. Furthermore, for the context-sensitive lan-
guages, the problem whether L # () is not de-
cidable, which means that it is algorithmically in-
tractable to verify if the conditional language model
Py (- | L) is well-defined.

Next, we shed some light on the structure of a
standard bisequential decomposition (I', 7, g) of a
language model P over X, where I' := ¥ x I, In
particular, the following theorem describes a set of
useful additional features I" that can be maintained
by the encoder 7 and then used by the generator g to
output, via the chain rule, the correct probabilities.

“However, they do not form a o-algebra
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Theorem 4.6. Let P be a language model over ..
Then, P is rational if and only if there exists a finite
partition {L;}?' | of ¥* such that, for 1 < i < n,
L; is regular and {P( + o | Lia)}aez* is finite.

As the proof of Theorem 4.6 in Appendix D.4
reveals, the additional features can be defined as

= {(IP( ca|Lia))' |ae 2*}.

Then, a representation (I', 7, 74) of (I',n, g) can
be constructed such that

(i) the encoder 7, has states I/, which enables it
to preserve the input o and maintain in a co-
sequential manner the appropriate additional
feature f; = (P( - as; | Lias;j)),

=1’

|al

(i) given the encoding n(a) = ((ay, fj))j:l’ the
generator 7, maintains in a sequential manner
the set Lij that contains the prefix a«;;

(ii1) using the information about L;; as well as the
feature f;, the generator 7, correctly outputs
P(Lij+1a2j | LijOé>j) on input (Oéj, f])

Thus, via the chain rule, the generator can sequen-
tially compute P(«).

4.5 Minimal Co-sequential Lookahead

A natural question that arises from the discussion
above is about the minimal co-sequential lookahead
or the minimal information from the future that is
required in order to represent a rational language
model P. Quantitatively, it should correspond to the
number of states of the minimal sequential trans-
ducer 7, such that (I', 7,,, 7,) is a representation
of a bisequential decomposition of P. The follow-
ing theorem gives the answer to this question (see
Appendix D.5 for a proof).

Theorem 4.7. Let P be a positive language model
over .. Then, =p C ¥* x X¥, defined as

a=pf {igg; ’ v € Z*} is finite,

is a left congruence of finite index. Furthermore,
if (', Ty, Ty) is a representation of a bisequential
decomposition of P, then T, has at least |¥* /=p|
states and this bound is tight.”°

Obviously, sequential language models require
no co-sequential lookahead. Thus, the left congru-
ence =p of a sequential language model P should

PWith ©* /=g we denote the equivalence classes of =p.

have a single equivalence class. This observation
clearly illustrates the difference in expressivity be-
tween the sequential and the rational language mod-
els (see Appendix D.5 for a formal verification).

S Latent Language Models

The study of bisequential decompositions in Sec-
tion 4 suggests that for language modelling it might
be beneficial to map (via an encoding function 7))
the input probability space 3* onto a latent proba-
bility space I'* where the corresponding probability
measure P could be easier to represent. To make
sure that the composition 1 o P is a probability
measure on >*, we have to ensure that no prob-
ability mass in the latent space ‘leaks’ onto inac-
cessible elements (that is, Supp(P) C Im(n)) and
that the encoding function 7 does not map different
elements of 3* onto a single latent element with
non-zero probability (that is, 7 should be injective
on 7! (Supp(P))). Indeed, those properties are
sufficient for 7 o P to be a language model over X.
In this case, we also have that 7 is a bijection from
n~ ! (Supp(P)) to Supp(P); thus, sampling from
n o P is equivalent to sampling v € Supp(P) from
IP and then computing 1~ (7).

5.1 Latent Decompositions
The discussion above motivates the following defi-
nition of a latent decomposition.
Definition 5.1. A latent decomposition of
f:¥* —[0,1] is atuple (I, n, g), where

(1) T is an alphabet;

(ii) n: ¥* — I'* is a function that is injective on
™! (Supp(g)) and Supp(g) < Im(n);

(iii) g: I'™* — [0, 1] is a sequential function;

@iv) f=nogy.

A latent language model is a language model that
admits a latent decomposition.

Note that latent decompositions generalise stan-
dard bisequential decompositions by relaxing the
constraints on the encoder. Indeed, if (I', 7, g) is a
standard bisequential decomposition of a language
model P, then (I, 7, g1y ) is a latent decompo-
sition of IP. Thus, we can conclude the following.

Theorem 5.1. Every rational language model is a
latent language model.

Naturally, we can also generalise Theorem 4.2
to the class of latent decompositions.
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Theorem 5.2. Let (I',n, g) be a latent decompo-
sition of P: ¥* — [0,1]. Then, P is a language
model over X if and only if g is a sequential lan-
guage model over T

For detailed proofs, see Appendix E.1.

5.2 Expressiveness of Latent Decompositions

Next, we argue that latent language models provide
a meaningful generalisation of rational language
models. To this end, we note that standard bise-
quential decompositions are as expressive as non-
standard ones (see Theorem 4.1). However, this is
not the case for standard latent decompositions.

Definition 5.2. A latent decomposition (I', 77, g) of
a function from X* to [0, 1] is called standard if
' =Y xI"and o myx = idgs.

In fact, suppose that (X x I, 7, g) is a standard
latent decomposition. Then, Im(7) is the graph of
the function 1 o 7rp/+. Without loss of generality, as-
sume that Im(7) = Supp(g). Since g is sequential,
it follows that Im(n) is regular. Therefore, 7 o 7«
is a rational function. This implies that 7 is rational
and thus 7 o g is also rational.

Theorem 5.3. Every latent language model that
admits a standard latent decomposition is rational.

Nevertheless, non-standard latent decomposi-
tions are strictly more expressive. Indeed, con-
sider the language model P that assigns probability
1/2"*! to a™b". Obviously, P is not rational be-
cause Supp(PP) = {a"b" },,en is not a regular lan-
guage. However, g((ab)") := 1/2""! is a sequen-
tial language model. Thus, ({a,b},n,g), where
the encoder n(a™b™) := (ab)™ drastically simpli-
fies the support P, is a latent decomposition of PP.

Theorem 5.4. Latent language models are strictly
more expressive than rational language models.

For a more formal and detailed treatment of the
arguments presented above, see Appendix E.2.

5.3 Comparison with Other Latent Models

Finally, we compare latent language models with a
couple of other well-established latent models.
First, we consider vg-wav2vec (Baevski et al.,
2020). Similarly to a latent language model, vq-
wav2vec consists of an encoder 7 that maps from
an input space X* to a latent space I'*, and a lan-
guage model PP over I". However, in vg-wav2vec,
7 is not restricted to be injective, which leads to
several issues. First, classical maximum likelihood
estimation cannot be used to train the composition

n o [P because of the existence of a degenerate op-
timum in which the encoder collapses; that is, n
maps all elements of 3* to a single latent element
~v € I'* and P places all of the probability mass on
~. This necessitates the use of more indirect and in-
efficient contrastive estimation methods (Gutmann
and Hyviérinen, 2012; van den Oord et al., 2019).
Furthermore, 1 o P is not guaranteed to be a lan-
guage model and, even if it is, P cannot be used to
efficiently sample from 7 o P.

Second, we consider Discrete Flows (Tran et al.,
2019), which are comprised of a bijective encoder
n: 3* — I'* and a sequential language model over
T'; i.e., Discrete Flows are latent language models.
Tran et al. (2019) propose two types of encoders.
The bipartite encoder 1 := n) o n® o... o n) is
such that, fora € ¥*,1 <i < |afand 1 < j <,

Gy ) ifi = j (mod 2)
S CUE WG i '
V(a9 a;) otherwise
In the expression above, a/) denotes the concate-
nation of the letters o; such that i = j (mod 2).
Therefore, each layer nU) of a bipartite encoder 7
preserves the letters a7) of the input o and mod-
ifies the remaining letters based on o/ ). Further-
more, in order for nU) to be bijective, f?) is chosen
such that «) and ) (o), o;) uniquely identify
«;. Lastly, note that Discrete Flows correspond to
a subclass of non-standard latent decompositions
that can represent non-rational language models.
In fact, a sufficiently deep multi-layer bipartite en-
coder can implement the mapping a”b" — (ab)".
For further empirical evidence of the advantages of
Discrete Flows, we refer to Tran et al. (2019).
In addition, we compare latent language models
with discrete diffusion language models such as
D3PM (Austin et al., 2021) in Appendix E.3.

6 Conclusion

We introduced a class of consistent bidirectional
language models, called latent language models,
that allow for efficient sampling and scoring of se-
quences. We defined latent language models based
on the well-understood formalism of bisequential
decompositions. This formal correspondence al-
lowed us to precisely charaterise the abilities and
limitations of a subclass of latent language models,
called rational language models. As a result, we
showed that latent language models are exponen-
tially more concise and significantly more expres-
sive than unidirectional language models.
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Limitations

The primary focus of this paper is the characterisa-
tion of the representational capacity and concise-
ness of rational language models, which constitute
a strict subclass of latent language models. Conse-
quently, the question about the expressive power
of the full class of latent language models remains
unanswered. In other words, it is not clear how
latent language models relate to other classes of
formal languages; for example, whether they also
subsume the class of (deterministic) context-free
language models. Furthermore, we do not explore
the limitations of latent language models. While
a straightforward constraint that latent language
models impose is that their images should be ratio-
nal sets, further work is required to obtain deeper
understanding of the limits of their capabilities.

Another notable limitation is that we do not as-
sess the learnability of latent language models; that
is, we do not consider the problem of searching for
such models via gradient-based or other optimisa-
tion methods. A latent language model consists of
a latent encoder 7 and a unidirectional language
model g. It is well known that unidirectional lan-
guage models, such as g, are effectively learnable.
However, it is not obvious if 7 and g could also be
jointly optimised and if so what is an appropriate
parametric family for 7.

Lastly, we do not explore the applicability of
latent language models to natural language pro-
cessing tasks. That is, it remains to be empirically
verified whether the increased expressive power of
latent language models could lead to better down-
stream task performance when compared to classi-
cal unidirectional language models.
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A Related Work

The problem of characterising the consistent prefix factorisations is tackled by Du et al. (2023). They
give an easy to enforce condition that is sufficient for consistency. Moreover, the authors show that many
of the models used in practice to represent prefix factorisations satisfy this property. In particular, the
authors demonstrate that all prefix factorisations realised by Transformers or RNNs (such as GRU and
LSTM) with a softmax prediction head are in fact consistent.

Nevertheless, we are not aware of the existence of such results for confix factorisations. Goyal et al.
(2022); Torroba Hennigen and Kim (2023) acknowledge the problem of ensuring the consistency of
confix factorisations as well as the intractability of sampling from them. To this end, Goyal et al. (2022)
attempt to sidestep the issue by interpreting confix factorisations as energy-based models and deriving
a different incompatible distribution from them. Similarly, Torroba Hennigen and Kim (2023) explore
methods for deriving incompatible joint distributions from confix factorisation. However, they focus only
on distributions over two-letter alphabets.

Several studies (Vinyals et al., 2015; Ford et al., 2018) have suggested that the order in which sequences
are processed is important for language modelling. Furthermore, there have been many different proposals
for achieving bidirectionality by learning the decoding order (Brantley et al., 2019; Stern et al., 2019; Gu
et al., 2019; Li et al., 2021). Nonetheless, each of those solutions requires either expensive beam search
or variational inference for decoding. Moreover, many of the methods do not allow for efficient scoring
of sequences. The only bidirectional models we are aware of that achieve both efficient generation and
scoring are the Discrete Flows by Tran et al. (2019), which are in fact a special case of the latent language
models that we introduce.

We note that Svete and Cotterell (2023) have already explored the connection between unidirectional
language models and sequential transducers. The authors show that unidirectional language models
based on Heaviside RNNs are as expressive as sequential transducers. However, we are not aware of
similar developments for bidirectional models. More importantly, we do not know of other works that
have attempted to define bidirectional language models in a principled way and have explored their
expressive power and representational conciseness in terms of formal abstractions from automata and
formal language theory.

B Factorisations of Language Models

B.1 Language Modelling with Prefix Factorisations

In this appendix, we describe in more details the correspondence between the language models that
are compatible with a given prefix factorisation ® and the prefix model generated by ®. We begin by
considering several basic properties of prefix factorisations.?!

Definition B.1. Let X be an alphabet and A C X*. For n € N, we define the sets A, A<™ and A" as

. n—1
Ar =€ Hn=00 0 g |J A and A4St = ARU AR,
A"=1A  otherwise i

Definition B.2. Let (¢, )qcx+ be a prefix factorisation over X. For every a € ¥, we use ¢}, to denote
the extension of ¢, to X*$=! defined as

]
90 (8) = ] basi(8)-
i=1

Remark B.1. Now, given a prefix factorisation (¢q )aex+ over X, the prefix model M that is generated by
it can be expressed as

. *
M(«a) = ¢ (a$).
2n accord with general use, we shall identify a singleton set with the element that it contains and omit the braces.

5737



Proposition B.1. Let (¢o)acx+ be a prefix factorisation over Y. Then, for o, 3 € ¥* and v € ¥*$=1,

P (87) = 66(8)Pas(7)-
Proof. Follows directly from Definition B.2. O
Remark B.2. Given a prefix factorisation (¢4 )qex+, we additively extend every f € |J e {Pa» @5} to

‘,B(Dom(f)) as
=Y fla)

a€A

Proposition B.2. Let (¢,)acx+ be a prefix factorisation over X. Then,
(Vo € £%)(¢3(27) < 1).
Proof. Let a € ¥*. First, we prove by induction on n that
(Vn € N) (¢5(55"8) + ¢ (="H1) = 1). )

For n = 0, we have that

0 (B5"8) + ¢4(%) = 6a(8) + 6a(2) = ¢a(Ts) =1
Suppose the statement holds for n € N. Then,
G (SSTHS) 4+ 65 (572) = 65 (D18) + 65 (5H19) + 65 (271
e (zﬁ%) + r(2HSg)

— S8+ Y GL() dantST

pexn+l
= Pa(Z5"8) + 05 (2")
=1

Now, since ¢ (£*$) is the limit of the partial sums (¢} (2<"$)) from (4), we obtain that

neN’
* *Q@) 13 * <n : * <n * n+1\) _
65(578) = lim 95(S"8) < lim (¢5(5"8) + 64(Z™)) = 1. =

Proposition B.3. Let (¢,,)acs+ be a prefix factorisation over ¥ and o € ¥* be such that ¢*(«) # 0 and
05 (X*$) < 1. Then,
(VO <n <lal) (¢ (a<n) #O0A Poen (E78) < 1).

Proof. We proceed by downward induction on n. For n = |«], the statement is true by assumption.
Suppose that the statement holds for n > 0. Then, it is obvious that ¢} (a<y,) # 0. Furthermore,

B (578) = b (3) + b (an)Bh (58) + Y dac, ()i ,a(E79).
a€X\an

However, ¢7,_ (X*$) < 1 by the inductive hypothesis and ¢},_ ,(3*$) < 1 by Proposition B.2. There-
fore, we conclude that

O (5°8) < bay (8) + Gacn(0n) + D Pac,(a) = dar, (Ts) = O

a€X\on

Proposition B.4. Let ® := (¢,,)acx+ be a prefix factorisation over . and M be the prefix model generated
by ®. Then, M is a language model if and only if

(Vo € %) (¢2(a) #0 = ¢5(2*$) = 1).
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Proof. Assume that M is a language model and let o € ¥* be such that ¢} («) # 0. Now, suppose that
@5 (X*8) # 1. Then, ¢}, (X*$) < 1 by Proposition B.2. Therefore, Proposition B.3 implies that

Y M(B)= ) ol(88) = ¢:(28) < 1,

pex* peX*

which contradicts the fact that M is a language model. Thus, ¢ (X*$) = 1.
The backward direction is trivial since ¢ (e) = 1 # 0 by definition and ¢} (X*$) = 1 is equivalent to
M being a language model. O

Theorem B.1. A prefix factorisation ® over Y is consistent if and only if the prefix model M generated
by ® is a language model over 3. In this case, M is the only language model compatible with ®.

Proof. Let ® := (¢q)acx+ be a prefix factorisation and M be the prefix model generated by .
First, assume that ® is consistent and let [P be a language model that is compatible with ®. Then, for
a € ¥*, the chain rule implies that*?

|a| |af

B <1:[ ¢a<i(ai)>¢°‘($) - <1:[P(0¢§i2* | 0¢<i2*)>P(0‘ | aX%) = P(a).

Therefore, M is a language model. Furthermore, since PP is arbitrary, every language model that is
compatible with ® coincides with M that is, M is the only language model compatible with ®.
Now, assume that M is a language model. Let o € ¥* be such that M (aX*) # 0. Then, since

Z M OZB Z ¢ ¢a B$ Z ¢a B$ (a)¢2(2*$))

pex* pex* Bex*

it follows that ¢} (a) # 0. Therefore, Proposition B.4 implies that, for a € X,

M(aa¥* | a¥) = M(aa") M% @)0aa(>5) = 0a(a)9aq(X78) = dala),

M (aZ*) S Gh=ST

where the last equality holds because ¢},,(X*$) = 1 whenever ¢, (a) # 0. Similarly, we derive that

M(a|aZ¥) = M]‘fg)) = %ml = ga($).

Therefore, ® is consistent and M is compatible with ®. O

B.2 Language Modelling with Confix Factorisations

In this appendix, we describe in more details the correspondence between the language models that are
compatible with a given complete confix factorisation (®,P;,) and the confix model generated by (@, Py,).
Additionally, we demonstrate that, unlike prefix factorisations, there exist inconsistent complete confix
factorisations whose confix models are language models.

Remark B.3. Note that, according to Definition 2.5, there are no confix factorisations over () because there
are no probability distributions over (). Nevertheless, we shall extend Definition 2.5 by considering the
empty family as the confix factorisation over ().

Remark B.4. The extension of Definition 2.5 leads to the following additional amendments.
**Note that, for (P(a<;S* | o¢<i2*))gl and P(a | aX*) to be defined and the derivation of M (o) = P(a) to be valid, it is

necessary that P(aX*) # 0. However, even if P(aX") = 0, M (a)) = P(«) still holds since P(«) = 0 because P(«r) < P(aX™),
and M (a) = 0 because there exists 1 < 4 < |a such that P(a<;X") # 0 and ¢a_; () = P(a<iE™ | ac;X7) = 0.
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(i) A complete confix factorisation over . is a tuple (®, P1) such that ® is a positive confix factorisation
over X and Py, is a probability distribution over Ny, where

0 ifX=40
N  otherwise -

Nz¢={]a|oz€2*}:{

(ii) Let IP be a language mode over > and P, is a probability distribution over Ny;. We say that P is
compatible with P, if
(Vn € Nz)(]P)(En) = PL(TL)).

(iii) Let (®,Pr) is a complete confix factorisation over . (®,Pr) is called consistent if there exists a
language model IP over X that is compatible with (®,Pr); i.e., P is compatible with both ® and Py..

By considering complete confix factorisations, we restrict our attention only to positive confix factorisa-
tion. However, not every language model is compatible with a positive confix factorisation.

Proposition B.5. Let P be a language model over 3. Then, P is compatible with a positive confix
factorisation over X if and only if, for every n € Ny,

(o € ™) (P(a) = 0) < P(X") =0. )

Proof. Assume that P is compatible with the positive confix factorisation ® = (¢ 3)a,gex+. The
backward direction of (5) holds trivially; thus, we focus on the forward direction. We note that, since
P(X%) = P(¢), the forward direction of (5) holds trivially for n = 0. In what follows, we consider the
case where n > 0.

Let o € ¥* \ € be such that P(«) = 0. We prove by induction on ¢ that

(V0 <i < |a]) (P(S'as;) = 0).

Note that, when i = ||, we obtain that P(%*1) = 0 (that is, the forward direction of (5) holds for 7 > 0).
For i = 0, it is obvious that P(Xa~;) = P(a) = 0. Now, assume that P(X%a~;) = 0 for 0 < i < |a,
and suppose that P(X'" a~;,1) # 0. Then, there exists 5 € X! such that P(8Xa~;41) # 0 and
P(ﬁam‘) = P(ﬁ2a>i+1)]}”(ﬁa>i | 5204>i+1) = P(Bza>i+1)¢ﬁ,a>i+1(ai+1) ?é 0.

However, this contradicts with P(Ba;) < P(Xfas;) = 0. Therefore, P(X1as;11) = 0.
Next, assume that (5) holds. Consider the confix factorisation ® := (¢, 3)q,gex+ defined, for o, 5 € ¥*,
as follows:

(i) if P(aXp) # 0, then ¢ 3 :=P(a+ B | aXp);
(i) if P(aX3) = 0, then let ¢, g be an arbitrary positive probability distribution over ¥.

Now, for ar, 8 € X*, if P(aX3) # 0, then, for a € X,

_ P(aap)
P(aXp5)

P(aaf) £0 and @ap(a) = Plaah | ap) 40

otherwise, if P(aX3) = 0, then ¢, g is positive by definition. O

Proposition B.6. Let P be a language model over X that is compatible with a positive confix factorisation
(ha,8)a,pex+ over 3. Then, for a € ¥* and 3 € ylal,

|al

a) = ¢a<¢ﬂ>i(ai)
Ple) =Fp) E ¢O‘<i7ﬁ>i(6i) .
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Proof. Leta € ¥* and § € wlal, First, assume that P(«) # 0. Then, from Proposition B.5, it follows
that P(X1*!) # 0. Now, we prove by downward induction on 0 < j < |a| that

|a|

Pay,fsi ()
P(0) = P(az;fs)) <o), ™
= z‘—l;[i-l ¢0¢<1:,,3>i(/8i)
Note that, when j7 = 0, (7) is equivalent to (6).
For j = |a/, (7) holds trivially. Now, assume that (7) is true for 0 < j < |«/|. Then,
|ot]
Qba B )
P(a) = P(a<;B>j) Pacups(03)
= ’ Hl ¢O‘<zyﬁ>z (6 )
|ot]
¢a i8> (67}
= P(ac; 5055 P(agifs; | ac;5855) ] ¢<5>Eﬁ§
i=j+1 aciB>i\Mi
|ot]
_]P)(a<j62j)lp,( SJ' >]‘ <‘? >]) < 5>( )
(a<.7/82] ‘ a<.72/6>]) Z:j+1 ¢)a<i,:8>i (IB'L)
|| 4
(Oé<] 16>] 1 H¢a<z 5>z( ) 0

Next, assume that P(a) = 0. Then, P(X/*) = 0 by Proposition B.5, which implies that P(8) = 0 and
thus (6) holds.

Definition B.3. Let ® := (¢, 3)q,sex+ be a positive confix factorisation over ¥. For o € ¥* and n € Ny,

we define
3 H|a\ ba B, (Bi) and - @y, = Zn ©p-
gexlel 11i=1 Pox g By (1) peX
Proposition B.7. Let P be a language model over X that is compatible with a complete confix factorisation
(®,P) over ¥. Then, for o € ¥,

1
d, =

P(a) =PL(|a|)®
Furthermore, for n € Ny, such that Pr,(n) # 0,
(Vo € ") (o =P(a | £")) and @, =
Proof. Let ® =: (¢ 3)a,sex+ and a € 3*. Then, from Proposition B.6, it follows that, for 5 € ylel,
|af

¢a i\ (5@)
P(5) = P(a) [ 22t 20
H ¢a<ivﬂ>i(ai)
Summing over 8 € vl we obtain that

|a|

Pl =P) Y ]

Bexlali=1

Paifsi (Bi)
Pac; B (o) 7
which can be rearranged as

lof
Pla) = PO =Pr(|o]) Pa

O(‘ ba B 7.('81)
Z,BEE“X‘ Hz 1 m

Furthermore, if Py, (|a|) # 0, then P(2lel) =£ 0,

aeXlal aexlal
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Theorem B.2. Let (P, IP1) be a consistent complete confix factorisation over X. Then, the confix model
generated by (®,Pr) is the only language model over ¥ that is compatible with (9, Pp).

Proof. Let P be a language model over X that is compatible with (®,P,) (such a language model exists
since (®,Py) is consistent). Now, Proposition B.7 implies that P coincides with the confix model M
generated by (®, Py, ). Therefore, M is the only language model that is compatible with (&, Pr). O

Next, we show that, unlike prefix factorisations, there exist inconsistent complete confix factorisations
whose confix models are language models. The main reason for this deficiency is that, as we shall show,
®,, can take on values that are less than and greater than one when n > 2. We begin by noting that
®y = ®; = 1 for every positive confix factorisation ¢ over 2.

Proposition B.8. Ler ® be a positive confix factorisation over X.. Then, &g = &1 = 1.

Proof. Let ® =: (¢4.,8)a,pex+- Then,

1 1
o= D 7. g b
0€ 2 pex 5l @) Bt
1 Peela)
=D sl L= ¢56b ZE ¢EE() =L =
! Zﬁezl 3@ €T Zubey Gecla)  acy FbEX

Now, we consider the particular case where |X| = 2 and n > 2. We note that the following result can
be further extended to alphabets with more than two letters. However, in this work, we do not pursue this
direction.

Proposition B.9. Let § € {<,=,>}, X be an alphabet such that |%| = 2, and n € N be such that n > 2.
Then, there exists a positive confix factorisation ® over 3 such that , S 1

Proof. First, we consider the case where n = 2. Let ¥ =: {a,b} and ® := (¢ 3)a,sex+ be a positive
confix factorisation over 2. We begin by observing that

1 1
2= on B > > e,y (B1) Py e (B2)
a€T2 D gex2 Fogla) D€ 281 5% B (ar)ba e(a2)

1 ) €
- Z 1= Z = ii)(ﬁz)

baq,e(B2)
1,02€X 2,3262 be ﬁz(ai)%j e(a2) > €,B2 B1) a1,02€X 25262 be,py (1)
_ Z/QM Z 1
o ¢O¢1 € ﬁ? ¢O¢1,€(ﬁ2) ’

0(162 Zﬁgez be ,B2 (al) a1€X ZﬁQGE ¢6,B2 (al)

Then, by letting ¢ o = @q., We obtain that

3 1 B 1 . 1
A Tmes by R R G
_ ¢e,a(a)¢e,b(a) + ¢e,a(b)¢e,b(b)
¢a,6(a)¢e,b(a) + ¢a,e(b)¢57a(a) ¢b,e(a)¢e,b( ) + ¢b 6( )¢e,a(b)
_ M@se,b(a) + d)e, ( )¢e b( )
M?be,b(a) + @be,a(b)%(/w), ¢b,e(a)¢e b( ) + be 6( )¢e,a(b)

_ ¢e,b(a) (¢b,s(a)¢s,b(b) + ¢b,e(b)¢e,a(b)) + ¢6 a( )¢ ( )(¢e,b(a) + ¢e,a(b))
(¢6,b(a) + ¢6,a<b)) (¢b,6(a)¢e,b( )+ ¢b,6( )¢e,a(b)) '
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Finally, we note that @5 § 1 if and only if

Pep(a)(dp.e(a)de be(0)e,a (D)) + Bealh)dep(b) (¢ep(a) + dea(b))
S (Gent@ + Paall)) (01.e(a) P (0) + Do, (b)dealD)),
which is equivalent to
(¢e,a(a) — dep(a)) (Pep(a) — Ppe(a)) SO

Thus, it is obvious that ® can be chosen so that it satisfies the statement of the proposition for n = 2.
Next, we consider the case where n > 2. Let ® := (¢ 3)q,gex+ be a positive confix factorisation over
Y such that, for o, 5 € X" and 0 € ¥,

(v2<i <n—1)(ba0.i(0) = 1) and (7 € B (Ger0 = Geir A bome = Dorc)-

Then, we have that

1
=) Z ¢ (81 (b5, (B0) & (Bn)
aexn Z,@ezn 58 () €5 Y e —<LP1 =8 Pl T "ok B R

a1, 5>1( 1) s a<i,ﬁ>i(ai) ¢a<n,5>n(an)

Z 1
frd = = @2.
(be,ﬁn (51)¢u ,e(ﬁn) Z ¢€ B (ﬁl qba 6(6 )
aexn Zﬁezn ¢s,ﬂn (al)¢a1,e(an) ap,00€% 26176262W¢6 ﬁj(al ¢a1 e( )
Now, from the case where n = 2, it follows that ® can be chosen so that ®,, S S L O

Proposition B.10. Ler (§ )22, be a sequence of elements of {<,=, >} and ¥ be an alphabet such that
n
|X| = 2. Then, there exists a positive confix factorisation ® such that

(Vn > 2)(®n S, 1). )

Proof. If ® := (¢a.8)a,sex+ is a positive confix factorisation over 3, then we know that ®,,, for n > 2,
is defined only in terms of the probability distributions ¢, g for o, 3 € ¥* such that |a3| = n — 1. Now,
from Proposition B.9, it follows that there is a positive confix factorisation ® over X that satisfies (8). [

Theorem B.3. There exists a complete confix factorisation (®,Pr) over 3 that is inconsistent and the
confix model generated by (®,Pr) is a language model over ¥..

Proof. Let ¥ == {a,b}. We will show that there exists a complete confix factorisation (®,P) over X
such that the confix model generated by (P, P;) is a language model over X that is not compatible with
(®,Pr). Thus, from Theorem B.2, it would follow that (®,Py,) is inconsistent.

Let ® be a positive confix factorisation over 3 such that

Py <1, ®3>1 and (VneN\{2,3})(®,=1).
The existence of such a confix factorisation follows from Proposition B.10.
Let P, be a length distribution such that P7,(2),Pr(3) € (0,1] and
Pr(2) ®3-1
Pr(3) 1-—®,

It is straightforward to verify that such a length distribution exists.
Now, consider the confix model M that is generated by (®,P7,) and observe that

D M) =) M@)=> > PLn)®.=) PL(n)d,

or equivalently P (2)®2 + Pr(3)®3 = Pr(2) + PL(3).

aEX* neN aex” neN aexn neN
1
=PL(2)02 +PL(3)P5+ Y Pr(n)®n =) Pr(n)=
]P)L(Q)'HPL('g) nEN\{Q,S} neN

Consequently, M is a language model over X. However, from Proposition B.7, it follows that M is not
compatible with (®, Py ) because Pr(2) # 0 and ®5 # 1 (also, P1(3) # 0 and ®3 # 1). O
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C Sequential Language Models

C.1 Real-Time Transducers

In the literature, transducers are typically allowed to have € transitions and transducers that do not have e
transitions are called real-time (Mihov and Schulz, 2019). Additionally, a relation is called rational if
it can be realised by a transducer. When it comes to representing functions, transducers and real-time
transducers have the same expressive power (Mihov and Schulz, 2019, Proposition 4.4.8). However,
real-time transducers cannot realise every rational relation. Indeed, they can represent only those rational
relations that are not infinitely ambiguous.?® In this work, our focus is on representing language models;
that is, we are primarily interested in the class of rational functions and not the class of rational relations.
Thus, we shall consider only real-time transducers and call them simply ‘transducers’.

C.2 Representational Capacity of Stochastic Sequential Transducers

In this appendix, we describe in more details the representational capacity of stochastic sequential
transducers. More precisely, we prove that the behaviours of stochastic sequential transducers correspond
to a subclass of sequential prefix models.

Definition C.1. Let 7 = (%, R, @, (3,1),F, 6, ) be a stochastic sequential transducer. The prefix
factorisation (¢o,)acx+ associated with T is defined as
A0*(i,),a) ifaeX
dala) = ( Y ) ] .
F(6* (i, )) ifa=%

Proposition C.1. Let T = (E,R[O’l], Q, (i,1),F, 0, )\) be a stochastic sequential transducer and
(¢a)acx+ be the prefix factorisation associated with T. Then,

(Va5 € 5 (¢5(8) = X" (¢ (i), ) ).

Proof. For every a € ¥.*, the statement follows by a straightforward induction on |3|. O

Proposition C.2. Let T be a stochastic sequential transducer and ® be the prefix factorisation associated
with T. Then, [T] coincides with the prefix model generated by .

Proof. Let T =: (Z, R, @, (4,1),F, 6, )\), ® =: (¢n)acx+ and M be the prefix model generated by
®. Then, Proposition C.1 implies that, for o € ¥,

M(a) = ¢ (a)¢a($) = X" (87 (i, €), ) F (8" (i, o)) = [T] (). 0

Remark C.1. It should be noted that the converse statement does not hold. That is, there exist sequential
prefix models that cannot be represented by a stochastic sequential transducer. Nevertheless, as we shall
see in Appendix C.4, the sequential prefix models that we care about (that is, the sequential language
models) can all be realised by stochastic sequential transducers.

Proposition C.3. Let @ := (¢yn )nen be a prefix factorisation defined as

_ 1+2n+1 1

Gan(a) = CGTERT and Qg (%) = CETESE

Then, the prefix model generated by ® is a sequential function that cannot be represented by a stochastic
sequential transducer.

Proof. Let M be the prefix model generated by ®. We can verify by induction on n that

(¥n € N) (M(a”) - in+2>

BA relation R C X x Y is infinitely ambiguous if {y €Y | (z,y) € R} is infinite for some = € X.
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Indeed, forn = 0,

1 1
M{(e) = ¢e($) = 20041 92
Now, suppose that the statement holds for n € N. Then,
M n
M) = 6206 (@) (8) = 5 b (@) 5)

24 27FT 4T 1 1
~ on+2 WQM_ on+3"

Thus, M is not a language model because

S M) =Y =y ©)

neN neN

Next, we note that M can be realised by the sequential transducer

(R0 (0:4). (0:3). (0.).9). ((@.0). 3)).

However, if we suppose that M can be represented by a stochastic sequential (a, R[g 1))-transducer 7, then
every accessible state of 7 should be co-accessible because Supp(M) = a*. Therefore, by Theorem C.4,
M should be a language model, which leads to a contradiction with (9). Thus, M cannot be represented
by a stochastic sequential (a, Rg1])-transducer. O

C.3 Canonisation of Sequential Transducers

In this appendix, we review a construction by Mohri et al. (2008), known in the literature as weight-
pushing, that builds from a sequential transducer an equivalent canonical one. In essence, the construction
consists of pushing the outputs of the transitions and the outputs of the final states ‘towards the initial
state as much a possible’.

Definition C.2. Let M = (M, o, e) be a monoid. M is called commutative if
(Va,be M)(aob=boa).
An element z € M is called an absorbing element of M if
(Mae M)(aoz=2z0a=z).

Definition C.3. A semiring is a tuple K := (K, ®,®,0, 1), where

(1) K is a set, called the carrier of IC;

(i) (K,®,0) is a commutative monoid, denoted Kg;
(iii) (K, ®, 1) is a monoid, denoted K, with an absorbing element 0;

(iv) © distributes over ; that is, for any a, b, ¢ € K, it holds that

(@db)oc=(a0c)d (bOc),
a®b®dc)=(a®b)®(a®c).

Remark C.2. Let K := (K,®,®,0,1) be a semiring. Whenever we write @, k; for some family
(k;)ier of elements of K, we will implicitly assume that K is equipped with a partial infinitary sum
operation, written €, such that
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(i) €p is consistent with the finitary sum of /C; that is, if I = {i1,42,...,%,}, then

Pki=ki ko @k
el

(i) € is associative; that is, for any partition (/;);c s of 1,

DD - D

jediel; iel
(iii) © distributes over €p; that is, for any [ € K,

1® (@ k) ~@Plok) and (@ k:) ol =Pk o).

iel iel el el

Note that we do not require the infinitary sum operation to be total (that is, for /C to be complete). Hence,
all equalities in the equations above are conditional; that is, the left and right hand sides are either both
defined and equal or are both undefined.

Definition C.4. A semiring (K, ®, ®,0, 1) is called weakly left-divisible®* if for every family (k;);cs of
elements of K such that @, ; k; € K \ 0 and every j € I, there exists a unique element of K, denoted

(Picr ki)_l ® k;, such that

(Dr)o <<@ k:i)fl S kj> — k.

iel iel
Remark C.3. For convenience, in what follows, we shall assume that the IF, § and A functions of sequential
transducers are total.

Definition C.5. Let K := (K, ®,®,0,1) be a semiring and 7 = (¥, K¢, Q, (i,¢),F, d, \) be a sequen-
tial transducer. The sum of T with respect to K, written [T |, is defined as

[T]e = @ [T]()
acx*

whenever the infinitary sum exists.

Definition C.6. Let 7 := (E, (M,o,€),Q,(i,0),F,, )\) be a sequential transducer. For every ¢ € @,
we define the sequential transducer

To = (%,(M,0,¢e),Q,(q,¢),F,6,N).

Proposition C.4. Let K = (K,®,®,0,1) be a semiring and T = (3,Kq,Q, (i,1),F,5,\) be a
sequential transducer. Then,

[Tle =10 [Tle and (¥ € Q)([Tle = D Na,a) © [Tagale)-
a€d
Definition C.7. Let K := (K, ®,®,0, 1) be a semiring and 7 = (£, K¢, Q, (i,¢),F, 5, \) be a sequen-
tial transducer. We say that T is summable with respect to K if the sums [7;]¢ exist for all ¢ € Q.
Moreover, T is strictly summable with respect to K if it is summable with respect to C and

(Vg € Q)([Tgo # 0).

2*Mohri et al. (2008) call those semirings weakly left-divisible and cancellative. Here, for the sake of conciseness, we call
them simply weakly left-divisible.
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Definition C.8. Let K == (K, ®,®,0,1) be a semiring and T := (%, Ke, Q, (¢,¢),F, ,\) be a sequen-
tial transducer. We say that T is canonical with respect to K if

(Vg € Q)([Tglo = 1).

Proposition C.5. Let K = (K,®,®,0,1) be a semiring and T = (%,K0,Q, (i,.),F,5,\) be a
canonical with respect to K sequential transducer. Then,

(VQGQ( (a) & P Mg, a) )

aeX

Definition C.9. Let 7 = (2, Ko, Q,(i,0),F, 94, /\) be a sequential transducer that is strictly summable
with respect to the weakly left-divisible semiring K = (K, ®,®,0, 1). The canonical form of T with
respect to K is defined as the sequential transducer

(Z,IC@,Q, (z’,a’),F',é,)\'), where
@) =10 [Ti]e:
() F' = {(¢.17:)5' ©F(@) |0 € Q

i ¥ o= { (0.0 170" © (a0 © Tigle)) | (0.0 € @ 2

Theorem C.1. Let T be a sequential transducer that is strictly summable with respect to the weakly
left-divisible semiring KC and T’ be the canonical form of T with respect to K. Then, T is equivalent to
T and canonical with respect to K.

C.4 From Probabilistic to Stochastic Sequential Transducers

In this appendix, we show that every probabilistic sequential transducer is equivalent to a stochastic
sequential transducer. Hence, every sequential language model is a sequential prefix model. The proof is
based on an application of the canonisation construction from Appendix C.3 with respect to the semiring

REB o) = = ([0,00),+,-,0,1). Note that Ry 1 is a submonoid of Ry ) := ([0,0),-,1). Thus, in what

follows, we shall also view probabilistic and stochastic transducers as (X, R[07OO))—transducers.

Proposition C.6. R[}j 00) is a weakly left-divisible semiring.

Proof. For every family (z;);cr of elements of [0, c0) such that ) ;. 2; # 0, we know that ), _; x; has
a multiplicative inverse y and

<wef>((i§;xi)-<y-xj>:mj)- =

Proposition C.7. Every probabilistic sequential transducer that is canonical with respect to REB is
,00)

stochastic.

Proof. Let T = (E Ri0,00), Qs (i,0), F, 9, )\) be a probabilistic sequential transducer that is canonical

with respect to R[o 00" Then,

canonical Proposition C.4 probabilistic
o= Tl = Tl =

Additionally, Proposition C.5 implies that

(Vg € Q)(Fla) + Y Mg, a) = 1). 0

acey
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Remark C.4. Let T be a probabilistic sequential transducer. Consider the sequential transducer 7'
obtained from 7 by removing all states that are not co-accessible, adding a new state ¢, with final output
1 and then completing the transition functions with transitions to g. with output 0. Now, it is not hard to
verify that 7" is equivalent to 7 and every state of 7" is co-accessible. Thus, if 7 is probabilistic, then 7~
is also probabilistic. Furthermore, if 7 is stochastic and every accessible state of 7 is co-accessible, then
T is also stochastic.

Theorem C.2. Every probabilistic sequential transducer is equivalent to a stochastic sequential trans-
ducer.

Proof. Let T be a probabilistic sequential transducer. Without loss of generality, we can assume that

every state of T is co-accessible (see Remark C.4). Then, since R[J{) 00) is positive (that is, a + b = 0 if

and only if a = b = 0), it follows that 7 is strictly summable. Therefore, 7 has a canonical form 7" (see
Definition C.9) that is equivalent to 7 and canonical with respect to R[B o0) (see Theorem C.1). Finally,

Proposition C.7 implies that 7" is a stochastic sequential transducer. O

C.5 Characterisation of the Probabilistic Stochastic Sequential Transducers

In this appendix, we describe a simple condition that characterises the stochastic sequential transducers
that are probabilistic. The condition is a consequence of a classical result from the theory of Markov
chains (Norris, 1997). Thus, we proceed by illustrating the correspondence between stochastic sequential
transducers and Markov chains.

Definition C.10. A Markov chain is a tuple (S, u1, P), where
(i) S is a finite set of states;
(ii) p € [0,1]% is a stochastic vector; that is, Yies i =15
(i) P € [0,1]9%9 is a stochastic matrix; that s, > jes Pij = 1foreveryi € S.
Definition C.11. Let C == (5, 1, P) be a Markov chain. We say that i € S leads to j € S if
> (P)i; #0.
neN

Moreover, we say that ¢ € S is absorbing if P;; = 1. Finally, we say that the Markov chain C is absorbing
if every state leads to some absorbing state.

Definition C.12. Let 7 := (E, Rio,1), Q, (4,1),F, 4, )\) be a stochastic sequential transducer. The Markov
chain (S, j1, P) associated with T is defined as

Yaex,, Ap.a) fpeQ AgeQ

S=QUgs, g = POTY and By = (p) np @ANg=as
0 otherwise ifp=qgsNqgeqQ
1 ifp=qsNq=gqs

where ¢g ¢ @ and £, := {a ey ! ((p, a),q) € 5} forp,q € Q.

In the following proposition, we state several straightforward correspondences between stochastic
sequential transducers and the Markov chains associated with them.

Proposition C.8. Let C = (S, u, P) be the Markov chain associated with the stochastic sequential
transducer T = (E, Rioa): @, (4,1),F, 9, )\). Then,

(i) qg is an absorbing state in C;

(ii) a state q € Q is co-accessible in T if and only if it leads to qg in C;
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(iii) if a state q € Q is co-accessible in T, then it is not absorbing in C;

(iv) if every state q € Q) is co-accessible in T, then C is an absorbing Markov chain;

) if Sy = {a €27 | ((n,0),q) € 8"} forp,q € Q. then

(g€ Q(D_(uP"y = Y N(iwa)) and D (uP)y = Y [Tl(@)

neN aeX’ neN aEed*

Next, we refer to a result from the theory of Markov chains that states that in an absorbing Markov
chain the probability of reaching an absorbing state is 1 (Grinstead and Snell, 1997, Theorem 11.3).

Theorem C.3. Let (S, i1, P) be an absorbing Markov chain and A be the set of its absorbing states. Then,

Z Z(Mpn)z’ =1

i€A neN

Now, using the established correspondences between stochastic sequential transducers and their associ-
ated prefix models (see Appendix C.2) and Markov chains, we can characterise the stochastic sequential
transducers that are probabilistic.

Theorem C.4. A stochastic sequential transducer T is probabilistic if and only if every accessible state
of T is co-accessible.

Proof. LetT = (E, Rio,1), @, (4,1),F, 4, )\) be a stochastic sequential transducer. First, assume that 7
is probabilistic and consider the prefix factorisation ® := (P )acx~ that is associated with it. Let ¢ € Q
be an accessible state. Then, there exists & € ¥* such that 6*(i,«) = ¢ and A*(¢, ) # 0. From the
correspondence between 7 and & (see Proposition C.1), it follows that

61(a) = N(i,a) # 0.

Therefore, since the prefix model generated by ® is the language model [7] (see Proposition C.2),
Proposition B.4 implies that

ST X(@GBF((0,8) = Y 6u(B)das($) = D ¢4(8S) = ¢5(Z*$) = 1.

BEX* pex* BeEX*

Thus, there exists § € ¥* such that \*(q, ,B)IF((S* (g, B)) = 0; that is, ¢ is co-accessible.

Now, assume that every accessible state of 7 is co-accessible. As noted in Remark C.4, we can
assume, without loss of generality, that every state of 7 is co-accessible. Now, consider the Markov chain
C == (S, u, P) associated with 7". From Proposition C.8, it follows that C is an absorbing Markov chain
and gg is its unique absorbing state. Furthermore,

Proposmon C38 Th C3
>_ [Tl D (P

aed* neN
that is, 7 is probabilistic. O

C.6 Modelling of State Distributions with Softmax

In this appendix, we continue the discussion of the fact that, in practice, all stochastic sequential language
models that use the softmax activation function to define the transition and final output functions are
probabilistic because all of their accessible states are co-accessible.

As already mentioned, unidirectional language models based on saturated RNNs, RNNs using the
Heaviside activation function or Transformers with bounded context length are, in fact, stochastic sequen-
tial transducers. In practice, the state of such a model at time step ¢ (that is, after processing the prefix
a<; of the input «) is represented by a d-dimensional vector h; € R?. In order to obtain the probability
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distribution p; over g that defines the transition and final outputs of h;, a transformation ¢: RY — RI>s!

and the softmax activation function are applied to h;; that is,
pt = softmax (¢ (he)).

The softmax activation function is a function from RI*s! to the probability simplex

[Zs]

{ZE e [0, 1]/ | chl = 1}
i=1
and is defined, forz € RI®sland 1 < i < |2g], as
exp(x;)

(10)

softmax(z); = —=—"——.
)
Sl exp(a)

From (10), it is obvious that py is a positive probability distribution over >g. Thus, Theorem 3.2 implies
that every stochastic sequential transducer that is implemented in such a way is probabilistic.

C.7 Characterisation of Sequential Language Models

In this appendix, we provide a detailed proof of the characterisation of sequential language models.
We consider the more general case of sequential functions from X* to Ry ) and show that threy are
characterised by several different properties; namely, uniform finiteness, uniform boundedness and
Lipschitzness. We begin by recalling a result by Mohri (1997, Theorem 9) that characterises the sequential
functions from X* to Sjy ) = ([0, 00), +,0).%

Definition C.13. Let d be a metric on M. A function f: ¥* — M is called uniformly bounded®® with
respect to d if

(¥n € N)@3N € N)(Ya, 8 € Dom(f)) <dp(04,6) <n = d(f(a),f(8)) < N).

Theorem C.5. Let f be a rational function from ¥ to S| o). Then, [ is sequential if and only if it is
uniformly bounded with respect to the metric

dS: (l‘,y) = |‘/1“ - y|
To transfer this characterisation to the probability monoid R 1], we make several observations. First,
we note that it is sufficient to consider only functions from >* to R g q] = ((0, 1], -, 1).
Proposition C.9. Let f be a rational function from ¥* to Ry 1). Then, [ is sequential if and only if
[ lsupp(s) Uf sequential.

Proof. 1f f is realised by a sequential transducer, then, by removing the transitions with zero output
and making the initial (final) states with zero initial (final) output non-initial (non-final), we obtain a
sequential transducer that represents [ [g,(f). Conversely, if f[g,,,(r) is sequential, we can complete
any sequential transducer that realises it in order to obtain a sequential transducer that represents f. [

Next, we note that the negative logarithm is an isomorphism from R g 1] t0 S[9 oc)-

Definition C.14. Let M; := (M, 01, e1) and Mo = (Ma, 09, e2) be monoids. A function h: M; — My
is a homomorphism from M to M if

h(er) =es and (Ya,b€ My)(h(aoy b) = h(a) o3 h(b)).

An isomorphism from My and My is a bijective homomorphism from M to Ma.

BWe write S instead of R in order to emphasise that the monoid operation is addition and not multiplication.
26Choffrut (1977), Mohri (1997) and Mihov and Schulz (2019) call such functions ‘of bounded variation’. We instead use the
terminology of Reutenauer and Schiitzenberger (1991).
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An important property of rational and sequential functions is that they are closed with respect to
composition with homomorphisms.

Proposition C.10. Let f be a rational function from ¥* to M and h be a homomorphism from M to
M. Then, the composition f o h is a rational function from ¥* to M'. Furthermore, f o h is sequential
whenever f is sequential.

Proof. Let T = (3, M, Q,1,F, A) be a transducer that realises f. Consider the transducer

MT) = <E,M’,Q,]Ioh,IFoh, {(p, a,h(m),q) ‘ (p,a,m,q) € A})

It is easy to verify that [A(7)] = [T] o h. Thus, f o h is rational. Moreover, if 7 is sequential, h(7T) is
also sequential. Therefore, f o h is sequential whenever f is sequential. O

Additionally, we note that, apart from being and isomorphism, — log is also an isometry from the metric
space (R(o,1], dr ), Where
d’R: (x,y) = ’lOg(CL') - 10g(y)|,

to the metric space (Sjp ), ds). Thus, uniform boundedness can be transferred between functions from
2" to R(p,1) and functions from ¥* to Sjg o).

Proposition C.11. Let f be a rational function from ¥* to R o 1)- Then, [ is uniformly bounded with
respect to dg if and only if f o (—log) is uniformly bounded with respect to ds.

Proof. Let g := f o (—log); thatis, f = g o (—log) ™!, where (—log)~!(z) = exp(—=). It is sufficient
to note that, for o, § € Dom(f),

dr (£(0).1(8)) = dx((g o (~1og) ) ). (g (~ 10g) ) (9))
=dg (exp(—g(a)),exp(—g(ﬂ)))
log<exp(—g(a))> — log<exp(—g(ﬁ))) ‘

= |—g(a) + 9(B)|
= ds(g(),9(8))- O

Now, we can state a characterisation of the sequential functions from * to R q,1]-

Theorem C.6. Let f be a rational function from ¥ to R g,1)- Then, f is sequential if and only if it is
uniformly bounded with respect to dR.

Proof. Let g .= f o (—log). Now, since — log is an isomorphism, we can conclude that

Proposition C.10

[ is sequential from %% to R 1 g is sequential from 3" to S| )

Th . L .
Lheorem G5, ¢ is uniformly bounded with respect to ds

P jtion C.11 .. . .
RIS f is uniformly bounded with respect to dg. [

Finally, we note that in Theorem C.6 one can replace the uniform boundedness with Lipschitzness or
uniform finiteness.

Definition C.15. Let d be a metric on M. A function f: 3* — M is called Lipschitz with respect to d if
and only if

(5L € N)(¥a, 8 € Dom(f)) (d(f(@), £(8) < L-dy(c, ).
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Definition C.16. A function f: ¥* — (0, 1] is called uniformly finite if and only if

is finite for all n € N.

It is obvious that every function that is Lipschitz with respect to d is also uniformly bounded with
respect to d. Furthermore, every function that is uniformly finite is also uniformly bounded with respect
to dr. In the class of rational functions, the opposite directions also hold.

Theorem C.7. Let f be a rational function from 3* to R o1 Then, the following are equivalent:
(i) f is sequential;

(ii) f is uniformly bounded with respect to dr;

(iii) f is Lipschitz with respect to dr;

(iv) f is uniformly finite.

Proof. It remains to show that (i) implies (iii) and (iv). To this end, let 7 := (3, R(o,1), @, (i,¢),F, 5, \)
be a sequential transducer that realises f.
Let o, 8 € Dom(f) and v,a/, 3/ € ¥* be such that v = a A 3, & = y&/ and 5 = f’. Then,

o) TN (07 (), o) (8 (6% (), o) )
T ixstimgyxe (90(, ), 8)F (5 (8°(6.7). 8) )

Now, if ¢ := 6*(i,7), N := min{\(¢,a) | (¢,a) € Q@ x £} and M := min{F(q) | ¢ € Q}, we can
conclude that

ar (f(0), (8)) = [log(f(@) —log((5)|

1
< |log ‘
A (q, B)F(6*(q, "))
1
< -
15| log — + log 7
1
< dp(a7ﬁ) 10g NM7
that is, f is Lipschitz with respect to dg.
Furthermore, for n € N, we have that
fla) }
—~ | a,08 €Dom(f)ANd,(c, ) <n
{531 () Ayl B)
f(fya) * < }
Ce=—F== eX*ANa,B € X=" Avya,v5 € Dom
(e, ——
“(0%(i,7), @) F (6°(8" (4, 7), @) <
= : yEX Ao, € X" Aya,yB € Dom(f)
{ A (6%(i,7), B)F (6% (6*(3,7), B)) ‘
(¢, )F(0%(q,0)) <
- gEQNa,BeEX"NI(q,),0%(q,B) € F
S (t:0) (0.
is finite because it is contained in a finite set; that is, f is uniformly finite. O

Lastly, we note that Theorem 3.3 is a special case of Theorem C.7 when Proposition C.9 is taken into
consideration.
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D Rational Language Models
D.1 Examples of Rational Language Models

In this appendix, we give formal proofs of the statements from Section 4.1. In particular,

(i) in Proposition D.1, we prove that, when py and p; are distinct, P(«) is a co-sequential but not a
sequential language model;

(i1) in Figure 3, we depict a representation of a bisequential decomposition of the language model ]IND(oz);

(ii1) in Figure 4, we depict a stochastic sequential transducer that is equivalent to the sequential transducer
7T, from Figure 3;

(iv) in Proposition D.2 we prove that, when (p;;); je{o,1} are pairwise distinct, @(a) is neither a sequential
nor a co-sequential language model.

Remark D.1. We utilise the following standard graphical representation in order the visualise transduc-
ers (Sakarovitch, 2009): states are depicted as circles (inside of which the name of the state may be
written), each transition (p, o, m, q) is represented by an arrow from p to ¢ with label «v | m, initial states
are identified by an incoming arrow labelled with the corresponding initial output and final states are
identified by an outgoing arrow labelled with the corresponding final output.

Proposition D.1. Fori € {0,1}, let p; € (0,0.5) and P; be a language model over {0, 1} defined as

oy {1~ 0=
' 0 otherwise

Letw € R\ 0 and P: ©* — R be defined as

P(a) = wP(a) + (1 — w)P1(a).

Then, if po # p1, P is a co-sequential function that is not sequential.

Proof. It is obvious that P is a co-sequential function (see Figure 2). Assume that py # p;. Then, for
every a € {0,1}*, we have that d,,(a0, al) = 2 and

Pa0) _  wPy(e) _  w(l—2po)pf" _ w(l—2p) (m)a'
Plal) (I-w)Pi(e) (1—w)(1—2p)p @=w)(d=2p)\p1/) ~
Therefore,
w(l—=2po) (po\" | Pl | wo0(P N
Vit cam () [menfe{5g) [aseswn® nmian <2f

Since pg # p1, the former set is infinite and consequently the latter is also infinite. By Theorem C.7, we
conclude that PP is not sequential. O

Remark D.2. Note that, if w € (0, 1), then PP is a language model. Additionally, if the language models P;
are defined so that they are discriminative with respect to the first instead of the last letter, then IP would
be sequential but not co-sequential when pg # p;.

Proposition D.2. Fori,j € {0,1}, let p;; € (0,0.5) and IP;; be a language model over {0, 1} defined as
/| e
Pij(a) = (1- 2pij)pi(; ifa=1dj '
0 otherwise
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(0,0) |1

(0,0) | goo
(170) | 1 J— (070) ‘ qoo —
loo /l(;o\ oo 1 —qoo
(1,0) | qoo
s (1,0) | oo
S
N (1)1
1,1
&? (7 )|q01 0|(070)
(07 1) | 1 J— (171) ‘ qo1 —
Q-
(07 1) ‘ qo1
(Oa 1) ‘ qo1
! 0 (0,0) 1
(0,0) | 10
“9) L)1 N 0.0 a0y
/3010 l1o l10 l10 1—qo
> (1,0) | q10 111
v (1,0) | 10 (41
e
=
2 (1,1)]1
. (1,1) [ qn
0,11 /N LD [qu ¥y —
lll /l1_1\ lll 1- q11
0,1) | gn
0,1) | g1

Figure 3: A representation of a standard bisequential decomposition ({0, 1}2,n, g) of the language model P from
Section 4.1. On the right hand side is the sequential transducer 7,, that represents the co-sequential function
n: {0,1} — {0,1}? defined as n(c) := € and n(B) = (B1,5)(B2,5) - (Bg,4) for B = aj. On the left hand
side is the sequential transducer 7, that realises the sequential language model g over {0, 1} such thatn o g = P.
Note that 7, has intentionally not been completed to avoid clutter. Additionally, the sequential transducer 7y is
probabilistic but not stochastic since the transition and final outputs of states /;; sum to two instead of one.
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(0,0) | 1 = qoo

(0,0) | goo
, (1,0) [goo /7N (0,0) | 1 —qoo >y~ 12400
00 loo loo T—q00
q2
N (1,0) | go0 (1,0) | =00
Q\Q
AN (1) |1 - a0
Q" (17 1) ‘ qo1
N (0,1) | go1 ™ (L) [1—=gor >y _ _
\\\w“ lo1 @ | lo1 11—2¢
@n qo1
(0,1) | {40
(0, 1) ‘ qo1 7’ 1—qo1
! 0 (0,0) [ 1—qio
(0,0) | q10
(1) 0} I (170) | q10 KZA (07 O) ‘ 1- q10 Z\/ 1—2q10
/?010 10 10 10 T—q10
- (1,0) | 74
f/ (1, 0) ‘ qio 7’ 1-qio0
-
g (LD [1-qn
i (17 1) ‘ q11
| 0.1 g /7N (LD [1-gu >y 12411
11 l11 l11 T—q1
q%l

©0,1) | g @D | 2

Figure 4: A stochastic version of the transducer 7, from Figure 3. One can efficiently sample from it and then
project onto ¥*. As explained in Section 4.2, this corresponds to sampling from the language model P.

5755



Let wi; € R\ 0, fori,j € {0,1}, and P: $* — R be defined as

IF’(a) = Z ’U)ij]P)ij(Oé).

i,je{0,1}
Then, P is a rational function that is neither sequential nor co-sequential whenever (pij>i,j€{0,1} are

pairwise distinct.

Proof. Pis obviously a rational function. Assume that (pij)i,je{o,l} are pairwise distinct. Now, Proposi-
tion D.1 implies that

fpfo{o;}*{og} = woolPoo + wo1Por

is not sequential. Similarly, P4 13101}~ is not co-sequential (see Remark D.2). Since sequential and
co-sequential functions are closed with respect to regular restrictions, it follows that IP is neither sequential
nor co-sequential. O

Remark D.3. Note that, if w;; € (0,1), for4,j € {0,1}, and 3, ;13 wij = 1, then P is a language
model.

D.2 Conciseness of the Representations of Bisequential Decompositions

In this appendix, we give formal proofs of the statements from Section 4.3. Recall that, for an alphabet X
and n € N, we use Py ,, to denote the class of language models [P over ¥ such that

Supp(P) = U aX"aX*bx"b.
a,bex

Theorem D.1. Every sequential transducer that represents (either sequentially or co-sequentially) a
language model from Py, , has Q(|X|") states.

Proof. LetP € Py, and T = (E, Rio,1), @ (i,0),F, 4, )\) be a sequential transducer that represents P
sequentially (by symmetry, a similar argument can be applied when 7 represents [P co-sequentially) .
Suppose that |Q| < |S[" L. Then, for 7 € |J, .y, aX"a, there exist o, 8 € X" " such that

a# B and 0" (i,ma) =0 (i,7B) = q.
Letv,a/, 8 € ¥* and a,b € X be such that
a=n~ad!, [B=~b3" and a #b.
Now, note that, for every ¢ € EM,
nafa = myad'éa € Supp(P) and 7BEb = mybB'Eb € Supp(P)
because |’¢| = |&’y| = n and || = |B'y| = n. Similarly, 7aéb, 78¢a & Supp(P). From

P(raga) = [T](raéa) = L)\*(i,Wa))\*(q,ﬁa)lﬁ‘(é*(q,fa)) > 0,
P(78Eb) = [TN(mBED) = 1\ (4, mB) A" (¢, Eb)F (6 (g, D)) > 0,

it follows that all the terms above are non-zero. Consequently,

P(ragb) = [T](magh) = A" (i, ma) A" (¢, €b)F (6" (¢, b)) > O,
which contradicts with maéb & Supp(P). Thus, |Q| > |S[*L. O

Theorem D.2. There exist (co-)sequential language models in P, ,, that admit a bisequential decomposi-
tion with a representation (', Ty, Ty) such that Ty, and Ty have O (n|X|) states.
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Proof. Let P be a language model over X defined, for a,b € ¥, a, 5 € X" and v € ¥*, as

1—[X[p

where p € (O, ﬁ) It is obvious that P € Py ,,. Now, consider the sequential transducers 7, and 7,

defined as?’

Tyi= (£.2%.Q. 1.0 (£ ). idpom(s) o 7).
7; = (Z, R[(],l]a Qa (/Lv 1)) ( |21‘_2(|7§Jg))’6’ DOIIl((S) X p)’

where Q == (X x {1,2,...,n+1}) U{i, f} and 6: Q x ¥ — Q is defined as

8(i,0) = (@, 1), d(f.a)=f and 6((b.7).a) = {;b’jﬂ) éibi;t <1an+1>'

It is straightforward to verify that (¥, 7;,7,) is a representation of a bisequential decomposition of P
such that both 7, and 7, have O (n|Z|) states. O

D.3 Closure of Rational Language Models with Respect to Mixing and Regular Conditioning
In this appendix, we prove the closure properties of rational language models stated in Theorem 4.5.

Theorem D.3. Let w € (0,1), L C X* be a regular language and Py, Py be language models over 3.
Then,

(i) if Py is sequential or co-sequential, then Py is rational;

(ii) if Py is rational and P1 (L) # 0, then the conditional language model Py (-

L) is rational;
(iii) if Py and Py are rational with disjoint supports, then so is the mixture wPy + (1 — w)Pa.
Proof. (i) Follows by definition.

(ii) Since L is regular, P; [ is a rational function. Furthermore, [P (L) is non-zero and therefore

1

Pl('!L):m

Pl

is a well-defined rational function.?8

(iii) It is obvious that wP; and (1 — w)Py are rational functions. Since, Supp(PP;) and Supp(P2) are
disjoint regular languages,?’ it follows that

WP [gupp(Py)s (1 —w)Py [Supp(p,) and (E* \ (Supp(]P’l) U Supp(IP)g))> x 0

are rational functions with disjoint domains. Therefore, their union, which coincides with their
mixture with parameter w, is a rational function. O

2"Below, we use s to denote the projection from Q x 3 to X.

ZNote that, given a transducer for P, we can effectively transform it into an unambiguous transducer and use standard matrix
operations in order to effectively compute P (L).

®Indeed, given a transducer realising P;, we can remove all transitions with output 0 along them and make all initial
(final) states with initial (final) output 0 non-initial (non-final). This would not change the outputs along the runs for words
a € Supp(P;) but the domain of the behaviour of the resulting transducer would be exactly Supp(P;); thus, proving that
Supp(PP;) is regular.
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D.4 Characterisation of Rational Language Models

In this appendix, we prove Theorem 4.6. To this end, we use the notion of a bimachine (Schiitzenberger,
1961; Eilenberg, 1974; Mihov and Schulz, 2019). Similarly to representations of bisequential decompo-
sitions, bimachines are deterministic devices that can represent any rational function. Every bimachine
consists of two deterministic automata — a left and a right one — and an output function. Just like the
encoder of a representation of a bisequential decomposition, the right automaton scans the input from right
to left. However, as opposed to the encoder, it does not output any information. Correspondingly, the left
automaton scans the input from left to right. Based on the runs of the two automata, the output function
produces the output. Thus, the main difference between bimachines and representations of bisequential
decompositions is the fact that bimachines treat the left-to-right and right-to-left scans independently and
thus symmetrically, which allows for more transparent arguments.

We start by recalling the formal definition of a bimachine and behaviour of a bimachine. Then, we state
the equivalence of the expressive power of bimachines and bisequential decompositions. Finally, we focus
on the main topic of this section; that is, the proof of Theorem 4.6.

Definition D.1. A (X, M)-bimachine is a tuple (M, Ar, Ar, ¥, 1), where

(i) M = (M,o,e) is a monoid;

(i) Ar = (3,Qr,ir,6r,Qr) is a deterministic automaton, called the left automaton;>
(iii) Ag = (X, QR, iR, dr, @r) is a deterministic automaton, called the right automaton;
(iv) ¥: Qp X X X Qr — M is the output function;

(V) ¢ € M is the initial output.

Definition D.2. Let B := (M, A, Ag,1,t) be a (3, M)-bimachine. We extend ¢ to a function
P Qr X ¥* X Qr — M as follows. For states I € Qr, 7 € Qr, word a € ¥* and 0 < ¢ < |a, let

li =063 (l,asg;) and 71 = 6p(r, (asig1) ).

Then, we define
|ex]

(o r) = [[vllior, ci i),

i=1

Finally, we define the behaviour of B as the function [B]: ¥* — M such that
[B](a) == " (ir, ., iR).

We also say that BB represents (or realises) [B].

Remark D.4. In the notation of Definition D.2, a simple inductive argument shows that, for 0 < i < |a|,
1/1* (lv «, T) = w*(lv A<,y ri+1)¢*(li’ A>it1, T)'
Bimachines represent exactly the set of rational functions (Schiitzenberger, 1961; Eilenberg, 1974;

Mihov and Schulz, 2019). In particular, for language models, we obtain the following.

Theorem D.4. A language model over 3 is rational if and only if it can be represented by a (3, R 11)-
bimachine.

Now, we have the necessary formal background to prove Theorem 4.6. We begin with a simple auxiliary

proposition.

3This notation signifies that X is the alphabet, @)1, is the set of states, iz, is the initial state, §z, is the transition function and
all states in Q, are final.
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Definition D.3. Let P be a language model over 3. The relation Cp C PB(X*) x X* x ¥* is defined as
(A, a, B) € Cp if and only if

P(Aa) =0 <= P(AB) =0 and P(Aa)#£0 = P(-a|Aa)=P(- 5| AB).

Remark D.5. Note that, for every A C ¥, the relation {(«, 3) € * x X* | (A,, ) € Cp} is an
equivalence relation.

Proposition D.3. Let P be a language model over .. Then, for every (A, «, B) € Cp, it follows that
(VB C A)((B,, B) € Cp).

Proof. Let (A,a,3) € Cpand B C A. If P(Ba) # 0 and P(Bf) # 0, then P(Aa) # 0, P(AB) # 0
and, for vy € B,

P(va | Ba) = Plya) _ P(ya)P(Ada)  PyalAa)  Phya|Aq)
7 ~ P(Ba) P(Aa)P(Ba) P(Ba|Aa) 3 ses P(a | Aa)
_ P(B[AB) P(BIAB) _ P(yB)P(AB)
= s OB | 4B) ~ B(BA [ AB) ~ B(AB)E(BE) | PF)
Furthermore,
P(Ba) #0 < P(Aa) # 0AP(Ba | Aa) #0
= P(Aa) #0A > P(ya | Aa) # 0
YEB
> P(AB) #0A Y P(y8| AB) #0
YeEB
> P(AB) #0NP(BB|AB) #0
— P(BS) #0. O

Theorem D.S. Let P be a language model over X.. Then, the following are equivalent:
(i) P is rational;

(ii) there is a finite cover of ¥* with regular languages {L; }?"_; such that, for 1 < i < n, the number of
conditional distributions {P( + o | Li) }oex+ is finite;

(iii) there is a finite partition of ¥* into regular languages {L;}7"_ | such that, for 1 < i < n, the number
of conditional distributions {P( + o | L) }oex+ is finite;

(iv) there is a finite partition of ¥* into regular languages {L;}'_, such that, for 1 < i < n, the number
of conditional distributions {P( + o | L) }oex+ is finite and, for every a € %, there is a unique
1 < j < nsuchthat Lia C L.

Proof. (i) = (ii) Assume that PP is rational. Then, by Theorem D.4, we have that there exists a
bimachine B := (Rjo 1], AL, AR, ¥, ¢) that represents P. Let

AL = (27 QL7 iLa 6L7 QL)7
AR = (27 QR7 iR7 5R7 QR)
Without loss of generality, we assume that all states in ()7, and () are accessible. Since the domain of P
is X%, it follows that A7, and AR are complete.
For a state [ € ()1, let L; be defined as the left language of | with respect to Ay ; that is,
Ly ={aex*|6;(ir,a) =1}.
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Since Ay, is a complete deterministic automaton over %, it follows that {L;},;c¢, is a finite partition
of X* (L; # 0, for I € Qp, because [ is accessible). Furthermore, by Kleene’s Theorem, each of the
languages L; is regular. Therefore, {L;},cq, is a partition and thus a cover of X* with regular languages.
To complete the proof of this part of the theorem, it suffices to show that the conditional distributions

{P(-a | Li)} oxe

are finitely many for all [ € Q.
Let e € X* be such that P(L;a) # 0, and let 7 := 5 (ig, " ). Now, for every 8 € L;, we have that

P(Ba) = [B](Ba) = wp™(ir, B, ir).
Since 3 € L;, we have that §*(iz, 3) = I. Therefore, by Remark D.4, we conclude that
P(Ba) = “/’*(iLa /801, ZR) = “Z)*(Z'In /83 ’I")?,[J* (la «, ZR)

Now it is straightforward to note that, for every 5 € L,

P(IBOé ‘ LlOt) = IP)(,BCB) = P(BO[) — ﬂp* (iL’ ﬂ’ T) 1/)* 7 <ty iR _ w*(i[n 57 7”)
P(Lia) e, Plye) Y cp, 4 (in, v, m) Y serin)  Doer, ¥ (L, 7,7)
Observe that the final expression depends on « only through r = 6% (ig, a). It follows that, for every

state | € (1, the number of distinct distributions P( « o | L) is at most | z| when « ranges over 3*.
(11) == (ii7) Assume that {L;}” , is a cover of X* with regular languages such that, for every i, the
number of distributions P( + « | L;«) is finite when « ranges over ¥*. We need to show that there is a
partition of >* with the same property.
To this end, for a subset I C {1,2,...,n}, we define

Lr= (QL) N (igﬂ[z*\Li).

Since the class of regular languages is closed under complement and intersection, it follows that each of the
languages L is regular. Next, it should be also clear that, if I and J are distinct subsets of {1,2,...,n},
then £; N Ly = 0. Indeed, ifi € L7\ Ly, then L; C L; whereas £; C ¥* \ L;. The case, where there
is j € L5\ Ly, is symmetric; thus, the conclusion follows. Finally, since

U EI = Lia
IC{1,2,...,n}: i€l

it follows that the union of all the languages L is the same as the union of {L;}7_;.
So far we have proven that the set

P={Lr|IC{1,2,....n} NL; # 0}
obeys the following properties:
» Lyisregular forevery I C {1,2,...,n};
e L;NLy=0ifand onlyif I # J;
- UP=UL L= ="

Therefore P is a partition of ¥* into regular languages.

Let £; € P. Then, £L; # () and since (), ¥* \ L; = 0, it follows that there is at least one
1 < i < mnsuchthati € I. Let i be a fixed index with this property. Then, £L; C L; and, for every
a € X, Lia C L;a. Now, Proposition D.3 implies that the number of distinct distributions of the form
{P(-| L1a)}, s is bounded from above by the number of distinct distributions {P(+ a | Lic) }aes+-
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(44i) = (iv) Let {L;}7_, be a finite partition of X~ into regular languages such that, for 1 < j <n,
there are finitely many distributions P(+ v | L) for o € ¥*. We prove that {L;}_; can be chosen such
that, forevery a € ¥ and 1 < j < n, there is aunique 1 < k < n with L;a C Lj.

To this end, we first use that L; is regular and thus, by Kleene’s Theorem, there is a complete
deterministic automaton A; = (X, Q;, 1, ;, F};) that recognises L;. Next, using the cartesian product
construction, we obtain a complete deterministic automaton A := (X, @, 7, d, @), where

(i) Q=T Q;:
(i) 7 = (ij);”:l;
(iii) o ::{ (((qj);‘:l,a), (5j(qj,a))?:1> ‘ gEQANac E}.
We consider the set of all accessible states Q" of A. For each such state ¢ € @', we define
L, ={aeX" |6 (i,a) =q}.

As above, {Lg}qu/ forms a finite partition of X* into regular languages. Furthermore, it is straightforward
that, for every ¢ € Q' and a € X,

Lia={oa|ae L A6 (i,0) =q} C{ae X[ 6(i,a) =6(q,a)} = Lg(q@).

Now, { L }4eqr is a partition and thus there is no other state p € Q' such that Lga C Lj,.
Finally, by the construction of A, we have that, for every v € 3%,

6*(i,7) = (5 i, 7) 1y

Since {L;}"_; is a partition of ¥* and .A; recognises L; for 1 < j < n, it follows that, for every g € @,
there is a unique 1 < j < n such that ¢; € Fj and L; C L;. Now, Proposition D.3 implies that the
number of distinct distributions of the form {P( - & | L},cx) }aex+ is bounded from above by the number
of distinct distributions {P(« a | Lj)}aes-.

(tv) == (i) Let {L;}'_; be a partition of X* into regular languages with the property that, for every
1 <i<nanda € X, thereisaunique 1 < j < n with L;a C L;. Assume further that, for 1 <1i < n,
the number of distributions P( - v | L;«v) is finite when « ranges over ¥*. In what follows, we set out to
construct a representation (I, 7,, 7,) of a bisequential decomposition (I', 7, g) of P.

We start by constructing the encoding transducer 7. To this end, we study the relation ~ C ¥* x 3*
defined as

a~p = (V1<i<n)((Li,o,B) €Cp).

In other words, o ~ [ expresses the property that o and 8 have the same conditional distributions with
respect to every L.

It is straightforward to note that ~ is an equivalence relation (see Remark D.5) and, since, for every
1 <i < n, there are finitely many distributions of the form P( + « | L;«), it follows that ~ has a finite
index. By Proposition D.3 and the fact that, forevery 1 <7 <nanda € ¥, thereisaunique 1 < j <n
with L;a C Lj, it follows that ~ is a left congruence (see Definition D.5). Thus, we can encode the
equivalence classes of ~ as a right-to-left scanning deterministic automaton.

We define the sequential transducer

T, = (2, (2 x (3/~)) ", 5 o, ([er €), (5~ % €, 5,7,An>, where
Q) o, = {(([a]N,a), [aa]N> ‘ ac€YX*Nac€ E};

(i) A, = {(([Q]N,a), (a, [a}w)> ‘ = 2}.
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A simple inductive argument reveals that, for every word o € 3%,

5, ([e]~, ozT) = o]~

Consequently, using that Ay ([a]~,a) = (a,[ac]~) and taking into account that initial and final outputs
of T, are €, we obtain that

n(e) = [Tl = ((O‘Z” {O‘>i]’v))::[|1'

In other words, 7 preserves the input word in the first coordinate by outputting the letters «;, whereas in
the second coordinate it encodes the equivalence class [a~;]~.. This knowledge, along with the properties
of the languages {L;}}" ;, enables the construction of the generator 7.

Let L. is be element of {L;}?" ; that contains e. Then, we define

Ty = (3 x (Z%/~), R} ig U{Li}i=1, (ig, 1), Fy, 64, Ag), where
P(e) ifg=1i
Flg) — { () ifa=i,

P(L;) ifq=L;

%@&“W“D?:{%@%thk» g =i,

L; ifg=L; NLjaCL;

0 if¢g=1iy NLea C Ly NP(Ljor) =0

\ ) Plaa | Ljar) if¢g=1iy NLca C Lj NP(Lja) # 0
9<q’ (@ MN)) "o ifg=LiANLia C Li NP(Lja) =0

P(Liacr | Ljo) ifq=L; AN Lija C Lj NP(Lja) # 0

Since, for every 1 < ¢ < n and every letter a € X, there is unique 1 < j < n such that L;a C L, it
follows that d, and ), are well-defined total functions. Let o € ¥* \ € and denote by p(7) the unique

index such that a<; € Lp( y for 1 <@ < |a|. Now, a straightforward induction on 1 < i < |a| shows that

55 (i (@) .,) = 5 (ig: (an, las]) (02, [sa]) -~ (e, fsil) ) = L.
Therefore, -
|a|—1

)\;(ig,n(a)) = /\<zg, (o, [as1]~ ) H A( (g1, [osiga]~ )) (11)

Note that, if P(L,;ya>;) = 0 for some 1 < i < |al, then, since a € L)@, it follows that P(ar) = 0.
These considerations show that, if some of the values in (11) is zero due to the case P(L,;)a=;) = 0,
then [7,](n(a)) = 0 = P(«) as required.

Next, we assume that P(L,;ya~;) # 0 forall 1 <4 < |a|. Therefore, for 1 <i < |af — 1,

. Plajasq) Pla)
A(Zg, (051, [CY>1] )) (OélOé>1 ’ P(l)a>1) P(Lp(l)a>1) ]P’(Lp(l)a>1)’
P(Lp(i)>i)

)\(Lp(i), (Oz¢+1, [Oé>i+1]N)) = P(Lp(i)ai+1a>i+1 | Lp(i+1)a>i+1) = P(Lp(i+1)a>i+1) :

Now it is straightforward to verify that

|a]—1
)\Z (ig’ 77((1)) - )‘<Zg’ (al’ [a>1 ) H )‘( p(i)> (O‘z+1a [a>1+1] ))
Pla) 77 _PLwos) _  Pla)  _ Pa)

P(Lpmyos1) 1 P(Lyganasivt)  P(Lyap@sia)  P(Ly(a))
5762



Finally, since Fy(L,(|a))) = P(L(|a|)), We conclude that

[T,)(n(e)) = N5 (igs n(0))Fy(Lyap)) = m

So far we considered the case where |a| > 0. In the case where oo = €, we have
[751(n(€)) = [Tgl(e) = Fg(Le) = P(e).

This readily shows that (I', 7,, 7,) is a representation of a bisequential decomposition (I, g, ) for PP,
which completes the proof. O

P(Lp(jal) = P(e).

D.5 Minimal Co-sequential Lookahead of Rational Language Models

In this appendix, we describe the minimal co-sequential lookahead that is needed in order to represent a
rational language model. It should be noted that the results in this appendix are stated more generally; that
is, for functions from X* to [0, 1] and not specifically for language models. However, the results hold only
for positive-valued functions f: ¥* — (0, 1] (in particular, positive language models) and representations
(T, 75, Ty) of bisequential decompositions of f such that Dom([7;]) = Dom(f)". The condition placed
on the representations is non-restrictive; thus, in what follows, we shall implicitly assume that every
representation of a bisequential decomposition satisfies the above-mentioned property. Furthermore, given
a representation (I", 7, 74) of a bisequential decomposition, we shall assume that

777 = (Z,F*,Qn, (i777[’77)7F777577’A77) and 7_:] = (F’R(O’l]’Qg’ (ig’Lg)’Fg759’>\g)'

We begin by reviewing the notions of quotient and congruence from the theory of automata and formal
languages (Eilenberg, 1974; Sakarovitch, 2009).

Definition D.4. Let o € X* and L C X*. Then, the left quotient of L by «, denoted o~! L, is defined as
a'L:={Be¥ |aBcL}.
Similarly, the right quotient of L by ., denoted La ™!, is defined as
Lol ={Be ¥ |pacL}.
Proposition D.4. Let o, 5 € X* and L C X*. Then,
(@f)'L=p"Ya"'L) and L(aB)™ = (LB )a ™.

Definition D.5. Let M := (M, o, e) be a monoid and = C M x M be an equivalence relation on M.
Then, = is called a

(i) left congruence on M if a = b implies (Vc € M)(coa =cob);
(i) right congruence on M if a = b implies (Ve € M)(aoc=boc).

Next, we recall that the transition function of a sequential transducer (or a deterministic automaton)
defines a left and a right congruence (Eilenberg, 1974; Sakarovitch, 2009).

Definition D.6. Let 7 = (E,M, Q, (i,0),F, 4, )\) be a sequential transducer. The right transition
congruence of T is the relation <7 C ¥* x ¥* defined as

a =7 B = §(,a) =5, 5).
The left transition congruence of T is the relation <~ C >* x ¥* defined as

a7 fo= (i) =0%(1,8").
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Proposition D.5. Let T be a sequential (X, M)-transducer. Then, < is a right congruence on ¥* and
1 is a left congruence on %%,

Proof. Follows directly from Definition D.6. O
Now, we can view the minimal co-sequential lookahead of a positive rational language model P as the
index of a left congruence that is canonically associated with P (Reutenauer and Schiitzenberger, 1991).

Definition D.7. Let f: ¥* — (0,1]. The syntactic left congruence of f is the relation =¢ C ¥* x ¥*
defined as?!

M ‘ v E Dom(f)a_l} is finite.

f(vB)
Proposition D.6. Ler f: ¥* — (0,1]. Then, =y is a left congruence on ¥*.

a=; B <= Dom(f)a"! =Dom(f)s~'A {

Proof. =y is obviously reflexive and symmetric. To see that it is also transitive, let « =; 3 and 3 = 9.

Then, we observe that
Dom(f)a~! = Dom(f)3~! = Dom(f)s~*

and the set

{ flya)
f(vB)

‘ v € Dom(f)al}

=it fom |7 <P}

{oy

is finite because it is contained in a finite set. Finally, to prove that = is a left congruence, let o« =¢ 3
and 6 € X*. Then, we have that

Dom(f)(éa)_1 = (Dom(f)ofl)é_1 = (Dom(f)ﬁ_l)é_1 = Dom(f)(éﬁ)_1

T E {m )fy € Dom(f)al} ANy € {‘;((:Yy?)) ‘ v E Dom(f)ﬁl}}

and the set F(460) A )
Yoo -1 o -1
i € Domtr60)™) < {7755 € ot}
is finite since it is contained in a finite set. O

Proposition D.7. Let (I, T, T4) be a realisation of a bisequential decomposition of f: ¥* — (0, 1].
Then, 1, C =f.

Proof. Leta <=7, B and g, = 6, (ip, a'). Then, for y € ¥¥,
ya € Dom(f) <= a'~" € Dom([7;])
= 0 (a7") € F,
<— ,BT'YT S Dom([[777]])
<= 7B € Dom(f).
Now, let v € Dom(f)a~!. Then, if
¢ = LUA:](Y:TW aT)7 ¢ = Ln)‘;(ianT)v T = )\;(Qn)ryT)Fn (5;(Q7777T)) and QQ = 5;(ig77——r)7

it follows that

fra) _ 1Tl D)T)  [T1(6n)T) _ g dsligrm T Ns(ag: 0 )F (55 (a6 7))
FOB) ~ ITIATIBTAT) ~ TG0 (n)T) ~ s Xl )X (a0, ¥ (55 (g0, 47))
3'Note that, if f is a language model (i.e., a total function), then Dom(f)a™! = =* for every a € X*.
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and therefore the set

flya) 1 Ao (qg, 0" )F (65 (qq: 00"
{f(’yﬁ) |7 € Dom(f)a } < {A;g<qg,wT>F(5§<qg,w

is finite because it is contained in a finite set. O

) ool

Proposition D.8. Let f be a rational function from 3* to R o 1). Then, for every left congruence = C =y,
there exists a realisation (', T, Ty) of a bisequential decomposition of f such that <=7, = =.

Proof. Since f is rational, it admits a bisequential decomposition and thus, by Proposition D.7, = has a
finite index. Now, consider the sequential transducer

7;7 = (E’ (X x Qn)*aQna ([e]z,e),Fn,(Sn, )‘77>’ where
(1) Qn = Z*/%;
i) F, = {(la)s:€) | @ € Dom(f) };

(iii) 8, = {(([a}z,a), jacls) [a ez nac z};

iv) A, = {(([a}z,a), (a, [a]z)) ‘ a€EX*Nac€ E}.

It is obvious that <=7, = ~ and, for a € >F,

Let g be the co-sequential function
Y= (X xQy)ra— [[7;7]](0;)T

and h == g~' o f. Then, f = g o h and, since g is injective, h is a function from (¥ x @,)* to (0,1]. It
remains to show that h is sequential. However, £ is rational because it is the composition of two rational
functions. Thus, it is sufficient to demonstrate that h is uniformly finite.

Let n € N and define

A= L ) o, 8 € Dom dy(a, B n o + /3 n
. {h(ﬂ) ’ ’ (h)/\ p( ’ )S /\‘ | ‘ |S }7
B = L ) (6% 13 c l)om d (6% 13 n ol + /3 n

' {h(ﬁ) ’ ’ (h)/\ P( ’ ) S /\| | | | > }

Then, we have that

h(a)

— ‘ a,f € Dom(h) ANdp(a,B) <np=AUB.

h(B)
The set A is obviously finite. To show that B is finite, consider «, f € Dom(h) such that dy,(«a, 5) < n
and |a| + |B] > n. Lety = a A B,/ ==y Laand B’ .=y~ '3. Then, dy(a, B8) = || + |8'| < n and
v # €, which means that (o/, ) € = C =. Therefore,

B C a,ﬂgn: {Zgg; ’ v E Dom(h)al}
o=

is finite because it is contained in a finite union of finite sets. O
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We summarise the obtained results in the following theorem, which is a generalisation of Theorem 4.7.

Theorem D.6. Let f be a rational function from ¥* to R g 1]. Then, =y is of finite index. Furthermore, if
(', T4, Ty) is a representation of a bisequential decomposition of f, then T, has at least |X* /=] states
and this bound is tight.

Proof. Let (T', 7, g) be a bisequential decomposition of f. From Proposition D.5, it follows that <>, is
a left congruence on X*. Furthermore, Proposition D.7 implies that = is of finite index and 7, has at
least |¥* /=/| states. Lastly, by Proposition D.8, there exists a bisequential decomposition of f with an
encoder that has exactly |X*/=¢| states. O

Lastly, we verify formally that sequential language models require no information from the future in
order to be represented; that is, the syntactic left congruence of a sequential language model has a single
equivalence class. By Theorem D.6, this means that every sequential language model admits a bisequential
decomposition with an encoder that produces information that is constant and does not change throughout
time.

Theorem D.7. Let f be a total rational function from ¥* to R g 1]. Then, [ is sequential if and only if
Proof. First, assume that f is sequential. Then, by Theorem C.7,

{;Eg;’a,BeZ*/\dp(a,ﬁ)gn}

is finite for all n € N. Therefore, for o, 8 € ¥*, we have that

(e e s v

is finite since it is contained in a finite set. In other words, o = 3 forall o, 8 € X*; thatis, =p = X* x X",
Next, assume that =y = 3* x X* and let n € N. Then,

Ui | woem naem=nfe U {75 lrew)

is finite because it is contained in a finite union of finite sets; that is, f is sequential. OJ

E Latent Language Models

E.1 Language Modelling with Latent Decompositions

In this appendix, we give a formal proof of the statements that

(i) standard bisequential decompositions of functions from X* to [0, 1] are a special type of latent
decompositions;

(ii) latent language models are exactly the functions that admit a latent decomposition with a generator
that is a language model.

As direct corollaries, we obtain Theorems 4.2 and 5.1.

Theorem E.1. Every standard bisequential decomposition of a function f: ¥* — [0,1] is a latent
decomposition of f.

Proof. Let (I', n, g) be a standard bisequential decomposition of f: ¥* — [0, 1]. Then, 7 is injective on
¥ Dop! (Supp(g)) and Supp(glyy(,)) € Im(n). Furthermore,

noglimm =nog=r.
Thus, (T, 7, gllm(n)) is a latent decomposition of f. O
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Theorem E.2. Let (I', 1, g) be a latent decomposition of P: ¥* — [0, 1]. Then, P is a language model
over X if and only if g is a sequential language model over I.

Proof. From the definition of a latent decomposition, it follows that 7 is a bijection from 1! (Supp(g))
to Supp(g). Therefore,

dPa)= > glm@)= > gl@)= > gmn)=> g
a€X* a€x* aen~1(Supp(g)) y€Supp(g) yel>

Thus, it is obvious that P is a language model over X if and only if g is a language model over I'. 0

E.2 Expressivemess of Latent Decompositions

In this appendix, we provide more detailed proofs of the claims that
(i) standard latent decompositions can represent only rational language models;
(i1) non-standard latent decompositions can represent non-rational languages.

Theorem E.3. Every latent language model that admits a standard latent decomposition is rational.

Proof. Let (I',n, g) be a standard latent decomposition of a language model PP over 3. Then, I is a
Cartesian product ¥ x IV and 1) o wy» = idg«. Therefore, Im(n) is the graph of the function 7 o 7.
Furthermore, we known that Supp(g) is a regular language, Supp(g) C Im(n) and Supp(g) is the graph
of the function 7 o idgypp(g) © 7rv+. This means that 1) o idg,pp(g) © 717+ is a rational function and thus
1 © idgypp(g) 18 also rational. Now, if Supp(g) = I'*, then 1 = 7 0 idgypp(g) is rational and P is a rational
language model as the composition of two rational functions. Next, suppose that Supp(g) < I'*. Let
v € I'*\ Supp(g) and ' : £* — T'* be defined as

v Jna) ifaen!(Supp(g))
@) = {7 otherwise '

Obviously, i/’ is rational and 7' o g = P. Therefore, P is a rational language model. U
Theorem E.4. Latent language models are strictly more expressive than rational language models.

Proof. Let P be a language model over {a, b} defined as

Q) = .
0 otherwise

Obviously, P is not rational because its support {a"d" | n € N} is not a regular language. However, P
admits a latent decomposition ({a, b}, m, g), where the encoder 7 simplifies the non-regular support of P.
Indeed, let n: {a,b}* — {a,b}* and g: {a,b}* — [0, 1] be defined as

n(a) = {(ab)” ifa= .a”b” and g(a) = {2n1+1 ifa= -(ab)” '
a otherwise 0 otherwise
Then, it is straightforward to verify that
(i) Supp(g) = {(ab)" | n € N} C {(ab)" | n € N} Ua = Im();
(i) 7 is injective on n~* (Supp(g)) = {a™b™ | n € N};
(iii) g is a sequential language model over {a, b};
(iv) P=nog;
that is, IP is a latent language model. O
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E.3 Comparison of Latent Language Models with D3PM

In this appendix, we compare latent language models with discrete diffusion language models and more
specifically with D3PM (Austin et al., 2021).

Essentially, D3PM is a variational autoencoder (Kingma and Welling, 2014) that consists of a fixed
stochastic encoder ¢ that, given a word « from the input space >*, defines a probability distribution
@(+ | @) over a latent space I'*, and a stochastic decoder 1) that, given an element ~ of the latent space I'*,
defines a probability distribution 1(« | ) over the input space >*. Importantly, the encoder is constructed
so that, regardless of the given word from the input space, it induces approximately the same probability
distribution ¢(+) over the latent space; that is, ¢(+) ~ ¢(+ | @) for all @« € ¥*.

When compared to a latent decomposition (I", 7, g) of a language model over X, the encoder ¢ and the
decoder v of a D3PM model correspond to stochastic equivalents of 7 and !, respectively. Sampling
from a D3PM model can be done efficiently by first sampling a latent element  from the fixed encoder ¢
and then sampling a word over X from the decoder ¥(+ | y). A latent language model achieves the same
result by first sampling a latent element ~ from the generator g and then mapping it into the input space
vian~L.

A major drawback of D3PM models, when compared to latent language models, is the fact that their
encoders and decoders are stochastic; that is, they are not exact inverses of each other. This deficiency
leads to the inability of D3PM models to efficiently calculate exact word probabilities and necessitates the
use of estimates such as the evidence lower bound (ELBO). Furthermore, the computation of the ELBO is
often intractable and typically requires the use of Monte-Carlo based approximation methods. On the
other hand, latent language models can exactly and efficiently score words by first encoding them via n
and then computing the probabilities of the resulting latent elements via the sequential generator g.
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