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Abstract

Despite the remarkable progress made by large
language models in mathematical reasoning, in-
teractive theorem proving in formal logic still
remains a prominent challenge. Previous meth-
ods resort to neural models for proofstep gen-
eration and search. However, they suffer from
exploring possible proofsteps empirically in
a large search space. Besides, they directly
use a less rigorous informal proof for proof-
step generation, neglecting the incomplete rea-
soning within. In this paper, we propose BC-
Prover, a backward chaining framework guided
by pseudo steps. Specifically, BC-Prover pri-
oritizes pseudo steps to proofstep generation.
The pseudo steps boost the proof construction
in two aspects: (1) Backward Chaining that
decomposes the proof into sub-goals for goal-
oriented exploration. (2) Step Planning that
makes a fine-grained planning to bridge the
gap between informal and formal proofs. Ex-
periments on the miniF2F benchmark show sig-
nificant performance gains by our framework
over the state-of-the-art approaches. Our frame-
work is also compatible with existing provers
and further improves their performance with
the backward chaining technique.

1 Introduction

Recent years have seen a surge of interest in math-
ematical reasoning tasks, such as premise selec-
tion (Mikula et al., 2023), autoformalization (Zhou
et al., 2024a; Wu et al., 2022) and automated theo-
rem proving (Wang et al., 2023b; Azerbayev et al.,
2023). Automated theorem proving poses a signif-
icant challenge, as it requires the prover to gener-
ate validated formal proofs fully automatically in
a prohibitively large search space (Lample et al.,
2022; Trinh et al., 2024). Therefore, interactive
theorem proving (ITP) has emerged as an alterna-
tive method for automating theorem proving. ITP

*Equal Contribution
t Corresponding Authors

Problem Example

Informal Statement X, : Suppose that|p(x) = ¢~1(x). If p(2) = 10, p(10) = 1 and p(1) = 2,
what is ¢(q(10))? Show that it is 1.

Theorem Statement X,: theorem example (o : equiv R R) (ho: o.inv_fun 2 =
10) (hi: o.inv_fun 10 = 1) (hy: o.inv_fun 1 = 2): o.to_fun (o.to_fun 10)
= 1 :=begin

Proof Construction

Theorem_[;
Statement

Interaction at S,

o: R=R -p(x) =q7 (%)
ho:o.inv_fun 2 = 10 -p(2) =10
hi:o.inv_fun 10 = 1 —-p(10) =1
hy:o.inv_fun 1 =2 —-p(l)=2

! have h3:o.to_fun 10 = 2,

'

by { rw « ho, apply equiv
.apply_symm_apply o}

proof state

- o.to_fun (o.to_fun 10) =1

Figure 1: Problem Example: An input example form
Zheng et al. (2022). Proof Construction: A sequence
of tactics updates the state interactively to prove the
goal. Interaction at Sy: Given the value of o~ !, the
goal is to prove the value of 0. rw fails to rewrite
the proof goal with h;. simp fails to simplify the

proof goal with existing hypotheses. The have tactic
successfully proves hs reversely by observing the goal.
It corresponds to the color sentence in the informal
proof.

typically involves prover writing steps to interact
with proof assistants like Isabelle (Nipkow et al.,
2002) and Lean (de Moura et al., 2015). Such
a process highlights understanding of hypotheses
and efficient search strategies to reach the proof
goal (Zhang et al., 2023). Besides its huge poten-
tial to accelerate research in mathematics, ITP has
demonstrated excellent application value in code
generation (Polu et al., 2023), synthetic theorem
generation (Lin et al., 2024; Huang et al., 2024)
and proof refactoring (Zhou et al., 2024b).

As Lean becomes prevalent due to its superior-
ity in interactive mathematical expression, a line
of work has explored using language models for
programmatically interacting with Lean (Yeh et al.,

3059

Proceedings of the 2024 Conference on Empirical Methods in Natural Language Processing, pages 3059-3077
November 12-16, 2024 ©2024 Association for Computational Linguistics



2023; Brandfonbrener et al., 2024; Welleck and
Saha, 2023). In this paper, we also focus on ITP
with Lean. Generally, the ITP task aims at con-
structing a proof (a sequence of tactics) of a proof
state (transformed from a theorem statement) as
illustrated in Figure 1. Tactics are proofsteps for
updating the proof state. They must be strictly ver-
ified by the proof assistant and utilize hypotheses
to achieve the proof goal. Unlike conventional pro-
gram languages, formal proof language adheres to
rigorous mathematical logic, leaving no room for
hallucination (Ji et al., 2023). Therefore, the ITP
task presents a significant challenge for LLMs.

Existing research on ITP mainly falls into two
paradigms: task-specific finetuning and prompt-
ing. Task-specific finetuning methods have shown
exceptional performance (Han et al., 2022; Wang
et al., 2023b). They rely on prohibitive training
costs on private datasets, making it impractical in
real scenarios without open-source code or models
(Polu et al., 2023; Lample et al., 2022). Prompting
methods, on the other hand, have already proven
to be a powerful copilot in real-world applica-
tions (Song et al., 2024). They explore the in-
context learning ability of LLMs to infer proofsteps
(Thakur et al., 2024; Ying et al., 2024). Our method
is also based on the prompting paradigm.

To produce more reliable tactics, most prompt-
ing methods involve informal proofs prior to proof
construction (Jiang et al., 2023). The informal
proofs are solutions in natural language as shown
in Figure 1: Proof Construction. However, directly
applying the informal proofs as in-context exam-
ples can mislead the LLMs, as there are gaps be-
tween formal and informal proofs. Specifically,
informal proofs are often less rigorous and tend
to skip steps, making them less reliable. To the
best of our knowledge, both prompting and finetun-
ing methods focus on generating forward-chaining
tactics, ignoring the backward-chaining strategy.
Backward chaining is an inference method de-
scribed colloquially as working backward from the
goal (Huang and Chang, 2023). Ignoring backward
chaining could trap the exploration of proofsteps.
As shown in Figure 1: Interaction at Sy, in order
to prove the goal, a hypothesis h3 should be proved
first instead of using existing hypotheses.

In order to alleviate the above problems, we pro-
pose BC-Prover, a framework to operate backward-
chaining for ITP in Lean. Specifically, given a
theorem and its informal statement, our framework

first derives an informal proof and pseudo steps.
Pseudo steps are specific proof steps further elab-
orated based on the informal proof, aimed at pro-
viding a reference for the formal proof. During
proof construction, vanilla provers proposed in pre-
vious works generate forward-chaining tactics to
interact with Lean(Han et al., 2022; Yang et al.,
2023). Instead, inspired by literature in logic rea-
soning (Poole and Mackworth, 2010), our approach
performs (1) backward chaining: drawing auxil-
iary hypotheses about the internal reasoning. As
the pseudo steps indicate intermediate steps toward
the goal, we employ LLMs to recursively discover
provable sub-goals for ultimate proof-finding. To
avoid producing misleading steps, our approach
performs (2) step planning: planning the next
proofstep conditioned on the current state. Addi-
tionally, it augments the next proofstep with re-
trieval lemmas and plans similar to Yang et al.
(2023). Experiments show that BC-Prover achieves
a higher pass rate on the miniF2F benchmark com-
pared with several SOTA baselines. BC-Prover can
also collaborate with finetuned models to obtain
substantial improvement.
We summarize our contributions as follows:

* We sketch the proof in pseudo steps and make
fine-grained step planning to fill the gaps be-
tween informal and formal proofs.

* We incorporate a backward-chaining strategy
in search of goal-driven tactics to find proof
paths efficiently.

* Evaluation on ITP benchmark reveals that our
framework outperforms several strong base-
lines. The backward chaining strategy can
also enhance the existing provers.

2 Related Works

2.1 Formal Theorem Proving

Early approaches search proofs in first-order logic
automatically (Robinson and Voronkov, 2001;
Kovacs and Voronkov, 2013). However, the in-
herent vast search space often limits their practical-
ity in higher-order mathematical problems (Bridge
et al., 2014). Later works on theorem proving have
thereby focused on ITP paradigm.

With the remarkable achievements of genera-
tive models in recent years, task-specific finetuning
models are widely used for ITP (Sanchez-Stern
et al., 2020; Polu and Sutskever, 2020a). Yang et al.
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(2023) implements a retrieval-augmented language
model to search appropriate lemmas for tactic gen-
eration. Welleck and Saha (2023) makes further
improvement by scaling the language model. Re-
cent researches also explore advanced LLMs with
sophisticated prompting methods (Poulsen et al.,
2024; Yousefzadeh and Cao, 2023). Jiang et al.
(2022) integrates LLM and Sledgehammer, a pow-
erful automated prover in Isabelle, for theorem
proving. First et al. (2023) investigates LLM for
repairing the whole proof after interaction with
the proof assistant. Similarly, Thakur et al. (2024)
repeatedly corrects proofsteps from assistant feed-
back. These previous approaches begin with estab-
lished hypotheses and keep applying tactics in a
forward-chaining fashion until the goal is reached.
We integrate a backward-chaining strategy to un-
cover possible facts for proving the goal.

2.2 Proof Autoformulation

The goal of proof autoformalization is to convert in-
formal theorems and proofs into machine-verifiable
formats. It has been studied since the early stage
of neural models (Kaliszyk et al., 2014). In the
era of LLMs, proof autoformulation demonstrates
its value in automated theorem proving by trans-
lating mathematical statements in natural language
into formal proofs (Wang et al., 2020; Wu et al.,
2022; Zhao et al., 2023). It promises to facilitate
the verification of mathematical papers (Szegedy,
2020). Jiang et al. (2023) introduces a draft-sketch-
prove pipeline to formulate informal proof auto-
matically. Subsequent research builds dynamic
lemma libraries and achieved substantial improve-
ment (Wang et al., 2023a). Thakur et al. (2024)
guides the next tactic generation with informal
proof in ITP but only yields a little increment.
Despite their contributions, none of the aforemen-
tioned methods have investigated pseudo steps as
intermediate results toward final proof, nor do they
formulate backward-chaining steps in the ITP task.

2.3 Proofstep Generation and Search

Combining language models for proofstep genera-
tion and heuristic algorithms for proofstep search
has been the key to ITP. A thread of research
trains a language model and simply adopts best-
first-search (Polu and Sutskever, 2020a; Welleck
et al., 2022; Polu et al., 2023; Zheng et al., 2023;
Jiang et al., 2021). Subsequent advancements fo-
cus on deriving more efficient search strategies like
MCTS (Lample et al., 2022). Wang et al. (2023b)

adjusts search steps to accommodate proof state
complexity, mirroring human reasoning over the
entire proof trajectory. Besides, some studies train
LLM:s on extensive general mathematical corpora
and build strong LLM agents for proofstep gener-
ation (Shao et al., 2024; Azerbayev et al., 2023;
Roziere et al., 2023). These studies are highly rel-
evant to our work, as our goal is to build an LLM
agent that uses backward chaining to reduce the
search space of forward chaining.

3 Methodology

A problem statement consists of a theorem state-
ment X; and its informal statement X;. X; will
be transformed into an initial proof state Sy =
{h1,...,hi,91,...,gm} that holds [ hypotheses h
and m goals g. A problem example is illustrated
in Figure 1: Problem Example. The ITP task can
be formulated as follows: given X, X} and .Sp,
a prover needs to generate tactics iteratively to
construct a proof. In each iteration, the prover
searches for tactics to update the state. The itera-
tions "So — S; — ---" finish until all goals are
accomplished or the search ends.

3.1 Basic Prover

In general, a basic prover is composed of a proof-
step generator and a proofstep search mechanism.
The proofstep generator iteratively generates tac-
tics based on the proof state. The proofstep search
mechanism controls the overall search process,
maintaining states and selecting tactics during
proof construction.

Proofstep Generator. Following Polu and
Sutskever (2020b), we use a decoder-only language
model LM as the proofstep generator. The genera-
tor takes a proof state .S; and generates k tactics:

{t9,...,t5} = LM(S)) (1)

Formally, the above process is defined as forward
chaining.

Proofstep Search. The goal of the proofstep
search is to build a proof tree that incrementally
evolves the state through tactic invocations. Start-
ing from the initial state Sy, the prover expands
proof states by executing tactics in each iteration.
The intermediate states are maintained in a priority
queue and expanded based on the cumulative log
probability. The cumulative log probability is the
summation of the log probabilities of tactics that
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Pseudo Steps Generation:

[Problem statement Xh,Xt] _— [Infor‘mal Proof P, ] _— [Pseudo Steps Ps ]

X5, Suppose that p(x) = ¢~ (x). If p(2) = - P Since q is the reverse function of p,
h 4(10)=2, q(2)=1. S0 q(q(10)=q(2)=1

Xt theorem example (o:equiv R R)(ho= ..

1) [:::] - Stepl...-
S - Step2...-

Proof Construction:

,{ El Pseudo Steps P; ]

(B Augmentation Ej
E/ Step Planning
/- Stepl: To prove the goal we
[ Lemmas & Plans L ] should prove q(10) = 2, using the
given p(2) = 10 -/
Plan,: use this lemma to get value of q(x) have f_10_eq_2 : o.to_fun 10 = 2
Lemma,: function.inv_fun_eq (h : 3 a, := by { placeholder }
fa=b):f (inv_fun f b) = b /- Step2: Using Stepl.. -/ Q

[ Proofstep Planning [V ]

(gsub ‘tsub )

/- Step4: We need to find q(q(10)).

Plan: Since we know p(1) and ¢ is inverse
function. Next we apply p(1) and prove

From Step2 we know ..-/
calc o. to_fun (0. to_fun 10) : =1

g.to_fun 2 =1 according to ...... -- because q(2) =1, q(10) = 2
/- Note: In this pseudo-code, have
[Goul-dr‘iven hypotheses Hq] statements are used to establish
P N N - smaller goal. You need write tactics
T 1., t Iy h3: V x, o.to_fun (o.inv_fun x) in {placeholder} -/
It ti 1 acTic & e =x
erations Sl hg: o.to_fun 10 =2 Baclward Chaining

Figure 2: Overview of BC-Prover. It first generates pseudo steps by sketching a proof of the problem. During proof
construction BC-Prover iteratively augments the proof state with step planning and backward chaining.

brought us to the next state S; from Sg. The prover
commonly adopts best-first search:

S; = Lean(t;_y,5;-1) 2)

where Lean is the Lean assistant and S;_1 is the
current state. The best tactic 75}1 leads to a state
with the highest cumulative log probability. It can
be regarded that best-first search is operating in a
forward-chaining manner.

3.2 BC-Prover

Upon the basic prover, we propose our BC-Prover
framework, as shown in Figure 2. BC-Prover first
sketches an informal proof and pseudo steps for
the input mathematical problem. Subsequently,
BC-Prover engages in proof construction through
iterative processes. In each iteration, the backward
chaining mechanism utilizes the LLM’s reasoning
ability to discover goal-driven hypotheses. The
step planning module derives next-step planning
conditioned on the current state. Additionally, BC-
Prover retrieves potentially useful lemmas with the
help of a retriever and a re-ranking agent. Finally,
the proof state is augmented with the aforemen-
tioned information for tactic generation.

Pseudo Steps Generation. BC-Prover proceeds
pseudo steps generation before proof construction.
It formalizes the input problem following recent
advances in proof autoformulation (Jiang et al.,
2023). Accordingly, the problem is mapped into an

informal proof and pseudo steps sequentially:

M. (Xt,Xh) — Ph (3)
M (X, Xy, Pr) — Ps 4)

where M is parameterized by LLM, — indicates
prompting and parsing procedure to generate the
desired results'. P, and P, denote informal proof
and pseudo steps respectively. Pseudo steps are
more structured, filling up steps that require explicit
proving but are taken for granted in informal proof.

In the following, BC-Prover conducts proof con-
struction. It is guided by the pseudo steps and
updates the proof state iteratively. The iterations
end when the goals are achieved or the search is
finished.

Backward Chaining. Backward chaining starts
from the goal and recursively breaks it into sub-
goals, which should be asserted as facts for goal
achievement (Al-Ajlan, 2015). Analogously, BC-
Prover performs backward chaining in each itera-
tion to establish provable hypotheses. The informal
proof briefly outlines the proof path. The pseudo
steps decompose it into commented proofsteps. As
pseudo steps declare necessary sub-goals, our back-
ward chaining is guided by it to establish d sub-
goals ¢*"* and corresponding tactics t*“°, using
LLMs’ reasoning ability:

M: (P, S;)) - H 5)

'All specific prompts can be found in Appendix A.1
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where H = {(g5%®, tg), ..., (g5, 5%%)} and the
current state S; is also an essential input since it
tells about the existing hypotheses and final goal.
Next, all sub-goal and tactic pairs (g%, t°"?) are
to be verified by the proof assistant:

H, = Lean(H, 5;) 6)

where H, = {h°" h°" ..}. The validated pairs
will be introduced as goal-driven hypotheses h9°%
to augment the proof state:

S7 = [i, Hy )

where [] is the augmentation operation.

Step Planning. Step Planning augments the
current state with step-level planning to bridge the
gap between informal and formal proofs. Since the
proof state involves obscure mathematical notions,
we annotate the proof state with a description D.
Then an LLM reasons out a next-step planning
under the current state. The whole procedure is
accomplished by prompting M, denoting as:

M:8 =D (8)
M:(D,S% P) > N )

where Sf , Ps, and N are the state, pseudo steps,
and planning of the next proofstep respectively.
The planning gives instructions on the effective
tactics to progress the current state.

Following LeanDojo (Yang et al., 2023), we em-
ploy its premise retriever to query a set of lemmas
L, from mathlib®. Afterward, an LLM re-ranking
agent selects n lemmas and summarizes plans for
their use in the next proofstep (Sun et al., 2023):

M: (L, S, P)— L (10)
where L is a set of potentially useful lemmas and
relevant brief plans.

Proofstep Generator. Finally, state Sf is aug-
mented with the above-generated results. BC-
Prover instruct M with the proof state S to gener-
ate k tactics:

St =[5, N.1]
M (87) = {1, tF}

an
(12)

Proofstep Search. BC-Prover iteratively guides
LLM to predict tactics for the current proof state.

“Mathlib is a user maintained library for the Lean. It
contains a large amount of lemmas for theorem proving

The best-first search is impractical since the log
probability is inaccessible by calling LLM’s API.
Inspired by DT-Solver (Wang et al., 2023b), we
alternatively select proofsteps based on state com-
plexity. Specifically, the current proof state is ex-
panded with tactic t;- that leads to the simplest S;.
The simplicity of .S; is measured by the number of
tokens. The selected tactic is to interact with Lean
as described in Equation 2.

The basic prover searches exhaustively in a for-
ward chaining manner. Our framework, in each
iteration, recursively establishes goal-driven hy-
potheses. Hence, our proofstep search mechanism
is actually a bidirectional search, which reduces the
search space with backward chaining.

4 Experiment Setup

In this section, we introduce the experiment setup
for BC-Prover. Following Polu et al. (2023), we
evaluate BC-Prover in Lean. More experimental
details and hyperparameters are in Appendix A.

Baselines. Baselines of two paradigms are
compared, encompassing the state-of-the-art ITP
provers in Lean.

(1) Task-specific finetuning. PACT (Han et al.,
2022) co-trains the GPT-f model with nine auxiliary
tasks. Expert Iteration (Polu et al., 2023) trains the
language model by self-synthetic data from proof
searches. ReProver (Yang et al., 2023) proposes
a premise-augmented model for theorem proving.
LLMStep (Welleck and Saha, 2023) scales the
model of ReProver without premise retrieving.

(2) Prompting. CodeLama (Roziere et al.,
2023), Deepseek-Math (Shao et al., 2024),
LLEMMA (Azerbayev et al., 2023) are LLMs
trained on various large-scale mathematical corpus
with reinforcement learning technique. We choose
their 7B version because 7B models perform the
best in their reports. Copra (Thakur et al., 2024)
devises a GPT-4-based agent to search and correct
tactics from the assistant’s feedback. GPT-4 base-
line is implemented with gpt-4-turbo-2024-04
-09 version under few-shot settings like LLEMMA.

Note that we exclude some baselines that are in-
feasible to compare with (details in Appendix A.2).
For example, approaches across different proof as-
sistants are not comparable because of different
experiment settings.

Implementation details. In this paper, the LLM
is instantiated to be gpt-4-turbo-2024-04 -09.
In each iteration, BC-Prover generates k = 16
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Methods

Search-£  miniF2F-valid miniF2F-test

Task-specific finetuning

PACT (Han et al., 2022) - 23.9% 24.6%
Expert Iteration (Polu et al., 2023) X 64 28.5% 25.9%
ReProver (Yang et al., 2023) X 64 23.8% 26.5%
LLMStep (Welleck and Saha, 2023) x 64 26.2% 27.9%
Prompting

CodelLama-7B (Roziere et al., 2023) x 32 25.0% 20.5%
Deepseek-Math-7B (Shao et al., 2024) x32 27.9% 28.3%
LLEMMA-7B (Azerbayev et al., 2023) x 32 26.6% 26.2%
Copra-GPT4 (Thakur et al., 2024) x 60 - 29.9%
GPT-4 (OpenAl, 2023) x 16 22.9% 23.4%
BC-Prover x16 29.5% 30.7%
BC-ReProver x16 32.0% 31.6%
BC-LLMStep x 16 35.2% 32.0%
BC-Prover* x 16 38.9% 36.9%

Table 1: Pass@1 results on the miniF2F benchmark. BC-Prover™ denotes the cumulative pass rate of the miniF2F
dataset, considering the total number of problems solved using our framework. API cost of our framework is shown

in Appendix B.

tactics and d = 8 sub-goals. We set n = 5 for
lemma re-ranking. The temperature is set as O in
prompting the LLM. We adapt the basic provers
into our framework by only augmenting the current
state with goal-driven hypotheses. They implement
best-first search. More implementation details can
be found in Appendix A.3.

Theorem Proving Experimental Setup. In ITP
task, we adopt the miniF2F benchmark (Zheng
et al., 2022) for comparison with other works. This
benchmark contains two split datasets: miniF2F-
valid and miniF2F-test, which includes total 488
theorems sourced from Olympiad mathematical
problems (AIME, AMC, and IMO) as well as high-
school and undergraduate math classes. We follow
previous works (Lample et al., 2022) and evaluate
on these two splits. We primarily use Lean 3 as the
proof assistant. We evaluate the performance using
Pass@1 metric: the prover has only one attempt
and must find the proof within 100 iterations.

5 Results and Analysis
5.1

We present the performance of our framework un-
der two different settings. Table 1 shows the over-
all performance of the baselines and our proposed
model.

BC-Prover Settings. We compare BC-Prover
with task-specific finetuning and prompting base-

Main Result

lines. Overall, BC-Prover achieves better perfor-
mance with smaller search-%k. Our framework sig-
nificantly improves over the GPT-4 by at least
6.5% and 7.3% on the miniF2F-valid and miniF2F-
test, respectively. BC-Prover outperforms another
GPT-4-based Copra with lower search-k on the set
and surpasses LLMs of mathematics domains by
10.2% at most. It hints that backward chaining and
step planning are important to guide LLMs to pro-
duce accurate tactics. Furthermore, task-specific
finetuning methods thoroughly explore the search
space with 64 search-k while BC-Prover achieves
a higher pass rate with 16 search-k. We think it is
mainly due to the backward chaining mechanism as
analyzed in Section 5.3. In conclusion, BC-Prover
presents competitive performance compared with
SOTA baselines on the miniF2F benchmark.

Collaborative Settings. Our framework is plug-
and-play with task-specific finetuning models. Un-
der collaborative settings, we employ ReProver and
LLMStep in Equation 11 to generate tactics. The
collaborative models are denoted as BC-ReProver
and BC-LLMStep. For a fair comparison with BC-
Prover, both BC-ReProver and BC-LLMStep are
constrained to only generate 16 tactics. It can be
observed that collaborative models performs better
than BC-Prover. The possible reason behind this
is that LLMs are not particularly trained on Lean.
Also, the Lean-related data is scarce and hard to ac-
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I Forward Chaining Tactic

300 -

N
>
3

Number of Tactics
g

LLMStep BC-LLMStep ReProver

Backward Chaining Tactic

GPT-4

BC-ReProver BC-Prover

Figure 3: The number of tactics in the constructed proofs. There is an obvious increase in the number of backward

chaining tactics after applying our framework.

cess publicly (Han et al., 2022). Besides, both Re-
Prover and LLMStep achieve substantial improve-
ment in collaboration with our framework. On the
miniF2F-valid, backward chaining can bring about
a 9.0% increase for LLMStep and about 8.2% in-
crease for ReProver. It is worth noting that the
collaborative models can reach the final goal with
4 times less search-k. We argue that backward
chaining effectively introduces intermediate goals
to narrow the search paths for forward chaining.

In line with prior works (Lample et al., 2022),
BC-Prover* adds up the number of theorems solved
with our framework. In total, our framework suc-
cessfully carries out 38.9% (95/255) problems on
the valid split and 36.9% (90/244) on the test split.
The collaboration of our framework and finetuning
models is able to discover more new proofs than the
original BC-Prover. More experiments and results
refer to Appendix D

5.2 Ablation

Methods miniF2F-valid miniF2F-test

BC-Prover 29.5% 30.7%
w/o BC 25.4% 25.0%
w/o SP 27.4% 28.3%

Table 2: Ablation Study. Pass@ 1 results on the miniF2F.

We remove backward chaining (w/o BC) and
step planning (w/o SP) respectively to reveal the
effect of each module in our model. The Pass@1 of
the miniF2F benchmark is reported in Table 2. All
of our proposed modules can bring performance im-
provements. In particular, applying the BC to our
framework contributes about 4.1% and 5.7% pass
rate on valid set and test set, respectively, show-
ing the effectiveness of our proposed BC in proof-
finding. Also, it can be observed that removing SP

also leads to a drop in performance. One big fac-
tor is that SP gives comprehensive suggestions on
what to do next and how to achieve with extra lem-
mas, and removing it may exponentially enlarge
the forward-searching space.

5.3 Forward vs. Backward Chaining

Forward chaining tactics are machine-validated
proofsteps generated by the proofstep generator,
while backward chaining tactics (¢°*%) are proof-
steps that draw goal-driven hypotheses for proof
construction. To validate the effectiveness of back-
ward chaining, we measure the changes of types of
tactics after implementing our framework on the
baseline models. From the results in Figure 3, it
can be seen that none of the baseline models is able
to iteratively decompose the proof goal and cre-
ate helpful hypotheses, thus limiting their ability
to search forward. Also, the number of forward
chaining tactics indeed increases with the help of
our framework. To be specific, LLMStep generates
84 more forward proofsteps with 118 backward
chaining tactics. ReProver, likewise, finds 62 more
tactics during proofstep generation. Our LLM-
based BC-Prover searches for sug-goals in each
iteration, resulting in about 132 useful hypotheses.
The above results suggest that backward chaining
can steer the search in the correct direction.

5.4 Search Efficiency Analysis

Methods AvgP| Avgl] Maxl]
BC-Prover 1.80 2.30 23
GPT-4 2.07 345 61

Table 3: Avg.P indicates the average proofsteps of the
proofs. Avg.l and Max.I indicate the average and maxi-
mum iterations consumed in finding the proofs, respec-
tively.
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GPT-4 Output:

01 theorem mathd_algebra_209
02 (o : equiv R R)

03  (ho : o.inv_fun 2 = 10)

04 (hy : o.inv_fun 10 = 1)

05 (hz : o.inv_fun 1 = 2) :

06 o.to_fun (o.to_fun 10) =1 :
07 begin

08 norm_num,

09 apply_fun o.inv_fun at h,,
10  apply_fun o at h,,

11 simp at ho,

12 sorry,

13

14 end

BC-Prover Output:

01 theorem mathd_algebra_209 01
02 (o : equiv R R) 08@

03 (ho : o.inv_fun 2 = 10) 10.12"07
04  (hy : o.inv_fun 10 = 1) TSl
05 (h2 : o.inv_fun 1 = 2) : 15 17

06 o.to_fun (o.to_fun 10) = 1 := i |

07 begin P20

@8 have f_1@eq2: o.to_fun 10 = 2, | |

09 by {rw « ho, exact o.right_inv 2},
10  have f_2eql: o.to_fun 2 =1,

11 by {rw « h., exact o.right_inv 1},

12  have f_f1leeqf2:

13 o.to_fun (o.to_fun 10) = o.to_fun 2,
14 by {rw f_10eq2},

15 have id_apply_10_eq_10: id 10 = 190,

16 by {refl},

17 have f_f10eql:

18 o.to_fun (o.to_fun 10) = 1,

19 by {rw [f_f10eqf2, f_2eql]},

20 exact f_f1eeql,

21 end

Figure 4: Example outputs and search trees of "theorem mathd_algebra_209". The node is annotated with the line
number of the outputs. Left: GPT-4 reaches the end of the search and fails to solve the goal. Right: BC-Prover
reaches the goal with backward chaining, where the dash lines denote the backward chaining route. We highlight
the proofsteps of forward chaining: 01-07-08-09-10-11-12 (left) and 01-07-17-20-21 (right).

To better demonstrate why our proposed frame-
work works, we carry out an analysis of the search
efficiency. We compute several metrics from the
proof results as shown in Table 3. During the proof-
steps construction, the prover tries to find the cor-
rect path in the search tree. Avg.P reflects how
deep it reaches in the tree. GPT-4 uses up to 61
iterations with 2.07 Avg.P, which means GPT-4
spends most of its efforts in exploring proof paths.
Our BC-Prover is lower in Avg.P, Avg.I and Max.I,
showing that it can finish searching in 1.80 proof-
steps on average and find the correction direction
within fewer iterations. In conclusion, BC-Prover
exhibits higher search efficiency by incorporating
steps planning and backward chaining.

5.5 Case Study

In this section, we present a theorem example that
is successfully solved by our framework in Fig-
ure 4. More examples are shown in Appendix
E. The trees beside the proof are the proof trees
in proof constructions. We compare proof from
GPT-4 and our BC-Prover. The theorem states the
same problem as in Figure 1, where our goal is
o.to_fun(o.to_fun 10) = 1.

From Figure 4 left, we can see GPT-4 tries
to rewrite the existing hypotheses. For ex-
ample, line 09 rewrites the h; into h;
o.inv_fun(o.inv_fun 10) = o.inv_fun 1. The
transformation makes h; look like the goal but ac-
tually does not drive the search towards the goal.

After the tactic in line 11, GPT-4 can not produce
any new tactic to update the state. Such a search is
purely forward chaining and ends up unsuccessful
in 25 iterations (25 nodes in total). In Figure 4 right,
BC-Prover is guided by pseudo steps and iteratively
established sub-goals and tactics. For example, line
08 states a sub-goal o.to_fun 10 = 2 and tactic
rw < hg, exact o.right_inv 2. Line 08-09 is
validated by the Lean and introduce a new hypoth-
esis o.to_fun 10 = 2, which is later used in line
12-14. The backward chaining makes the search
directly find a fowrad path (01-07-17) close to the
final goal. By applying line 20, BC-Prover accom-
plished the proof with less iteration and proofsteps.
We find that the new hypothesis introduced in Line
15 is useless in proving the goal. Similar hypothe-
ses can also be found in other cases as analyzed
in Appendix C. How to avoid generating these hy-
potheses to improve backward chaining is left for
future work.

6 Conclusion

In this work, we propose a novel framework, BC-
Prover. At the beginning, BC-Prover generates
pseudo steps for constructing proofs. During proof
construction, BC-Prover operates backward chain-
ing and step planning to construct proofs in formal
logic. The backward chaining searches for proof-
step in a goal-driven manner. The step planning
makes a detailed planning for each proofstep to in-
voke more accurate tactics. The experiment results

3066



on the benchmark demonstrate the superiority of
our framework. Our results demonstrate that future
work on ITP should incorporate backward chaining
to search tactics more effectively.

Limitations

Unlike informal natural language, formal theorems
in Lean are rigorous with lots of notions in mathe-
matical language. Although our framework mini-
mizes the gap between informal and formal lan-
guage, general LLMs are still prone to predict
tactics with grammar errors. Unfortunately, BC-
Prover outperforms several baselines but fails to
solve IMO-level Olympiad problems. Future re-
search could explore devising an LLM agent in the
Lean domain to alleviate these problems. During
the proof construction, the pseudo steps are not
updated as the proof goes on. BC-Prover relies
on the self-correction ability of LLM to adjust the
proofstep, which could be a weakness for proof
construction. The step planning module produces
complex instructions. Therefore, it cannot be ap-
plied to task-specific fine-tuning models and may
degrade LLMs of a small scale (e.g., 7B). We only
use ReProver and LLMStep to collaborate with our
framework. Consequently, for future research, we
aim to evaluate with more finetuning models to
verify the effectiveness of the backward chaining
technique.
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A More Experiment Setup
A.1 Prompts for BC-Prover

For reproducibility, we provided detailed prompts
during the proof construction. Concretely, the
prompt we used for generating the pseudo steps
(Equation 3 and 4) is in Figure 5 and 6. The prompt
for backward chaining (Equation 5) is in Figure
7. The prompt for generating next-step planning

As a mathematician and expert, your task is to provide a correct, concise,
and clear mathematical answer according to the theorem and its informal
statement. Note that the theorem is provable.

{examples}

## Formal theorem:

{theorem_statement}

## Informal statement:

{informal_statement}

## Informal proof:

Figure 5: The prompt for generating informal proof.

As a mathematician and expert in Lean theorem prover, your task is to
write a pseudo code in Lean 3 in response to a problem statement. Your
pseudo code should be structured and clearly written, meeting the following
criteria:

- It is readable and must be broken down into numerical steps like ’Step1’,
*Step2” ...

- Steps of the proof should be explained in detail using comments enclosed
in’/-> and -/

- Be clear and concise, avoiding any unnecessary or apologetic language.

- Make sure each step of the pseudo-code can be easily converted into
formal Lean 3 code.

- Please use NO ‘sorry* tactic or placeholders for proofs or assumptions in
the pseudo-code.

- Assume you have already imported the necessary Mathematic Library to
finish the proof.

## informal problem statement:

{informal_statement}

## informal proof of the problem:

{informal_proof}

Please wirte the pseudo code:

{theorem_statement}

PSEUDO-CODE:

Figure 6: The prompt for generating pseudo steps.

(Equation 8 and 9) is in Figure 8 and 9. The prompt
for summarizing plans for lemma usages (Equation
10) is in Figure 10. The prompt for generating
proofsteps in forward chaining (Equation 11) is in
Figure 11.

In particular, we demonstrate the sample out-
puts of backward chaining, next-step planning, and
plans for lemma usages in Figure 13, 14 and 15,
respectively.

A.2 Justification for Excluding Baselines

In Table 1, we compare BC-Prover with recently re-
leased LLLM in mathematics to our knowledge. We
empirically excluded three task-specific finetuned
provers targeting ITP in Lean. Here, we focus
the discussion on reasons for excluding the three
provers (Lample et al., 2022; Polu and Sutskever,
2020b; Polu et al., 2023). Most importantly, it
is infeasible to reproduce their work with reason-
able effort because they didn’t release any code,
pre-trained models, or available training datasets.
Therefore, we can only compare the Pass@ 1 met-
rics reported in their papers. However, it is also
impractical due to several reasons:
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As a mathematician and expert in Lean theorem prover, your task is to
analyze the pseudo-code. Please consider what is missing to decompose
and achieve the proof goal in a backward reasoning manner. Request useful
and reusable hypotheses, meeting the following criteria:

- The hypotheses should be created with Structured Tactic Proofs. That is
they should be introduced with the tactic ‘let‘, ‘have‘, or ‘suffices‘(it adds
the hypothesis to the current goal).

- Please make sure that the hypotheses are valid in Lean and you have to
successfully proof them in the format: ‘have hypo: (sub-goal_statement),
by {{<valid_proof>}},‘.

- You can try smart tactics to prove the hypothesis like ‘ring‘(prove
equalities in commutative rings) and ‘nlinarith‘(handles some goals in
nonlinear arithmetic).

- The hypotheses should be non-trivial and able to cover a large step in
proofs. You can refer to the pseudo-code for inspiration.

- Please use NO placeholders for proofs or assumptions in the
<valid_proof>.

- DO NOT generate hypotheses that already exist in the proof state.

- DO NOT generate the keyword ‘sorry*.

## Pseudo-code:

{pseudo_steps}

## Please provide {k} effective hypotheses according to the Current Proof
State:

{current_state}

#1

“‘lean

have hypothsisl: (<sub-goal_statement>), by {{<tactics>}},

#2

Figure 7: The prompt for backward chaining.

» Lample et al. (2022) only report the Pass @64
on the miniF2F benchmark with their ap-
proach. They constructed a synthetic train-
ing dataset named Equations, which is not
publicly available. Their model is also inac-
cessible. As a result, we cannot make a fair
comparison or reproduce their work.

* Polu and Sutskever (2020b) didn’t report their
result on the miniF2F benchmark because they
published their works before the miniF2F was
officially released. They didn’t make their
model public so it is also difficult to reproduce
their work.

¢ Polu et al. (2023) further fine-tuned their mod-
els on new proofs collected through their in-
teraction with Lean on miniF2F benchmark
which is supposed to be used in the evaluation.
They also construct extra proofs to transfer to
miniF2F. Considering the potential overfitting
issue, we compare with a generalized model
result reported in their paper (Expert Iteration
in Table 1).

We would like to evaluate them under our
framework to verify the backward chaining
mechanism, whereas none of them make the
models public. Hence, we only use ReProver
and LLMStep to collaborate with our frame-
work.
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As a mathematician and expert in Lean theorem prover, your task is to
shortly explain the current proof state. Your explanation should:

- Be clear and concise, avoiding any unnecessary or apologetic language.

- Only briefly state the existing hypotheses and the goal.

- There is no need to provide an approach or solution.

## Current State:

{proof_state}

Figure 8: The prompt for generating proof state descrip-
tion.

As a mathematician and expert in Lean theorem prover, your task is to
derive exactly one next proof step according to the current state, meeting
the following criteria:

- You should analyze the state and align the next step with one step in the
pseudo-code.

- If the aligned target in the pseudo-code is missing or unprecise, the
predicted next step should be further decomposed.

- The predicted next proof step must be close to Lean code.

- Do not fabricate hypotheses or lemmas that didn’t appear in the context.
- Please use NO ‘sorry* or placeholders for proofs and assumptions.

## Pseudo Code:

{pseudo_steps}

## Current State:

{proof_state }

{description}

## The predicted step should be clear, concise, and easy to translate into
Lean code:

Figure 9: The prompt for generating next-step planning.

Besides formal theorem proving in Lean, we no-

tice that recent researchers also target other proof
assistants like Isabelle, Coq, Holight, and Meta-
math. Unfortunately, it is generally impractical to
compare with their work for mainly three reasons:

* Different proof assistants have different char-
acteristics. As for Isabelle, it has powerful
automatic reasoning tools like Sledgeham-
mer. Sledgehammer integrates automated the-
orem provers (ATPs) into Isabelle environ-
ment. When Sledgehammer is called, it will
try to prove the conjecture using strong, ex-
ternal ATPs like E (Schulz, 2004), SPASS
(Weidenbach, 2001), Vampire (Kovacs and
Voronkov, 2013), Z3 (de Moura and Bjgrner,
2008), or cve5 (Barbosa et al., 2022). And yet,
Lean does not have equally powerful tools.
Many ITP frameworks in Isabelle make use of
this characteristic and achieve higher scores
in miniF2F benchmark.

Different evaluation metrics. Most studies on
ITP in Isabelle evaluate their approaches with
the pass rate within 100 or 200 attempts(Wang
et al., 2023a; Zheng et al., 2023). Our frame-
work, however, adopts Pass@1 as the metric.

* Use of human-verified informal proof. Jiang
et al. (2023) and Wu et al. (2022) use human-



As a mathematician and expert in Lean theorem prover, your task is
to recall the lemmas in the mathlib3 library and find at least {k} most
helpful lemmas for theorem proving. You are required to both analyze the
pseudo-code and select appropriate premises from the premise list, meeting
the following criteria:

- The pseudo-code provides valuable information about which lemma
should be selected.

- Please only select lemmas that help solve the current proof state.

- You should think step by step: make a brief analysis in one single sentence
and select the lemma.

- Your response should be clear and concise, ignoring the useless lemmas:
“‘text

Analysis_1: <analysis_holder>

Selection_1: <selectioin_holder>

Analysis_2: <analysis_holder>
Selection_2: <selection_holder>
##Pseudo-code:

{pseudo_steps}

##Lemma List:
{retrieved_lemmas}

##Proof State:

{proof_state }

Please select at least {k} useful lemmas in the Lemma List or the mathlib3
library.

e

Figure 10: The prompt for summarizing plans for
lemma usages.

verified informal proofs to refactor ITP into
translation between informal and formal proof.
In real-world mathematics proving, only the
problem is given. Our framework focuses on
more realistic scenarios.

Owing to the above-mentioned reasons, we only
focus on comparing baselines targeting solving the
Lean problem on the miniF2F benchmark similar
with Yang et al. (2023).

A.3 More Implementation Details

In this section, we provide more implementation
details of our framework.

(1) How do we implement backward chaining?
By definition, backward chaining starts from the
goal and recursively breaks it into sub-goals, which
should be asserted as facts for goal achievement
(Al-Ajlan, 2015). The key is to generate a Lean
format statement that opens up a sub-goal and state
tactics to prove the sub-goal. We implement Equa-
tion 5 using structured tactic proofs in Lean °. In
particular, we define backward chaining as have
statements in structured tactic proofs: have h9°% :
"0 by { t“* } . The LLM is required to generate
have statements. After verifying the statement, we
can introduce the goal-driven hypothesis h9°% by
interacting with Lean.

(2) How do we parse the responses from LLM?
We officially set £ = 16 in forward chaining and

3https://leanprover.github.io/theor‘em_

proving_in_lean/propositions_and_proofs.html#
introducing-auxiliary-subgoals

As a mathematician and expert in Lean 3 theorem prover, your task is to
analyze the current proof state (telling you what facts you have already
established and what goals remain to prove) and given theorem (including
the pseudo-code, informal statement, and some potentially useful lemmas).
You should provide {k} tactic(s) helpful toward proving the proof state,
meeting the following criteria:

- Pseudo-code gives valuable hints. The generated tactic should STRICTLY
correspond to steps in the pseudo-code.

- Assume you have already imported all lemmas from mathlib3 libraries to
finish the proof. You are strongly encouraged to wisely ‘apply*, ‘exact’, or
‘rw* with lemmas to solve the proof state.

- You are encouraged to decompose and reduce the proof state using
‘rewrite’, ‘field_simp®, ‘let".

- ‘revert’ (move hypotheses into the goal and yield an implication) and
‘intros‘/‘simp_intros‘ (inverse to ‘revert‘) some hypotheses are helpful to
restructure and simplify the state.

- Bach tactic should be explained in detail using comments enclosed in ’/-’
and ’-/.

- Please use NO placeholders for proofs or assumptions in the tactic.

- DO NOT use the keyword ‘sorry* in your tactic.

- Do not fabricate hypotheses that didn’t appear in the context window.

## Potentially Useful Lemmas from mathlib3 (For example):
{lemmas_plans}

## Pseudo Code:

{next_step_planning }

## Do not change the current proof state because you are only focusing
on solving the current problem. Please provide at least {k} effective and
commented tactic(s) according to the pseudo-code. Restate the current state
before the tactic

{augmented_proof_state }

Figure 11: The prompt for generating proofsteps in
forward chaining.

d = 8 in backward chaining. Occasionally, we
may end up getting less or more than the predefined
amount because the generative models could not
strictly follow the input instructions. In such cases,
we cut off the results to make sure we get amount
less than k or d.

(3) How does our framework collaborate with
task-specific finetuning models? Task-specific fine-
tuning models are finetuned on sequences of the
form:

[s]proof-state[PROOFSTEP]tactic[/s]

where the proof state consists of hypotheses and
proof goal. Augmenting the proof state with N and
L is infeasible. Therefore, we only reconstructed
the proof state with H,. Besides, their input con-
text is limited so we only reconstructed the proof
state in the first 10 iterations to avoid exceeding the
maximum input length.

B Computational Cost

We record the total computational cost of calling
gpt-4-turbo- 2024-04-09 API for solving the
miniF2F benchmark in one attempt. The estimated
token and dollar cost are shown in Table 4. It is
worth noting that BC-Prover is fully based on LLM
so it calls the API many more times than BC-Prover
and BC-LLMStep.
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Methods input tokens output tokens  cost

BC-Prover 2.1M 0.7M 45.13%
BC-ReProver 0.6M 0.3M 15.92%
BC-LLMStep 0.6M 0.3M 16.09%

Table 4: The input and output token in million. The API
cost in dollar.

C Quantitative Analysis of Backward
Chaining

simpl_mult_eighteen: (18 * 18) % 10 = 4

lemma_div_1529_6: 1529 / 6 = 254

h, :g (f5-1)=g6

hy: 3:R) 0

nonneg_of_sq_diff : ¥V (ab : R), @ < (a-b-1) 42
h, :2* (a+b) =4

h_x_eq3y : x =3 *y,

hypothesisl: 1 % 10 = 1

lemma_completing_the_square: V x : R, x*2 - 14 * x + 3 = (x - 7)"2 - 46

hy : x*2 - 5*x - 14 < 0@

base_and_units: Va : N, 3bu: N, a=10 *b+uAuc<ie

basic_ineq: V (mn : N), @ <n->m*1<m+1

h_sq_neg4_mod_17 : ((-4 : Z)"2 % 17) = 16 % 17

hypothesisi: V x, o.to_fun (o.inv_fun x) = x

Figure 12: We consider hypotheses that contribute
little to a proof goal to be of low quality.

Although our framework invokes the backward
chaining in mathematical proving, we still wonder
what else can be done to further prompt ITP. We
conduct a quality analysis of our hypotheses pro-
duced by backward chaining. First of all, we sam-
ple around 200 hypotheses from the constructed
proofs. Some examples are listed in Figure 12. We
found that most of them are not of high quality.
They are either trivial or rather similar to exist-
ing lemmas. This sort of hypothesis might con-
tribute little to finding the proofs. Furthermore,
we estimated the number of reusable hypotheses
by whether they are invoked throughout the whole
proof. We found out that only around 16% tactics
make a difference in proof-finding. Even so, our
framework managed to solve some of the complex
problems and cause no performance degradation.
In conclusion, it still remains a problem how to
work in backward chaining to generate high-quality
hypotheses, which is left for future work.

D More Experiment Result

Autoformulation Settings. Autoformalization is
the task of automatically translating natural lan-
guage mathematics into a formal language that can
be verified by a program. It requires a profound
understanding of semantics across informal and for-
mal mathematics. Here, we evaluate BC-Prover in

proof autoformalization task settings, where a cor-
rect human-written informal proof is given. As re-
sults in Table 5 illustrate, BC-Prover can find more
proofs in miniF2F-test. Concretely, the Pass@ 1
improves by 3.3% on the miniF2F-test. It implies
that LLM still struggles to generate a correct infor-
mal proof. A possible solution is to vote for the
best informal proof from multiple candidates like
self-consistency (Wang et al., 2023c), which we
plan to study in future work.

Methods miniF2F-valid miniF2F-test
BC-Prover 29.5% 30.7%
BC-Prover + human informal 29.9% 34.0%

Table 5

Category of Solved Proofs. The MiniF2F
benchmark contains 488 problems in various cat-
egories. The problems can be categorized into
Olympiad problems (AIME, AMC, and IMO),
number theory problems, algebra problems, and
induction problems. Among them, the Olympiad
problems are the most difficult. In total, we find
proofs of 97 algebra problems, 67 number the-
ory problems, 21 Olympiad problems (19 AMC, 2
AIME, 0 IMO), and 0 induction problem:s.

E More Cases

Here, we present more proofs found by our frame-
work in Figure 16, 17 and 18. The informal prob-
lem statements and human-written informal proofs
are displayed for readers to understand.
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Input

As a mathematician and expert in Lean theorem prover, your task is to analyze the pseudo-code.
Please consider what is missing to decompose and achieve the proof goal in a backward reasoning
manner. Request useful and reusable hypotheses, meeting the following criteria:

- The hypotheses should be created with Structured Tactic Proofs. That is they should be introduced
with the tactic ‘let‘, ‘have‘, or ‘suffices‘(it adds the hypothesis to the current goal).

- Please make sure that the hypotheses are valid in Lean and you have to successfully proof them in
the format: ‘have hypo: (sub-goal_statement), by {{<valid_proof>}},°.

- You can try smart tactics to prove the hypothesis like ‘ring‘(prove equalities in commutative rings)
and ‘nlinarith‘(handles some goals in nonlinear arithmetic).

- The hypotheses should be non-trivial and able to cover a large step in proofs. You can refer to the
pseudo-code for inspiration.

- Please use NO placeholders for proofs or assumptions in the <valid_proof>.

- DO NOT generate hypotheses that already exist in the proof state.

- DO NOT generate the keyword ‘sorry*.

## Pseudo-code:

{pseudo_steps}

## Please provide {k} effective hypotheses according to the Current Proof State:

n: N,

h:n%7=5

FS5*n%7=4

#1

“‘lean

have hypothsis1: (<sub-goal_statement>), by {{<tactics>}},

313

#2

Output

#2

“‘lean

have h_mul_mod:5*5%7=05%7)* (5 % 7) % 7, from nat.mul_mod 55 7,

#3

“‘lean

have h_25_mod_7 : 25 % 7 = 4, by norm_num,

#4

“‘lean

have h_mul_mod: Vabn: N, (a*b) % n=((a% n) * (b % n)) % n, from nat.mul_mod,

Figure 13: Prompt example for sub-goal and tactic pairs generation in Backward Chaining
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Input

As a mathematician and expert in Lean theorem prover, your task is to recall the lemmas in the
mathlib3 library and find at least {k} most helpful lemmas for theorem proving. You are required
to both analyze the pseudo-code and select appropriate premises from the premise list, meeting the
following criteria:

- The pseudo-code provides valuable information about which lemma should be selected.

- Please only select lemmas that help solve the current proof state.

- You should think step by step: make a brief analysis in one single sentence and select the lemma.
- Your response should be clear and concise, ignoring the useless lemmas:

“‘text

Analysis_1: <analysis_holder>

Selection_1: <selectioin_holder>

Analysis_2: <analysis_holder>
Selection_2: <selection_holder>
## Pseudo-code:

{pseudo_steps}

## Lemma List:

[Premise_0] lemma <a>nat.mul_mod</a>(abn: N):(a*b) % n=((a%n)* (b %n)) %n
[Premise_1] lemma <a>nat.add_mod</a>(abn: N):(a+b) % n=((a% n)+ (b % n)) % n
[Premise_2] lemma <a>nat.mod_add_div’</a>(mk: N):m % k+(m/k)*k=m
[Premise_3] ......

## Proof State:

{proof_state}

Please select at least {k} useful lemmas in the Lemma List or the mathlib3 library.

353

Output

Selection_1: none required directly, as the hypothesis itself provides the needed relationship, so we
move on to implications of the hypothesis.

Analysis_2: The transition from modular equivalence to a statement about the modulus operation’s
result is required to conclude the proof. We need a lemma that directly allows converting a "less
than" relationship into an equality under modulus.

Selection_2: <a>nat.mod_eq_of_It</a> - This lemma can be used to convert the modular equivalence
between ((5 * n) mod 7) and 4 into an equality statement, assuming we have established that
5 x n < 7 which isn’t directly required here but is implied in the kind of transition we are making.
Therefore potentially useful premises are:

[nat.mul_mod] lemma <a>nat.mul_mod</a>(abn: N):(a*b) % n=((a%n)* (b %n)) %n
[nat.mod_eq_of_It] lemma <a>nat.mod_eq_of_lt</a>ab:nat(h:a<b):a%b=a

Figure 14: Prompt example for lemmas and plans generation in Step Planning
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Input

As a mathematician and expert in Lean theorem prover, your task is to derive exactly one next proof
step according to the current state, meeting the following criteria:

- You should analyze the state and align the next step with one step in the pseudo-code.

- If the aligned target in the pseudo-code is missing or unprecise, the predicted next step should be
further decomposed.

- The predicted next proof step must be close to Lean code.

- Do not fabricate hypotheses or lemmas that didn’t appear in the context.

- Please use NO ‘sorry* or placeholders for proofs and assumptions.

## Pseudo Code:

{pseudo_steps}

## Current State:

n: Nyh:n%7=5,hmod 25 4:25%7=4,h.5 mod 7:5%7=5,h_final mod:5%7%*5 %
T7=4,h. 5 mul_5 mod_7:5*5%7=4,h_mul_mod:V(abn:N),a*b%n=a%n*(b%n)
% n

FS%T7*n%7=4

{description}

## The predicted step should be clear, concise, and easy to translate into Lean code:

Output

Given the current state and the hypotheses provided, we observe that the hypotheses.

So, the predicted Lean code as the next logical step would be to apply ‘h_mul_mod* using our values
‘5% ‘n‘, and “7¢, followed by substituting ‘n % 7° with ‘5¢, guided by ‘h°.

“‘lean

have h_step: 5% 7*n% 7 % 7=5%5 % 7, from eq.trans (h_mul_mod 5 n 7) (by rw [h,
h_5_mod_7]),

This step uses ‘eq.trans‘ to transform the application of ‘h_mul_mod* into an intermediate step
towards our goal by rewriting ‘n % 7° as ‘5°, utilizing ‘h* and recognizing the modulo property of ‘5°
as per ‘h_5_mod_7°. The application of ‘by rw [h, h_5_mod_7]* rewrites the expression according
to our hypothesis ‘h* and the property of modulo ‘5° modulo ‘7°.

Figure 15: Prompt example for next proofstep planning in Step Planning
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4 N\
theorem amcl2a_2009 p5
(x : R)
(ho & X3 - (x +1) * (x - 1) * x=35): informal_statement:
X"3 = 125 := One dimension of a cube is increased by $1$, another is decreased by
begin $1$, and the third is left unchanged. The volume of the new
have h_cube_pos : 0 < x ~ 3, rectangular solid is $5$ less than that of the cube. What was the
by { apply pow_nonneg, linarith,}, volume of the cube?
have h_five_pos : @ < (5 : R), by { norm_num,}, $\textbf{(A)}\ 8 \qquad \textbf{(B)}\ 27 \qquad \textbf{(C)}\ 64
have h 125 : 5 ~ 3 = 125, by { norm_num,}, \qquad \tE).(tbf{(D)}\ 125 \qquad \textbf{(E)}\ 216%
Show that it is \text{(D)}.
revert ho
t:‘ing informal_proof:
intro h_x_eq_5 Let the original cube have edge length $a$. Then its volume is $a~3$.
revert x,
simp [h_125], The new box has dimensions $a-1$, $a$, and $a+1$, hence its volume is
have h_final: Vv (x : R), x = 5 » x*3 = 125, $(a-1)a(a+l) = a"3-a$.
by { intros x hx, rw hx, norm_num, }, X X X
intro x The difference between the two volumes is $a$. As we are given that
int ;1 h the difference is $5%, we have $a=5$%, and the volume of the original
intros o ha, cube was $573 = 125\Rightarrow\text{(D)}$.
exact h_final x hg,
end
G J
Figure 16: An example proof of BC-Prover.
4 2\
theorem mathd_algebra_246
(ab: R)
(f: R>R)
(ho : ¥V x, fx=a*xM-b*x"2+Xx+5) informal_statement:
(hy @ f (-3) =2) : If $f(x)=axA4-be2fx+?$ and $f(-3)=2,% then what is the value of
£3=28 := $f(3)$? Show that it is 8.
begin : informal_proof:
. Evaluating $f(x)$ for $x=3% and $x=-3$, we have
have h; : f (-3) = a * (-3)" - b * (-3)"2 - 3 + 5, \[\left\{ \begin{aligned} f(3)& = a \cdot 34 - b \cdot 3°2 + 3 + 5,
from he (-3), \\ f(-3) & a \cdot (-3)*4 - b \cdot (-3)*2 + (-3) + 5. \end{aligned}
have hs : 81*a - 9*b = @, by linarith, \right.\]If we subtract the second equation from the first equation,
have heg : £ 3 =a * 32 - b * 322 + 3 + 5, from ho 3, all the terms but one cancel out, and we get \[f(3) - f(-3) = 3 - (-3)
have h, : a * 3~4 = 81*a, by ring, = 6.\]Thus, if $f(-3) = 2,$ then $f(3) = f(-3) + 6 =2 + 6 = 8.%
have hg : b * 372 = 9*b, by ring,
have hi, : 3 + 5 = 8, by ring,
nlinarith,
end
A J
Figure 17: An example proof of BC-LLMStep.
4 N\ informal_statement:
Show that for any positive real numbers $a$ and $b$, $(a+b)"4 \leq
h Teeh bal b 8(a”4 + br)$.
theorem algebra_apb4leq8tadpbd informal_proof:
(ab: R) Re-arranging, we must prove $(\frac{a+b}{2})"4\leq\frac{a”4 + b~4}{2}$.
(ho : @< aA@<b): We prove the more general statement $(\frac{a+b}{2})"n\leq\frac{a”n +
(a + b)M < 8 * (a4 + br) := b~n}{2}$ for integers $n > 0% by induction.
begin
have hypothesis4: @ < (a - b)~2, The result is trivial for $n=1$. Let us assume the property holds for
by { exact pow_two_nonneg (a - b),}, $n \geq 1$.
i . * A * A A, A,
EVE (ppeificsledl 2 © (P2 © ) 8 & & R by We have that $\left(\frac{a+b}{2}\right) {n+1} =
\left(\frac{a+b}{2}\right)~n \frac{a+b}{2} \leq \frac{a”n+b”n}{2}
have hi: 0 < (a2 - br2)~2, \frac{a+b}{2}$
from pow_two_nonneg (a”2 - b"2),
simp [pow_two] at hi, However, $\frac{a’{n+1}+b*{n+1}}{2} - \frac{a”n+b”~n}{2} \frac{a+b}{2}
nlinarith, = \frac{(a”n - b*n)(a-b)}{4}$.
}
havé hypothesis7: 6 * an2 * bA2 < 8 * ar2 * br2, $a”n - b n$ and $a-b$ have the same sign so $\frac{(a”n - b~n)(a-b)}{4}
by { nlinarith,}, \geq 0% and $\frac{(a"n - b~n)(a-b)}{4} \geq 0%.
nlinarith, As a result, $\left(\frac{a+b}{2}\right)*{n+1} \leq
end \frac{a*{n+1}+b"{n+1}}{2}$ and the property holds in $n+1$.
\_ Y, By induction, the result is true for any natural number $n \geq 1%.

Figure 18: An example proof of BC-ReProver.
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